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Features and Benefits 
at a Glance 


Feature 

Benefit to student 

Chapter Opener 

Peaks the student’s interest with the chapter opening vignette, definitions 
of the topic, and contents of the chapter. 

Clear, Concise, and Inviting 
Writing Style, Tone and Layout 

Students are able to Read this book, which reduces math anxiety and 
encourages student success. 

Theory and Applications 

Unlike other books that provide very less or no theory, here theory is 
well matched with solved examples. 

Theorems 

Relevant theorems are provided along with proofs to emphasize 
conceptual understanding. 

Solved Examples 

Topics are followed by solved examples for students to practice and 
understand the concept learned. 

Examples 

Wherever required, examples are provided to aid understanding of 
definitions and theorems. 

Quick Look 

Formulae/concepts that do not require extensive thought but can be 
looked at the last moment. 

Try It Out 

Practice problems for students in between the chapter. 

Worked Out Problems 

Based on IIT-JEE pattern problems are presented in the form of 

Single Correct Choice Type Questions 

Multiple Correct Choice Type Questions 

Matrix-Match Type Questions 

Comprehension-Type Questions 

Assertion-Reasoning Type Questions 

Integer Answer Type Questions 

In-depth solutions are provided to all problems for students to 
understand the logic behind. 

Summary 

Key formulae, ideas and theorems are presented in this section in 
each chapter. 

Exercises 

Offer self-assessment. The questions are divided into subsections as per 
requirements of IIT-JEE. 

Answers 

Answers are provided for all exercise questions for student’s to validate 
their solution. 


























Note to the Students 


The IIT-JEE is one of the hardest exams to crack for students, for a very simple 
reason - concepts cannot be learned by rote, they have to be absorbed, and IIT 
believes in strong concepts. Each question in the IIT-JEE entrance exam is meant 
to push the analytical ability of the student to its limit. That is why the questions 
are called brainteasers! 

Students find Mathematics the most difficult part of IIT-JEE. We understand that 
it is difficult to get students to love mathematics, but one can get students to 
love succeeding at mathematics. In order to accomplish this goal, the book has 
been written in clear, concise, and inviting writing style. It can be used as a self- 
study text as theory is well supplemented with examples and solved examples. 
Wherever required, figures have been provided for clear understanding. 

If you take full advantage of the unique features and elements of this textbook, 
we believe that your experience will be fulfilling and enjoyable. Let’s walk 
through some of the special book features that will help you in your efforts to 
crack IIT-JEE. 

To crack mathematics paper for IIT-JEE the five things to remember are: 

1. Understanding the concepts 

2. Proper applications of concepts 

3. Practice 

4. Speed 

5. Accuracy 


About the Cover Picture 


The picture on the cover is a Double Spiral Staircase at Saint Peters Basilica, 
Vatican City. It is a classic example of double helix structure. A helix (is a type of 
smooth space curve, i.e. a curve in three-dimensional space. It has the property 
that the tangent line at any point makes a constant angle with a fixed line called 
the axis. Examples of helixes are coil springs and the handrails of spiral staircases. 
The word helix comes from the Greek word meaning twisted, curved. 




CHAPTER OPENER 


PEDAGOGY 


Functions, Limits, 
Continuity, Sequences 
and Series 


Contents 

1.1 Functions: Varieties 

1.2 Functions and Their Inverse 

1.3 Even and Odd Functions, 
Periodic Functions 

1.4 Graphs of Functions 

1.5 Construction of Graphs and 
Transforming Theorem 

1.6 Limit of a Function 

1.7 Some Useful Inequalities 

1.8 Continuity 

1.9 Properties of Continuous 
Functions 

1.10 Infinite Limits 

1.11 Sequences and Series 

1.12 Infinite Series 

Worked-Out Problems 

Exercises 

Answers 


A function associates one quantity - 
argument or input of the function - with 
another quantity - the value or output 
of the function. Limit is used to describe 
the value that a function or sequence “ap¬ 
proaches” as the input approaches some 
value Asequence isa list of objects events 
ordered in a sequential fashion such 
that each member either comes before, 
or after, every other member. A series 
is a sum of a sequence of terms. 





Each chapter starts with an opening vignette, defini¬ 
tion of the topic, and contents of the chapter that give 
you an overview of the chapter to help you see the 
big picture. 


CLEAR, CONCISE, AND INVITING WRITING 


Special attention has been paid to present 
an engaging, clear, precise narrative in the 
layout that is easy to use and designed to 
reduce math anxiety students may have. 


DEFINITIONS 

Every new topic or concept starts with 
defining the concept for students. Related 
examples to aid the understanding follow 
the definition. 


DEFINITION 3.7 Angular Velocity If a particle P is a moving on a plane curve, the angle mode by OP (O be¬ 
ing the origin) with the x-axis at time t is denoted by 6{t). The rate at which the angle 9{t) is 
changing at time t is called the angular velocity of the particle at time t and is given by 


— or 0\t) 


The rate at which the angular velocity is changing at time t is called angular acceleration and is 
given by 


t£0_ 

~dF 


0"(t) 


Example 


Consider a particle moving on a straight line. Let s(f) be 
the distance traveled by it in time t from a fixed point. 
Then s(t ) = asin(Jft), where a and fi are constants. If v(f) 
is the velocity and a(t) is the acceleration of the particle 
at time t, find 

(i) v 2 -us 

(ii) dalds 
..... da 
(m) 


Solution: We first find the velocity and the accelera¬ 
tion. Now velocity is given by 


T.-Tf-?*™ 
= -PMt) 


(i) We have 


v(() = —= a^cos(/it) 

The acceleration is given by 
dv 

a ^T, 

Ar 

d.t 2 

= - all 2 sm(/it) 


= a 1 /) 2 c°s 2 (/jt) - (-fl 2 j(i) ■,(»)) 
-a 2 p 2 cos I W + a I p 1 sin 2 (0t) 
-a 2 p 2 


(ii) We have 


da 

ds 


da ds _ -p v(() _ 
dt dt v(f) 


(iii) We have 


dt 

= v(t)a(t) 





















EXAMPLES 


Example ^ 


Consider Fig. 3.4. OAB is a right-angled triangle, right 
angled at A. Suppose P is a moving point on AB with 
uniform velocity v. Find the angular velocity of P with 
respect to O. 



O 

FIGURE 3.4 Example 3.6. 


Solution: Since the point P is moving with uniform 
velocity v we have AP - vt (since ds = vdt and v is con¬ 
stant, s = vt). Let 0(t) be the angle made by OP with OA 
at time t. Let OA - a, OP - rt and ZAOP = 0(t). Then 

a = r(t ) cos(0fr)) 

and \r(t)f =OP 2 =OA 2 +AP 2 =u 2 +v 2 i 1 (3.1) 

Differentiating both sides of Eq. (3.1) with respect to t, 
we get 

2r(t)— = 2v 2 t (3.2) 

dt 


Differentiating both sides of the equation a - r(t) cos( 0(t)), 
w.r.t. t we have 

0 = nr cos(0(O) + r( r)(- sin(0(!)) ~ 
dt dt 

= —.JL _— 

dt r(t) ' ( r(t) d6 

_J dt 

dr a . .dO 

- -(vt) 

dt r(t) dt 

- -— — from Eq. (3.2)1 

a v t , .dO r 4 v n 

— — < i) a r 

Therefore 

dO _ a ( v 2 r'| 
dt lr(0] 2 l vt ) 
av 

av 

~ (OP ) 2 

Thus the angular velocity of P w.r.t. O is av/(OP) 2 . 


Examples pose a specific problem 
using concepts already presented 
and then work through the solution. 
These serve to enhance the students’ 
understanding of the subject matter. 


THEOREMS 

Relevant theorems are provided along 
with proofs to emphasize conceptual un¬ 
derstanding rather than rote learning. 


Theorem 1.1 
(Associative 
Law for 
Composition 
of Function) 

Suppose A, B, C and D are non-empty subsets of E and /: A B, g: B —> C and h : C — » D are 
functions. Then (h ° g) ° / = h ° (g ° /). 

Proof 

First of all, observe that both (h ° g) ° / and h ° (g ° /) are functions from A to D. Further, for x e A, 


((h - x) = (h - g)(/(x)) 

= %(/(*)) 

= (.h°(S°f ))« ■ 

Note: Theorem 1.1 is given as Theorem 1.27 ( Try it out) in Chapter 1 (Vol. 1) on p. 41. The proof also runs on the same 
lines as above. 




QUICK LOOK 7 


If /: [a,b\ —» R has absolute minimum and absolute maximum, then/is bounded on [a, b]. 


QUICK LOOK 

Some important formulae and con¬ 
cepts that do not require exhaustive 
explanation, but their mention is im¬ 
portant, are presented in this section. 
These are marked with a magnifying 
glass. 












TRY IT OUT 


Within each chapter the stu¬ 
dents would find problems 
to reinforce and check their 
understanding. This would 
help build confidence as one 
progresses in the chapter. 
These are marked with a 
pointed finger. 


4 ^* Try it out If 

/(* + h ) = f(x ) + jj/'M + ~ f"(* + Oh) 

where 0 < 6< 1, then for 

/( x) = ax 3 + bx 2 +cx + d 

and a 0, the value of 9 is 1/3. 

V_ 

23. Consider the function f(x ) = 4x 3 - 12x, x e [-1, 3]. 
Then 

(A) / has local maximum at x = -1 

(B) /has local minimum at x = 1 

(C) the image of the interval [-1,3] under the func¬ 
tion is [-8,72] 

(D) /has no extremum value in [-1,3] 

Solution: Differentiating the given function we get 

f'(x) = \2x 2 -12 

Now 

f\x) = 0 <=> * = -1,1 


\\2x 2 + 2x —2 for U < x <2 
/'(*)= 2 

[12x 2 - 2x + 2 for 2 < x < 3 
So 

f'{2 - 0) = 48 + 4 - 2 = 50 

and /'(2 + 0) = 48-4 + 2 = 46 

Therefore, / is not differentiable at x = 2. Hence 2 is a 
critical point. Now 0 < x < 2 and /'(*) = 0 implies 

6x 2 + .x-l = 0 
=>(3x-1)(2jc + 1) = 0 
=> x = 1/3, -1 

So x = 1/3 is a critical point. Now 2 < * < 3 and /'(*) = 0 
implies 

6x 2 -x +1 = 0 

But 6x 2 -x +1 = 0 has no real roots.Thus, the only critical 
points are 1/3,2. 

(i) Also, x < 1/3 => the sign of f'(x) is (-)(+) < 0 and 
x>\l3=$ f\x) > 0. Hence / has local minimum at x 
= 1/3. 

(ii) /is decreasing for x < 1/3 and increasing for x > 1/3. 


SUMMARY 


2.1 Derivative: Suppose f :[a,b]^> IR is a function 
fix') — /(c) 

and a < c < b. If lim ——— - exists, then we say 

*->c x-c 

that/is differentiable at “c” and this limit is denoted 
by f\c) derivative or differential coefficient at c. 
If we write y = f(x), then f\c) is also denoted by 
(dy/dx) x=c . If /is differentiable at each point of (a, 
b) then we say that / is differentiable in (a , b) and 
f\x) or ( dy/dx ) is called derivative or derived func¬ 
tion of/(x). 


, QUICK LOOK 


f(x)-f(c) . 

lim —-—— exists and is equivalent to 

x — c 


lim 

h=> 0 


/(c + h) -/(c) 
h 


2. The converse of Theorem 2.3 is not true; for ex¬ 
ample, take f(x) = \x\ at c = 0. 

3. The function / : R —» R defined by 

/w=j[,/- cos ( 3 "*) 

n =0 ^ 

is continuous for all real x, but not differentiable 
at any x e R. 

2.4 Suppose / and g are differentiable at c, and X and // 
be any two real numbers. Then 

(i) A/ + ng is differentiable at c and 

W + Mg)'(c) = Xf'(c) + ng'(c) 

(ii) fg is differentiable at c and 

(fg)'(c) = f'(c)g(c) + g'(c)f(c) 

(iii) If g(c) * 0, then fig is differentiable at c and 


SUMMARY 

At the end of every 
chapter, a summary is 
presented that organ¬ 
izes the key formulae 
and theorems in an 
easy to use layout. The 
related topics are indi¬ 
cated so that one can 
quickly summarize a 
chapter. 
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WORKED-OUT PROBLEMS AND ASSESSMENT - AS PER IIT-JEE PATTERN 


Mere theory is not enough. It is also important to practice and test what has been 
proved theoretically. The worked-out problems and exercise at the end of each 
chapter are in resonance with the IIT-JEE paper pattern. Keeping the IIT-JEE 
pattern in mind, the worked-out problems and exercises have been divided into: 

1. Single Correct Choice Type Questions 

2. Multiple Correct Choice Type Questions 

3. Matrix-Match Type Questions 

4. Comprehension-Type Questions 

5. Assertion-Reasoning Type Questions 

6. Integer Answer Type Questions 


WORKED-OUT PROBLEMS 

In-depth solutions are provided to all worked-out problems for students to understand the logic behind and 
formula used. 


SINGLE CORRECT 
CHOICE TYPE 
QUESTIONS 

These are the regular mul¬ 
tiple choice questions with 
four choices provided. Only 
one among the four choices 
will be the correct answer. 


MULTIPLE 
CORRECT CHOICE 
TYPE QUESTIONS 

Multiple correct choice type 
questions have four choices 
provided, but one or more of 
the choices provided may be 
correct. 


Multiple Correct Choice Type Questions 

1. Let 

/ W = W sm(^] 

where [ ] denotes the greatest integer function. Then 


(A) domain of/is ! 


(A) lim f(x) does not exist (B) / is continuous at 

x —>0 

x = 0 


(C) lim f(x) = 0 


(D) lim/0) = l 


-[-1,0) (B) lim f(x) = 0 

x-»0+0 

(C) /is continuous on [0,1) (D) lim f(x) = 1 

x-»l+0 

Solution: 

(A) /is not defined for all those values of x such that 

[x + l] = 0<=>0<x: + l<l 
<=> - 1 < x < 0 

Therefore domain of/is R - [1,0). This implies (A) 
is true. 

(B) We have 

lim fix) = lim(/(0 + /7)) 

x—>0+0 0 

h> 0 

= lim[0 + /il sin (7——] 


Solution: Since x —» 0 and sinl/x is a bounded func¬ 
tion, by Corollary 1.4 

x sin — —> 0 as a —> 0 


Therefore 


lim/(x) = 0 = /(0) 

x-»0 


So (B) is true. Now put x = 1/y so that y —> 0 as x - 
Therefore 

f(x) = — sin(y) = > 1 as y —» 0 

y y 

So 

hm/0) = l 

Therefore (D) is also true. 


WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 




equal to 


fix') 

dx= J v ^ +c where fix) is Solution: Let 


(A) V l-2x m +mx 2r 

(c) )F 5 

Solution: Let 


(B) VT 

(D) 


f 


x m -l 
' 1 y/l-2x m + 


Dividing numerator and denominator with x 2m+1 we get 

1 _]_ 

m +1 2m+l 


r v nH 

,= lfr 


O 

Vx 2 ” x m 


-b 


I (x 2 - 4)\[x + l 
Put yjx +1 = 1 so that dx = 2 1 dt. Therefore 

, =iu t br^ md ‘ 


'[(( 2 -l) 2 -4]f 

■fc 2 
=4 


-2)(r -1 + 2) 
dt 


(( 2 -3)(l 2 +l) 

ZKZj-Zi)"' 

_ 1 r( dt \ 1 r dt 
~2l(7~3) 2 ) 7^1 
























MATRIX-MATCH TYPE QUESTIONS 


These questions are the 
regular “Match the Follow¬ 
ing” variety. Two columns 
each containing 4 subdivi¬ 
sions or first column with 
four subdivisions and sec¬ 
ond column with more sub¬ 
divisions are given and the 
student should match ele¬ 
ments of column I to that 
of column II. There can be 
one or more matches. 


Matrix-Match Type Questions 

1. Match the items of Column I with those of Column II. 


Column I 

Column II 

2 X -1 

(A) lim , —is 

*—>0 -Jl + X-1 

(P) 2 log 2 

m\ t< \ Vl + 2x — V3x 

(B) /(x)= r - /— Then 

yJ3 + X -2\/x 

(q) 1 

lim/(x) equals 

X->1 


( 2 sin x - sin 2x . 

(C) lim -=- is 

*-*°V x J 

(r) 2 

(D) x 1 = l andx„ + j = s }l + x n . 

(s) US-sIl) 

„ x, + H- \-x„ 


n 

Then lim y n is 

(t) T/3 


Solution: 


(A) lim( ^L 1 ]=lim( 2 -Z ] :Y 


[ y/l+X -1 


(C) lim 
*->o 


2 sin x- sin 2x 



2 


=1x1=1 

Answer: (C) —> (q) 


(D) x 1 = 1, x 2 = V3 => jcj < x 2 . Assume that x n < x n+1 . 
Therefore 

*n + 2 = yl 2 + x n + 1 

^ x n+2 ~ x n +1 = sl 2 ■*" x n +1 — ^ 2 X n 

which is positive, because x n < x n v So {x n } is an 
increasing sequence and bounded above by 2. By 
Theorem 1.42, {x n } converges to a finite limit, say L. 
So 

L = lim(x n+1 ) = lim yj2 +x n = y/2 + h 


COMPREHENSION-TYPE QUESTIONS 


Comprehension-Type Questions 

1. Passage: If /is continuous on closed [a, b\, differ¬ 
entiable on (a, b) and f(a) = f(b), then there exists 
c e (a, b) such that /'(c) - 0. Answer the following 
three questions. 

(i) If in the passage, f(a) = /(£>) = 0, then the equa¬ 
tion f'(x ) + Af(x) = 0 has 

(A) solutions for all real A 

(B) no solution for any real A 

(C) exactly one solution for all real A 

(D) solution only for A = 1 

(ii) If 


—^- + -!- + ^^ + --- + -^ + a n =0 
n+1 n n-1 2 

where a 0 ,a 1 ,a 2 ,...,a„ are reals, then the equa¬ 
tion 

u 0 x n -t-a^x" 1 +u 2 x" 2 H- \-a n =0 

has a root in 


(A) (—,-1) (B) (-1,0) 

(C) (0, 1) <D)(1,~) 

(iii) The number of values of c in Rolle’s theorem for 
f(x) - 2x 5 + x 2 - 4x -2 in the interval [-yfl, y/2] 
is 

(A) 0 (B) 1 

(C) 2 (D) 3 

Solution: 


(i) Let 0(x) = e^fix) so that 

(a) <p is continuous on [a, b], 

(b) differentiable in (a, b), 

(c) *(a)=*(6) (■--/(«) = /(*) = 0) 

Therefore by Rolle’s theorem (f>'(c) = 0 for some 
ce(a, h).Then 


«*W(<0+ /'(<:)] = 0 

=>/'(c) + 2/(c) = 0 


Comprehension-type questions consist 
of a small passage, followed by three 
multiple choice questions. The ques¬ 
tions are of single correct answer type. 

































ASSERTION-REASONING TYPE QUESTIONS 


These questions check the 
analytical and reasoning 
skills of the students. Two 
statements are provided - 
Statement I and Statement 
II. The student is expected 
to verify if (a) both state¬ 
ments are true and if both 
are true, verify if statement 
I follows from statement 
II; (b) both statements are 
true and if both are true, 
verify if statement II is not 
the correct reasoning for 
statement I; (c), (d) which 
of the statements is untrue. 


Assertion-Reasoning Type Questions 

In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 

(A) Both Statements I and II are true and Statement II 
is a correct explanation Statement I. 

(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I. 

(C) Statement I is true and Statement II is false. 

(D) Statement I is false and Statement II is true. 

1. Statement I: / : (0,1) —> R defined by f(x) = — is a 

bounded function. x 

Statement II: Every continuous function defined on a 
closed interval is bounded. 

2. Statement I: If -1 < x 1 , than lim x n = 0. 

Statement II: For n > 3, -x 2 <x n <x 2 where -1 < x < 1. 


xsin—, x 0 
x 

0, x = 0 
Then /is continuous at x = 0. 

Statement II: Let a e R. In a neighbourhood of a two 
functions / and g are defined such that lim f(x) = 0 

X—»<? 

and g(x) is bounded. Then lim /(x)g(x) = 0. 

x—>a 

Hint: See Corollary 1.3. 

4. Statement I: If n is a positive integer, then 
V, "(" + !) 


Statement II: 

sin 

sin 6 + sin 26 + sin 30 + — + sin nd = — 

sin(0/2) 


3. Statement I: Let /(x) = 



INTEGER-TYPE QUESTIONS 


Integer Answer Type Questions 

1. Let /: R —»R be a function and 0 < a < 1. If 
\f(x)-f(y)\<a\x-y\ Vx,ye R 

Then the number of points of x e R such that the 
graph of y -f(x) intersects the line y = x is_. 

Solution: Let x 0 e R. Now define 

*i = /(*o)» X 2 = f( x i). —. X n+l = f( x „)- 

Consider the sequence {x n }. By the construction of the 
sequence {xj and the property that /is satisfying, we get 
that 

k,-*„+iba' , |*o—*il (l-®) 
Therefore for m>n, we have 

|*n ~ X m\ = \ X n- x n +11 + \ x n+l ~ x n + 2 \ 

+ •••+|x n+m _ (n+1) — x n+m _ n | 
<a n \x Q -x l \ + a n+1 |x 0 - x 1 1 


=>x = y (vl-oO and |x-y|>0) 

Answer: 1 

if x*0 
if x = 0 

If/is continuous at x = 0, then the value of A: is_. 

Solution: We have 

lim/(x)=limf3+ 4tan * l 

x —>0 *—»0\ X ) 

=3+4=7 


2. Let 

1 3x + 4tanx 
X 


Therefore k = 7. 

Answer: 7 

3. Let/: (-1,1) —»(-1,1) be continuous and f(x) -f(x 2 ) 
for all x e (-1,1) and /(0) = i, then the value of 


The questions in this section are 
numerical problems for which no 
choices are provided. The students are 
required to find the exact answers to 
numerical problems and enter the same 
in OMR sheets. Answers can be one¬ 
digit or two-digit numerals. 











EXERCISES 


Single Correct Choice Type Questions 

1. Let f(x) = log 10 (3x 2 - 4x + 5) where x is real. Then, 
the domain and range of/are, respectively 

(A) R - {0} and R + 

(B) R and [log 10 (ll/3), +°°) 

(C) R - {0,1} and [log 10 (13/3), + ~) 

(D) R and R + 


4 — 1 = 

x-*l\ x-l ) 


(A) 6 
(C) 8 


(B) 7 
(D) 9 


2 . Let /(x) 
(A) [ 


x-2 


.Then the range of/is 


Let A be the set of all non-negative integer and for 
real number t, [t] denotes the greatest integer not 
exceeding t. Define /: A —» R by 


L2 


if x = 0 


EXERCISES 

For self-assessment, each chapter has 
adequate number of exercise prob¬ 
lems where the questions have been 
subdivided into the same categories as 
asked in IIT-JEE. 


Multiple Correct Choice Type Questions 

1. Let 


f(x) = 


Cos 1 (cot(x - [x])) for x < 3 
7r[x]-l forx>* 


where [x] is the integer part of x. Then 

(A) lim /(*) = ! (B) lim /(x) = |- 1 


(C) lim f(x) = ^+1 (D) lim /(*) = --1 


[-1 ifx<0 
/(x) = 10 ifx = 0 

1 ifx>0 


(A) hm /(x) does not exist 

jr-*0 


(D) lim(/(x)) 2 does not exist 


Matrix-Match Type Questions 

In each of the following questions, statements are given 
in two columns, which have to be matched. The state¬ 
ments in column I are labeled as (A), (B), (C) and (D), 
while those in column II are labeled as (p), (q), (r), (s) 
and (t). Any given statement in column I can have cor¬ 
rect matching with one or more statements in column II. 
The appropriate bubbles corresponding to the answers 
to these questions have to be darkened as illustrated in 
the following example. 

Example: If the correct matches are (A) —» (p), (s), 

(B) -» (q), (s), (t),(C) -»(r), (D) -»(r), (t), that is if the 
matches are (A) —» (p) and (s); (B) —» (q), (s) and (t); 

(C) (r); and (D) -j> (r). ft), then the correct darkening 
of bubbles wi 


1. Match the items of Column I with those of Col¬ 
umn II. 


(A) lim 


l( 


tan x + tanx-2 j 

sinx-cosx ) 


(B) lim (1-sin x) tan 2 x 


[g\-h 


(P) 2 


(q) i 


(A ^F? 


Comprehension-Type Questions 

1. Passage: /:R —»R is a function satisfying the follow¬ 
ing three conditions: 

(a) f(-x) = -f(x) Vx e R 

(b) /(x + l) = /(x) + l Vx e R 




Vx * 0 


Answer the following questions. 
?/(*+!) _-?/(*) 

(i) lim - 


*->2 X 

(A) 2 
I'd 2 log 2 


(B) log 2 
2/llop 21 


(ii) lim(/ (*)) is 

*->l 

(A) 1 (B) 0 

(C) does not exist (D) e 

(iii) The number of common points of the graph 
y =/(x) with the line y = (x) is 

(A) 2 (B) 4 

(C) 8 (D) infinite 

Hint: f(x) = x \/xeR. 

2 . Passage: Let /(x) be a function defined in a neigl 
bourhood of aeR . Then lim f(x) exists finitely 


Assertion-Reasoning Type Questions 

In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 

(A) Both Statements I and II are true and Statement II 
is a correct explanation Statement I. 

(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I. 

(C) Statement I is true and Statement II is false. 

(D) Statement I is false and Statement II is true. 


3. Statement I: Let /(x) = 


x sin —, x * 0 
x 

0, x = 0 


1. Statement I: /: (0,1) - 
bounded function. 


■ R defined by /(x) = — is a 


Statemei Integer Answer Type Questions 


Then / is continuous at x = 0. 

Statement II: Let a e R. In a neighbourhood of a two 
functions / and g are defined such that lim /(x) = 0 
and g(x) is bounded. Then lim/(x)g(x) = 0. 

Hint: See Corollary 1.3. 

4. Statement I: If n is a positive integer, then 

V _ "l/l + ll _ 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2,4,6 are to be darkened. 


3. If /: (a, °°) —» R is a function such that lim(x/(x) 
= 1,1 e. IR), then lim /(x) is equal to_. 


4. Let / (x) = 2 x and g(x) = 
lim(/°g)(x) equals_ 


e x for all x e IR. Then 



® 

© 

© 

© 

© 

© 

© 

© 

o 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 


5. Iim2x 1-cos— isequalto_ 
*-»•» V xj 

... . ^ 1 














































SUBJECTIVE QUESTIONS 


EXERCISES 


Since Calculus requires a lot of practice, 
some chapters in addition to providing 
numerous solved examples in IIT-JEE 
pattern, also give subjective questions 
as exercises. 


To have a grip over integration, the student has to practice 
problems on various methods. That is why we are supply¬ 
ing the student with a number of problems for evaluation. 
Hence, the exercise contains only subjective problems. 

1. Evaluate f——— T dx. 

1 P + *) 


Hint: Take u = x, dv = - 


V l + e x 

and use integration by parts. 


) that v = 2yjl + e x 


3. Show that 
f dx 


\Il + e x +e 23 
4. Show that 


= log. 


-l + e x +yjl + e x +e 2x 
l + e x +yjl + e x +e 2x 


9. Show that 

J x 3 Tan ~ l xdx = 

Hint: Use integration by parts. 
10. Evaluate J* ^j n X dx. 


-Tan x - 1 - 1 

4 12 4 


' VT+x 


11. Show that 


I 2 

f J 4 +1 [log, (x 2 + 1) - 2 log ,x]dx 
J X 

_ (* 2 +l) 3 

9x 3 


-[ 2 - 31 °g‘( 1+ ?)] + 


1 


Hint: Put 1 + —~=t. 

x l 

12. Compute Jsinxlog e tanxdx. 


ANSWERS 


The Answer key at the end of each 
chapter contains answers to all exercise 
problems. 


ANSWERS 


Single Correct Choice Type Questions 


1. (B) 

34. (A) 

2. (D) 

35. (A) 

3. (D) 

36. (B) 

4. (A) 

37. (D) 

5. (D) 

38. (A) 

6. (C) 

39. (C) 

7. (B) 

40. (A) 

8. (A) 

41. (A) 

9. (A) 

42. (C) 

10. (C) 

43. (B) 

11. (B) 

44. (D) 

12. (D) 

45. (C) 

13. (B) 

46. (B) 

14. (A) 

47. (A) 

15. (C) 

48. (D) 

16. (D) 

49. (C) 

17. (B) 

50. (B) 

18. (B) 

51. (A) 

19. (A) 

52. (C) 

20. (A) 

53. (C) 

21. (D) 

54. [A) 

22. (A) 

55. (B) 

23. (A) 

56. (B) 

24. (B) 

57. (B) 

25. (A) 

58. (C) 

26. (C) 

59. (B) 

27. (D) 

60. (B) 

28. (B) 

61. (D) 

29. (C) 

62. (A) 

30. (B) 

63. (A) 

31. (A) 

64. (B) 

32. (B) 

65. (D) 

33. (B) 



Multiple Correct Choice Type Questions 


1. (A), (D) 

6. (B), (C), (D) 

2. (B),(C),(D) 

7. (A), (B),(C) 

3. (A),(D) 

8. (A), (B), (C), (D) 

4. (A), (C) 

9. (A), (B), (D) 

5. (A), (C), (D) 

10. (A), (B), (C), (D) 
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Chapter 0 I Pre-Requisites 


0.1 Sets 

Even though we discussed set theory completely in Chapter 1 of Vol. 1, in this section, we recall some of the concepts, 
symbols and theorems (for the convenience of the reader) which are going to be used throughout this volume. First, 
we begin with some notations. 


0.1.1 Notation 

Suppose S' is a set (i.e., a collection of objects enjoying a certain property). 

1. The symbol e stands for “belongs to” or “is a member of.’ a e S means a belongs to S or is a member of S. 

2. The symbol g stands for “does not belong to’.’ a <t S means a is not a member of S. 

3. The symbols 3 and 3 stand for “there exists” and “such that’,’ respectively. Generally these two symbols go together, 
for example, 3 real number x 3 x 2 = 2. 

4 . The symbol “V” stands for “for all” or “for every’.’ For example, “x 2 is a positive integer V non-zero integer x". 

5. If S is the set of all objects satisfying a property P, then S is represented as 

S = {x | x has property P} 

6. The set having no objects is called the empty set or null set and is denoted by “0”. 

7. If a set has only a finite number of members x 1; x 2 ,..., x n . then we write 

S={x u x 2 ,...,x„j 


0.1.2 Union and Intersection 

Suppose A and B are sets. Then 

1. The collection of all objects which either belong to A or belong to B is denoted byduB and is called union of A 
and 5. That is 

A u B = {.r | x e A or x € 5} 

2. The collection of all objects which belong to both A and B is denoted by A n B and is called the intersection of A 
and 5. That is 

An B={x | x e A or x G B) 

0.1.3 Disjoint Sets 

Two sets A and B are called disjoint sets if AnB = 0. 


0.1.4 Indexed Family of Sets 

A family 5 of sets is called indexed family of sets if there exists a set I such that for each element i e /, there exists 
unique member A t in 5 associated with i and 5 = {A i : i e l\ or 5 = {/( } /e/ . For example, if h is a house in Delhi and A h 
is the set of all persons belonging to the house h, then 5 ={A h \ h is a house in Delhi} is an indexed family of sets, the 
index set being the set of all houses in Delhi. 

0.1.5 Subset 

We say that set A is a subset of set B and we write AnB or Bn A, if every member of A is also a member of B. If 
AnB and A^ B, then A is called proper subset of B. 



0.1 


0.1.6 Power Set 

If A is a set, then the set of all subsets of A is called the power set of A and is denoted by P(A). 


S, QUICK LOOK 1 


<j> and A belong to P(A). 


0.1.7 Set Difference 

Let A and B be two sets. Then the set A - B is defined as 

{x e A | x <£. B} 


0.1.8 Universal Set 

If is a class of sets then the set X = U A. is called universal set of this family of sets {A ; ) iel . 


0.1.9 Complement 

If X is universal set and A czX, then X— A is called complement of A and is denoted by A' or A or A c . 


\ QUICK LOOK 2 


If A and B are any two subsets of universal set X, then 

A-B = AnB’ = AnB = AnB c 


The following theorems are easy to prove. 


Theorem 0.1 


Let A, B, C be sets. Then 


1. (AvB)vC = Av(BvC) 

2. (AnB)nC = An(BnC) 

3. Akj(p = A 

4. Ar\(j) = (j) 

5. An(BuC) = (AnB)u(AnC) 

6. Au(BnC) = (AuB)n(AuC) 


Theorem 0.2 
(De Morgan's 
Laws) 


Let A, B be subsets of a universal set X. Then 

1. (AkjB)' = A'nB' 

2. (AnB)' = A'uB' 
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Theorem 0.3 
(Generalized 
De Morgan's 
Laws) 


Let {A i } ier be an indexed family of subsets of universal set X. Then, 



Kiel 




\ iel 



0.2 Real Numbers 

Real analysis is considered to be the Brain of Mathematics. Real analysis makes us to think, analyze and solve 
problems in mathematics. Knowingly or unknowingly we learned about real analysis and used various tools to 
solve problems in real analysis including certain basic properties. As a process of recalling them from our acquired 
earlier knowledge, let us begin with the binary operations in the real number system and list out some of their 
properties. 


0 . 2.1 Addition and Multiplication 

R stands for the real number set (system). There are two binary relations (operations), namely, addition (+) and mul¬ 
tiplication (•) in R. These relations have the following properties: 

ip^kR^a + ieR (Closure property of +) 

A 2 :a, beR=> a + b = b + a (Commutative property of +) 

A 3 : (a + b) + c = a + (b + c) \/ a, b,c e R (Associative property of +) 

A 4 :a + 0 = a VoeR (Existence of additive identity for + and 0 is the real number zero) 

A s : a + (- a) = 0 V a e R (Existence of additive inverse, -a being the negative of a ) 
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We observe that 0 is the only real number satisfying A 4 given a e R, then (-a) is the only real number satisfy- 
(i.e., if aeR and a + a = aVae R, then a = 0)and ing A s (i.e., if a e R, a e R and a + a = 0, then a = -a). 


With regards to multiplication, we have the following properties: 

Mj :o,kR=>fl'kR (Closure property of multiplication) 

M 2 ■. a, b eR=> a-b = b-a (Commutative property of multiplication) 

M 3 : (a -b) ■ c = a ■ (b ■ c) (Associativity property of multiplication) 

M 4 ■,a\ = a VaeR (Existence of multiplicative identity, where 1 is the usual one) 

M 5 .a— = 1 VaeR, (Existence of multiplicative inverse) 
a 

M 6 : If a, b, c e R, then a-{b + c)-a-b + a-c (Distributive law) 
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We observe that 1 is the only real number satisfying M 4 a -t- 0, 1/a is the only real number satisfying M 5 (i.e., if 

(i.e., if a e R and aa = a Vo g R, then a = 1) and for agR, a^O, ccgR and aa = 1, then a = 1/a). 


CONVENTION: Here afterwards we will write ab for a ■ b. 

Note: In view of A to A s and M to M , we can call R a field with respect to the two binary operations + and • we 
write (R, +, •) is a field. 

In addition to the properties of + and ■, R has another property called ordering which has typical proper¬ 
ties. First, let us start with positive real numbers. The set of all positive real numbers is denoted by R + , that is 
R + = {a e R | a > 0}. 


0.2.2 Properties of R + 

Rp If x, ye R + , then x + y e R + . 

R,: If x g R and x ^ 0, then either x g R + or-xe R + but not both. 
R t : 0«R + . 


0.2.3 Properties of (M, +, , <) 

(R, +, ■, <) is an ordered field having the following properties: 

1. x, ye R, then x < y if and only if y - x g R + . 

2. x < y => y > x. 

3. x < y means either x=y or x < y. 

4. If xjg R, then exactly one of x < y, x > y,x=y holds. 

5. If xj,zgR,x< y, and y < z, then x < z. 

6. Also 1 > 0. 

0.2.4 Inductive Set 

N as well as Z + denote the set of positive integers (positive integers are also called natural numbers). N has the 
following properties: 

1. 1 g N. 

2. If n g N, then « +1 g N. 

Suppose S' is a set of real numbers such that 

1. 1 G .S'. 

2. s g S implies « + 1gS. 

Then S is called an inductive set. 
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1. N is an inductive set. 

2. If S is an inductive set, then Nc5 and hence N is 
the smallest inductive set. 
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Notation: Z denotes the set of all integers. That is 

Z = Nu{0}u(-N) 


where -N = {—n \ n e N}. 


0.3 Bounded Set, Least Upper Bound and Greatest Lower Bound 

In this section, we introduce the concept of a bounded set of real numbers, least upper bound, and greatest lower 
bound of a set S. Let us begin with the following definition 

DEFINITION 0.1 Let S be a non-empty subset of R. A real number x is said to be a lower bound of S if x < y for 
every y e S. If S has at least one lower bound, then we say that S is bounded below. If x is a lower 
bound of S and xe S, then we say that x is the least or minimum member (element) of S. 


Examples 


1. If S = {x e R | 0 < x < 1}, then 0 (zero) is a lower bound 3. If T = {x e R | 0 < x < 1}, then 0 is a lower bound but it 

and it is the least element of S. is not least element of T (since 0 £ T ). 

2. For the set N, 1 is the least element of N. 


DEFINITION 0.2 Let S be a set of real numbers. A real number z is called an upper bound of S, if s < z for all 
s e S. If S has at least one upper bound, then we say that S is bounded above. If z is an upper 
bound of S and z e S, then z is called greatest (maximum) element of S. 


Examples 


1. S' = {x e R | x < 3} is bounded above without greatest 2. T = {l/«|«eN} is bounded above, 1 is the greatest 
element (since 3 g S). element and Thas no least element. 


DEFINITION 0.3 Bounded Set A set S of real numbers is said to be bounded , if S is both bounded below and 
bounded above. 

DEFINITION 0.4 Greatest Lower Bound, g.l.b. Suppose that S is bounded below and x is a lower bound of S. 

If y is a lower bound of S which implies y < x, then x is called greatest lower bound of S and 
x is denoted by g.l.b. S. 
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A real number x is a g.l.b. S if and only if x is a lower bound of S and any real number y > x cannot be a lower 
bound of S. 


DEFINITION 0.5 Least Upper Bound, l.u.b. Suppose S is bounded above set. A real number z is called least 
upper bound of S (l.u.b. 5) if z is an upper bound of S and y is also an upper bound of S then 
y>z. 


' N QUICK LOOK 7 


A real number u is l.u.b of a set S if and only if u is an upper bound of S and any number less than u cannot be an 
upper bound of S. 
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DEFINITION 0.6 Unbounded Below and Unbounded Above A set 5 of real numbers is said to be unbounded 
below if it is not bounded below. S is said to be unbounded above, if S is not bounded above. 

DEFINITION 0.7 Unbounded Set A set S of real numbers is said to be unbounded set if either S is unbounded 
below or unbounded above. 

0.4 Completeness Property of R and Archimedes' Principle 

In this section we state the so-called completeness property of R and the Archimedes’ principle and discuss how well 
ordering principle in R leads to the concept of the integral part of a real number. We will also mention some of its 
properties. Let us begin with the completeness of R. 

Every non-empty set of real numbers which is bounded above has a least upper bound (l.u.b) 
in R. 

Generally l.u.b of S is called supremum of S and the completeness property of R is called 
supremum property of R. From the completeness property (or supremum property) of R, we 
can conclude the following. 

1. Every non-empty set S of R which is bounded below has g.l.b. (also called infimum). 

2. S is bounded below if and only if —S = {—x | x e S} is bounded above and g.l.b. S = -l.u.b. 
(-S). 

3. If S and T are non-empty subsets of R and x e S, y eT => x < y, then S is bounded above, 

T is bounded below and l.u.b. S < g.l.b. T. 


Theorem 0.4 
(Completeness 
Property 
OF R ) 


Theorem 0.5 


0.4.1 Archimedes'Principle 

Statement: If x is a real number and y is a positive real number, then there exists a positive integer n such that x < ny. 
As a consequence of Archimedes’ principle we have the following theorem. 


Theorem 0.6 


1. If x, y are integers, then x+y and xy are also integers. 

2. If x is an integer, then there is no integer between x and x + 1. That is, if x < y < x + 1, then y 
cannot be an integer. 

3. If S is a non-empty subset of Z (Z is the set of all integers) which is bounded above, then 
l.u.b. S is in S. Similarly, if S is bounded below, then S has minimum (least) element. 


From part (3) of Theorem 0.6, we have the following property called well ordering principle. 


Theorem 0.7 
(Well Ordering 
Principle) 


Every non-empty subset of the natural number set N has minimum (or least) element. 


From the well ordering principle, we have the following theorem which is the base for the concept of integral part of 
a real number. 

Theorem 0.8 IfxeR, then there exists a unique integer n such that n<x<n+ 1 . 

DEFINITION 0.8 Let xeR. Then the unique integer n (guaranteed by Theorem 0.8) such that n<x<n +1 is 
called the integral part of x and is denoted by [x]. In other words, [x] is the largest integer not 
exceeding x. 
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DEFINITION 0.9 Fractional Part If x e R, then x-[x] is called fractional part of x and is denoted by {.v}. 
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0 < {x} < 1 for all x g R and x = [x] + {x} 


In the following theorem, we list out some properties of integral part (for proofs, refer the authors Vol. 1 pp. 46-48) for 
quick reference whenever necessary. 


Theorem 0.9 


The following hold for any real number x: 


1. [x] < X < [x] + 1 

2. x -1 < x < [x] 

3. [x]= 1, if x >1 

1 <i<x 

4. [x] =x if and only if xeZ«{x}=0 

5. {x} = x if and only if [x] = 0 


6. [x] + [—x] 


JO if x g Z 
{—1 if x^Z 


Theorem 0.10 


The following hold for any real numbers x and y: 

1 , , IM + Ivl if M + M<1 

1. x+vl = l 

)[x] + [y| + l if {x} + {y} > I 

2. [x + v] > [x] + [y] and equality holds if and only if {x} + {y} < 1. 

3. If x or y is an integer, then [x + y] = [x] + [y]. 


Theorem 0.11 


1. If x is any real number and m is any non-zero integer, then 




rwi 

m 


m 


2. If n and k are positive integers and k > 1, then 


n 

+ 

n +1 

< 

2 n 




k 


k 


k 


3. Also 


[2x] - 2[x] 


[0 if [2x] is even 
[1 if [2x] is odd 


Theorem 0.12 


If n is a positive integer and p is any prime number, then the highest power p dividing n ! (factorial 
n) is 
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Since n is a finite number, on and after a stage p k exceeds n so that the infinite sum is actually a finite sum. 


0.5 Rational Numbers, Irrational Numbers and Density Property of 
Rational Numbers 

DEFINITION 0.10 Rational Number A real number x is called rational number, if there exists n e N (i.e., n is a 
positive integer) such that nx e Z. The set of all rational numbers is denoted by Q. 


v, QUICK LOOK 10 


1. ZcQ 3. Z is a proper subset of Q. 

2. There are rational numbers which are not integers. 

For example 1/2,4/3 are rational numbers but are not 
integers. 


The following theorems enlist some properties of the set Q of rational numbers, especially the density property of Q. 


Theorem 0.13 


If x, y e Q, then —x e Q, x + y e Q, xy e Q and x / y e Q whenever y ^ 0. 


Theorem 0.14 
(Density 
Property of Q) 


Between two distinct real numbers, there lies a rational number. That is, if x, y are real numbers 
and x < y, then there exists q e Q such that x<q < y. 


DEFINITION 0.11 


Even Integer n e N is said to be even, if there exits m e N such that m+m = n. Otherwise we say 
that n is odd. 


Theorem 0.15| There exists a unique real number x > 0 such that x 2 = 2 and this unique x is denoted by V2. 
DEFINITION 0.12 Irrational Number A real number which is not rational is called irrational number. 

Theorem 0.16 V2 is irrational number. 

Finally we conclude this section with the following theorem. 

Theorem 0.17 1. Q is a proper set of E. 

2. Between any two distinct real numbers there lies an irrational number. 


0.6 Intervals 

In this section, we define an interval, its length, bounded and unbounded intervals, and g.l.b., l.u.b. of intervals (consid¬ 
ering interval as a set). For this section we have a, ftel and a < b. 
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DEFINITION 0.13 Open Interval The set {ie8|a<x<5} is called an open interval. It is denoted by (a, b) 
with initial end point a and terminal end point b. 

DEFINITION 0.14 Closed Interval The set {x e R | a < x < b} is called closed interval. It is denoted by [a, b] 
with a and b as initial and terminal end points, respectively. 


DEFINITION 0.15 Half Open and Half Closed Intervals 

1. The set {x e M | a < b < x] is denoted by [a, b). 

2. The set {x e R | a < x < b} is denoted by (a, b]. 

DEFINITION 0.16 Length of the Intervals b - a is called the length of all the four intervals (a, b ), [a, b], [a, b) 
and (a, b]. 


s, QUICK LOOK 11 


L If a = b, then [a, b] = {«} (singleton set) so that (a, b)= 3. If a < b, then g.l.b. (a, b ) = g.l.b. [ a , b ) = g.l.b. (a, b\ = a 

[a, b) = (a, b] = <p (empty set). and l.u.b. (a, b) = l.u.b. [a, b) = l.u.b. (a, b] = b. 

2. If a < b , then g.l.b. [a, b] = a and l.u.b. [ a , b\ = b. 


DEFINITION 0.17 All the four intervals (a, b ), [a, b ], [ a , b ) and (a, b] are called bounded intervals. 

In the next definition we list out unbounded intervals. 

DEFINITION 0.18 Unbounded Intervals Let aeM. Then 

1. {x e R | x > a] is denoted by (a, °o). 

2. {x e R | x < a} is denoted by a). 

3. {x e R | x > a] is denoted by [a, °o). 

4. {x g R | x < «} is denoted by a\. 

5. M is also denoted by (-°°, 

Note: 

(i) °o, are only symbols but not real numbers. 

(ii) The intervals (a, °°), [a, °°) are bounded below with a as their g.l.b, but these intervals are not bounded above. 
Similarly the intervals (-<», a) and (-<», a] are bounded above with a as l.u.b. and these intervals are not bounded 
below. 

(in) (-oo, oo) is neither bounded below nor bounded above. 

0.6.1 Interesting Features of Intervals 

Let I denote any one of the intervals defined above. Then I has the following basic property: 

x, y g /, x < y => [x, y] a I and conversely, if A c R has the property that x, y e A, x < y => [x, y] a A , then A is an 
interval. 

DEFINITION 0.19 Neighbourhood Let oeI and e>0. Then the open interval (a-e, a + e) is called e-neigh- 
bourhood of a and (a-e, a + e)-{a} is called the deleted e-neighbourhood of a where {«} is 
the singleton set containing the element a. 
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0.7 Absolute Value of a Real Number 

In this section, we introduce the concept of absolute value or modulus value of a real number and list some of its prop¬ 
erties which are useful. Let us begin with the following definition. 

DEFINITION 0.20 Let x e R. We write 

\x if x>0 

M= -r 

[—x if x < 0 

| x | is called the absolute values of x or modulus value of x. 

The following theorem enlists the important properties of |x|. 


Theorem 0.18 


1. | 0 | = 0 and | x | = |-x | V x g R. 

2. Forx, jeR,we have 

— I X | < X < | X | 

and whenever y A 0 

(a) \xy\ = \x\\y\ 

(b) |x + .y |<|x| + |Tl 

(c) ||x|-|TlNx-Ll 


(d) 


x 

y 



3. For a g R and g > 0, we have 

(a- g, a + g) = {x g R| | x - a \ < g} 

4. If x g (a- g, a+ g) V g > 0, then x=a. 

5. Max{x,-x} =| x |. 

6. (a) Max {a, b} = ^-(a + b+1 a-b |) 

(b) Min{a, b} = —(a + b— \ a -b |) 



QUICK LOOK 12 


|x + tI = |x| + |tI if an d only if both x and y are of same sign. 


Finally we conclude this chapter with the following property of closed intervals. 

Let {x n | n = 1,2,3,...} and {y n \ n = 1,2, 3,...} be subsets of R such that [x„ +1 , y n+l \ a [ x n , y n ] for 

n = l,2,3.... Then fl [x„, y n ] is non-empty. If further g.l.b. (y„-x n ) = 0, then f| [x n ,y„\ is a 
singleton set. 


Theorem 0.19 








Functions, Limits, 
Continuity, Sequences 
and Series 




Contents 

1.1 Functions: Varieties 

1.2 Functions and Their Inverse 

1.3 Even and Odd Functions, 
Periodic Functions 

1.4 Graphs of Functions 

1.5 Construction of Graphs and 
Transforming Theorem 

1.6 Limit of a Function 

1 .7 Some Useful Inequalities 

1.8 Continuity 

1.9 Properties of Continuous 
Functions 

1.10 Infinite Limits 

1.11 Sequences and Series 

1.12 Infinite Series 

Worked-Out Problems 

Exercises 

Answers 


A function associates one quantity - 
argument or input of the function - with 
another quantity - the value or output 
of the function. Limit is used to describe 
the value that a function or sequence 
“approaches” as the input approaches 
some value. A sequence is a list of ob¬ 
jects/events ordered in a sequential fash¬ 
ion such that each member either comes 
before, or after, every other member. A 
series is a sum of a sequence of terms. 



















14 


Chapter 1 I Functions, Limits, Continuity, Sequences and Series 


Calculus is a part of Mathematical Analysis which was developed by Issac Newton (1642-1727), Gottfried Leibniz 
(1646-1716), Leonhard Euler (1707-1783), Augustin-Louis Cauchy (1789-1857) and Karl Weierstrass (1815-1897). 
The world of Mathematics came to know that Calculus was the brain child of both Newton and Leibniz who developed 
it simultaneously without knowing each other and was improved by Euler, Cauchy and Weierstrass. It was Weierstrass 
who gave the precise definition of limit and more teeth to continuity and differentiability. It was he who constructed a 
function which is continuous for all real values of x but not differentiable at any real value of x. 


1.1 Functions: Varieties 


Even though the general notion of a function, real-valued functions and operations among real-valued functions were 
exhaustively studied in Chapter 1 of Vol. 1 (Algebra), for completeness sake, we recall some of the basic definitions 
and results (possibly without proofs) here. This process is undertaken to facilitate the reader to have immediate refer¬ 
ence. Let us begin with the definition of a function. 


DEFINITION 1.1 Suppose A and B are two non-empty sets AxB = {(«, b) \ a e A, b e B) is the set of ordered 
pairs of A and B and is called the Cartesian product of A and B. 

DEFINITION 1.2 Any non-empty subset S of A x B is called a function if 

(i) a e A => 3 b e B such that (a, b) e S 

(ii) (a, h x ) e S, ( a , bf) e S => b 1 = b 2 

We also say that S is a map or mapping. If S a A x B is a function, then 

(i) A is called the domain of S and B is called codomain of S. 

(ii) {be B \ (a, b ) e 5) is called the range of S. 

If (a, b) e S, it is customary to denote b by S(a). We observe that S(a) is unique for a given 
a e A and S = {(a, S(a )) | a e A). S(a ) is called the value or image of S at a. If S(a) = b, then a 
is called the preimage of b. Generally, we write S'.A-^B and say that S' is a function defined 
on A with values in B. 


DEFINITION 1.3 Equal Functions If S: A -> B and T: A B are functions such that S(a) = T{a) for every 
a e A, then we say that S and T are equal and we write S=T. 


For convenience sake, we use the symbol / for a function. Thus,/: A —> B is taken as a function. For our purpose, 
in general, A is a subset of R and B = R. When this is the case, that is /: A —» R where 4cR, then / is a real-valued 
function from the subset A of R. 


Examples 


1. A is the set of positive integers, f:A—> R where/(n) = 
2n for n = 1,2,3,.... Thus / (1) = 2,/(2) = 4,/(3) = 6 ,... . 

2. A = [0,1], / : A —> R where f(x) = x 2 for x e A. Thus 


/( 1 ) = 1 2 =1 



3. A = R and f:A —> R is defined by f(x)=x 2 + x+ 1 for 
x e A. Thus 


/(0) = 0 2 + 0 + 1 = 1 
/(!) = 1 2 + 1 + 1 = 3 
/(- 1 ) = (- 1) 2 + (- 1 ) + 1 = 1 

/(V2) = (V2 ) 2 + V2 +1 = 3 + V2 

4. A = The set of all non-negative real numbers, and 
f:A —> R is defined by f(x) = Jx. Thus 

/(0) = 0,/(l) = l,/(2) = V2,/[i]=i 
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[Here -1/2 should not be taken (why?)]. /(-1) is not 
defined because -IgA. 

5. A = R and f:A —> R is defined by f(x) = |x|. Thus 


/(0) = 0, /(l) = 1, /(—1) = |-1| = 1 



1 

2 


DEFINITION 1.4 Constant Function If ^4czR and k e R then f:A—>R defined by/(x) = k for every x e A is 
called constant function. 

In the following definition we introduce operations on the set of real-valued functions defined on a common domain, 
a subset of real numbers. 

DEFINITION 1.5 Suppose A a R,/and g are two real-valued functions defined on A with values in R. Then we 
define the sum/+ g, the product f-g, the quotient f/g, |/| and [/] ([■] is integral part) as 
follows: 

1- (f+g)(x)=f(x) + g(x) Vxg A 

2 - (f'g)(x)= f( x )-g(x)y x e A. 

3. f — (x) = if g(x) * 0 V x g A. 

\gj g(x) 

4• \f\(x) = \f(x)\ VxgA. 

5. [f](x) = [f(x)] Vxe A. 

Also for any positive integer n, we have 

6. f"(x) = (f(x)rVxeA. 

7. If a e R and f(x ) >0 Vxe A, then f a (x) = (/(x))“ Vied. 


\ QUICK LOOK 1 


1. If k is a constant, then (kf)(x) = kf(x) VxgA. 


2 . 


- I (x) = —-— VxgA, if f(x)g0 VxgA. 

f) fix) 


DEFINITION 1.6 Composite Function Suppose A, B and C are non-empty subsets of R, f-.A-^B and 
g.B^C are functions, then we define the function g° f: A—> C as 

ig ° f)i x ) = gif (-'-)) VxgA 

go / is called composite function of g and/. Note that g° / may be defined but / °g may not 
be defined. 


QUICK LOOK 2 


If /: A —> A and g: A -» A, then both g°/ and /°g are defined, but still f °g and g°/ may not be equal func¬ 
tions. 


Examples 


(— ](x) = ^ ^ = — Vx g R and x g 0. Here we take 

U? 2 

A = R — {0}. 


Let A = R and /(x) = x 2 and g(x) = 2x for all x g A. Then 

1- (/+ g)ix) = fix) + g(x) = x 2 + 2x 

2 - (/-^)W = /W^W = ^ 2 (2 jc) = 2 x 3 


3. 
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4. \f\(x) = \f(x)\ = \x 2 \ = x 2 

5. [/](x) = [/(i)].We can observe that 

[/](l/2) = [/(1/2)] = [1/4] = 0 

In fact 

(a) [/](r) = 0Vt£ (-1,1) 


(b) [/](2.1) = [/(2.1)] = [(2.1) 2 ] = 4. 

6. (a) ( g°f)(x) = g(f(x)) = g(x 2 ) = 2x 2 
(b) (f°g)(x) = f(g{x)) = f( 2x) = 4x 2 
We observe that / ° g ^ g° f ■ 


Note: Suppose AcK and f:A —» R is a function. Then the functions |/|, [/], f" and /“can be realized as composite 
functions by taking g:R —> R as g(x) = |x|, g(x) = [x], g(x) = x" (where n is a positive integer) and g(x) = x a (a is real), 
respectively. That is 


1. If g(x) = |x|, then 

2. If g(x) = [x],then 


(g°f)(x) = g(f(x)) = \f(x)\ = |/|(x) 


3. If g(x) = x n , then 


(g°mx)=g(f(x))=[f( X )]=[f]( X ) 


4. If g(x) = x a , then 


(gof)(x) = g(f(x)) = (f(x)) n = f\x) 

(g°f)(x) = (J(x)) a = f a (x) 


DEFINITION 1.7 Identity Function Let dcR and A be non-empty. The function f: A —> A defined by 
f(x) = x Vx e A is called the identity function on A. Sometimes, it is denoted by I A That is, 
I A (x)=x Vied. 


Theorem 1.1 
(Associative 
Law for 
Composition 
of Function) 


Suppose A, B, C and D are non-empty subsets of R and f:A —> B,g: B —» C and h: C —» D are 
functions.Then (h°g)° f = h°(g° f). 


Proof 


First of all, observe that both (h °g)° f and h a (g° f ) are functions from A to D. Further, for x e A, 


{{h°g)°f){x)={h°g){f{x)) 

= Kg{f(x)) 

= K(g°f)(x)) 

= (h°(g°f))(x) 


Note: Theorem 1.1 is given as Theorem 1.27 (Try it out) in Chapter 1 (Vol. 1) on p. 41. The proof also runs on the same 
lines as above. 


1.2 Functions and Their Inverse 

In this section, we once again recall from Vol. 1 (Algebra) the notions of one-one, onto and bijective functions. Further 
we introduce the concept of the inverse of a bijective function and their properties. 

DEFINITION 1.8 LetA and B be two non-empty subsets of R. Let /: A —> B be a function. Then 
1. /is said to be one-one function if x,y e A,x ^ y =>/(x) ^ f(y ). 





2. /is said to be onto if yeB=$3xeA3 /(x) = y. 

3. If/is both one-one and onto, then we say that /is a bijection. 
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ions and Their Inverse 


Examples 


1. Let A = B — [0, °°) (i.e., the set of all non-negative 
reals). The function/defined by 


for every x e A is one-one but not onto [since f{x) = 
f(y) => x = y and 1 e B, but there is no x e A such that 
/« = !]• ' 

2. Let A = R and B = [0, °°). Then the function / defined 
by f(x) = |x| is onto but not one-one, since 


y e B =$ y = \y\ = f(y) 
and f( x ) = f(-x) = \y\ Vred 

3. Let A = B = R. Then the function / defined by /(x) = 
2x is a bijection. 

4. Let A = R and B = R. Define /: A —» B by 

[0 if x is a rational number 
/(x) = i 

[1 if x is an irrational number 
Then/is neither one-one nor onto. 



QUICK LOOK 3 


If /: A —> B is a function and range of/= C such that Ccfi, then/: A —> C is onto. 


DEFINITION 1.9 Inverse of a Function Suppose/: A —> B is a bijection. Define g: B —> A by g(b) = a, where 
f{a) = b. Then g is called the inverse function of/and is denoted by f~ l . 


Example 

Let A = B = R. Define /: A -> B by 
f(x)=x + 1 


Then clearly / is a bijection and also / x (y) = y - 1 is the 
inverse function of/since 

/ _1 (i+l) = (jc+l)-l=rVred 


a 


QUICK LOOK 4 


If /: A —» B is a bijection, then / B —> A is also a 

bijection and / -1 ° / = I A , f ° f~ X = I B ■ 


2. If /: A —> A is a bijection, then f of 1 = / 1 o / = I A . 


DEFINITION 1.10 Restriction of a Function Let /: A —» B be a function and C be a non-empty subset of A. Define 
g: C —» B by g(c) =/(c) for all x e C. Then g is called restriction of/to C and is denoted by /1 . 


Examples 

1. Let /: R — > [0, °°) be defined by f(x) = |x| V x e R and 
let C = [0, oo). Then clearly CcR and f\ c : C — > [0, <») 
is given by 

(f\c)(x) = f{x) = \x\ = x V X e C (••• X > 0) 

2. Let /: R —> [0, °°) be defined by /(x) = x 2 . Take C = 
[0,°°). Then 


if\ c )( x ) = f( x ) = x2 VxeC 

Notice that /L is a bijection where / is not one-one 
so that/is not a bijection. Also if C = (— 00 , 0],then /1 

is a bijection. _ 

3. Let f:R—>[0,oo) be defined by f(x) = J\x\ VxeR. 
If C = [0, oo) and D = (-«>, 0], then 
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(/| c )0) = <J\x\ = yfx Vjc e C Observe that f\ c and /\ D are bijections but/is not. 

and (f\ D )( x ) = sl-x Vx e £) 


Nole: Even though a function f:A->B may not be a bijection, sometimes / is restricted to a suitable subset of A so 
that / restricted to that subset has inverse function from the range of / to the restricted domain. The following is an 
illustration of this. 


Examples 


1. Let /:R —> B = [0, °°) be a mapping defined by 
f(x) = |x|. Clearly/is not a bijection. If A = B = [0, °o) 
then f\ A is a bijection and the inverse of f\ A is given 
by 

(f\ A r\x) = f~\x) = x Vx e A 

2. Let f:R —> R be a function defined by f(x) = sin x so 
that range of/is [-1,1], If A = [-/r/2, /r/2], then f\ A is 


a bijection from A to [-1,1] and f\ A has inverse func¬ 
tion from [-1,1] to A. This inverse function is denoted 
by Sin 4 (see Chapter 2, Vol. 2). 

3. Let /: R —> [0, °°) be defined by f(x) = x 2 . Taking A = 
[0, °°), we have /1 is a bijection on A and 

(f\ A ) _1 (*) = r l (x) = 4x Vied 


1.3 Even and Odd Functions, Periodic Functions 

Let /: R —» R defined by f(x) = x 2 , then we can observe f(—x) = f(x) V x e R. Lunctions satisfying this property are called 
even functions. Lunctions satisfying the property f(-x) = —f(x), for example f(x) = x 2 , are called odd functions. Lunctions 
satisfying the property f(x + T) = f(x) whenever x and x+T are in the domain of /and T> 0 are called periodic functions. 
In this section, we give precise definitions of these and state some of their properties. Let us begin with the following. 

DEFINITION 1.11 Symmetric Set Let X be a non-empty subset of R. Then X is called symmetric set if 

x e X<=>-x e X 


Examples 


1. R is a symmetric set. 4. [0,1] is not a symmetric set. 

2. [-1,1] is a symmetric set. 5. {-1,0,1} is a symmetric set. 

3. The set Q of rational numbers and the set Z of all 
integers are symmetric sets. 


Note: The real number 0 need not belong to a symmetric set. For example, the set {-1,1} is a symmetric set without 0 
and [-1,0) u (0,1] is a symmetric set not containing the element 0. 

DEFINITION 1.12 Even Function Let X be a symmetric set and /: X —> R be a function. If f(-x) = f(x) Vig X, 
then /is called an even function. 


Examples 

1. /:R R defined by /(*) = \x\ is an even function 3. /:R —> R defined by f(x) = cos v is an even function, 

because \x\ = |-x| V x e R. because cos(-x) = cos x. 

2. f(x) = x 2 is an even function from R to R because 
(- x ) 2 = x 2 V x e R. 


DEFINITION 1.13 Odd Function If X is a symmetric set, then f:X —> R is called an odd function if f(-x) = 
-f(x) for all x e X. 
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Examples 

1. /:R —>R defined by /(x) = x 3 is an odd function 3. Let X= [-2,-1] u [1,2] and define /: X —>R as /(x) = 

because (-x) 3 = -x 3 VxeK. x 3 so that/is an odd function. 

2. / : R —> R defined by /(x) = sin x is an odd function 
because sin(-x) = -sin x. 


Note: If X is a symmetric set having the element 0 and f\X—> R is an odd function, then /(0) is necessarily zero, 
because 

/( 0 )=/(- 0 ) = -/( 0 ) 

In part (3) of the example above, the set X = [-2, -1] u [1,2] does not contain 0, so / (0) cannot exist. 

The statements stated in the following theorem can be easily verified [see pp. 56, 57 of Chapter 1, Vol. 1 
(Algebra)]. 


Theorem 1.2 


Let A be a symmetric set and / and g be functions from X into R. Then 

1. If both /and g are even (both are odd), then so is f± g. 

2. If both / and g are even (both are odd), then fg is even. 

3. If one of/and g is even and the other is odd, then/g is odd. 

4. /is even if and only if Af is even for any non-zero real A. 

5. /is odd if and only if Af is odd for any non-zero real A. 

6. /is even (odd) if and only if-/is even (odd). 

7. If /: X —» R is any function, then the function 

/(x) + /(-x) . 

g(x) = 2 1S eVCn 

/(x) — /(—x) . 
h{x) = ———- is odd 


and /(x) = g(x) + h{x) 

Here g(x) is called even part of /and h(x) is called odd part of/(x). Further g(x) and h(x) are 
unique. 


DEFINITION 1.14 Periodic Function Let A be a non-empty subset of R. If there exists a positive number p 
such that f(x + p) =/(x) whenever x and x+p belong to A, then/is called a periodic function 
and p is called a period off. The smallest period (if it exists) is called the period off. 


Note: 

1. A function can be periodic without smallest period. For example, /: R —> R defined by /(x) = /c Vx g R is a peri¬ 
odic function, but it has no smallest period. 

2. If p is a period of a function /, then rip is also a period of /where n is any positive integer. 

Examples 


1. sinx and cosx are periodic functions with 2 n as the 
smallest period. The functions tan x and cot x are peri¬ 
odic functions with smallest period n. For proofs refer 
to Chapter 1 of Vol. 2. 


2. Let /: R —> R be defined by/(x) = x — [xj.Then 

fix + 1) = (x + 1) - [x + 1] 

= (x + 1 - ([x] + 1) 

= x — [x] = /(x) Vx G R 
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[See (3) of Theorem 0.10] so that 1 is a period of/and 
1 is the smallest period of /(verify). 

3. Define f:N —»N by 

[l if n is odd 
f(n ) = \ 

[2 if n is even 


If n is even, then n + 2 is also even so that/(n + 2) = 1 
= f(n). If n is odd, then n + 2 is also odd and therefore 
f(n + 2) = 2 =/(«). Hence,in either case f(n + 2) =/(«) 
for all n e N. Therefore, 2 is the period of/. 


Theorem 1.3 Let n> 1 be an integer. If m is any integer, there exists an integer K and a non-negative integer r 
(Euclid's such that m = Kn + r, r e [0,1,2, ..., (n - 1)}. 

Algorithm) 

One can observe that when m is divided by n, K is the quotient and r is the remainder. The following is the finest 
example of a periodic function. 

DEFINITION 1.15 Congruence Function Let n > 1 be an integer. Define /: Z — > Z by f(m) = r for m e Z and 
r is the remainder when m is divided by n. Then for any m e Z, 

f(m + n)= f((Kn + r) + n) 

= f((K + l)n + r) 

= r (v 0 < r < n - 1) 

= f(m) 

Thus,/(m + n) = f(m). Therefore, n is the period off. The function/is denoted by Z^ so that 
Z (n) (m) = r , where r is the remainder when m is divided by n. We call this function as congru¬ 
ence function with index n. For example 

( 2 ) JO if m is even 

(m) m j s Qc j c [ 

is a congruence function with index 2. 


f 


Try it out If p v p 2 are periods of /, (x) and f 2 (x), respectively, and there exist positive integers m and n such that 
mp 1 = np 2 = p, then p is a period of «/ (x) + bf 2 {x) for all non-zero constants a and b. 


DEFINITION 1.16 Step Function Suppose /:[«, b \—is a function. Further suppose that a = a 0 <a 1 
<a 2 < ■■■< < a n = b. If there exist constants k v k 2 , ..., k such that k i { < k i for i = 2, 

3, ..., n and f(x) = k t for x e [a jV aj for i = 1, 2, ..., n, then/is called the step function on 
[a, b ] with steps k v k 2 , ..., k n . 

We observe that a step function assumes only finite number of values, that is range of a step function is a finite set. 

Examples 


1. Suppose /: [0,1] —» R is such that 


/ W = • 


V2 

1 

0 


if 0 < x < V2 
if V2 < x < 1 
if .v = 1 


Here a = 0, b = 1 and a Q = 0 , a 1 = 1/2, a 2 = 1, k l = 1/2, 
k 2 = 1. 


2. Suppose /: [-1,1] —> K is defined by 


1 if v g [-1, -1/2) 

2 if x e [-1/2,0) 

0 if x e [0, 3/4) 

-1 if xe [3/4,1) 

3 if x = 1 


/(*) =' 
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Then / is a step function with steps 1, 2, 0, —1. Here 
a = — 1, b = 1, a Q = — 1, a 1 = 1/2, a 2 = 0, a 3 = 3/4, « 4 = 1 with 
k l = 1 ,k 2 — 2 , k 3 = 0,k 4 = — 1 . 

3. Define /: [-2,1] —> R by 


/(*) 


1 if a: £ [-1, 0) 
0 otherwise 


Then / is a step function with steps 0, 1, 0 and a = -2, 
£> = - 1 , a Q = —2, flj = —1, a 2 = 0, a 3 = 1 and k x = 0, k 2 = 1 , 
/c 3 = 0. This is so because explicitly 


/(*) = • 


0 

1 

0 


if a: £ [-2, -1) 
if a: £ [-1,0) 
if a: £ [0,1] 


Try it out 


If a < b are integers, then the function / : [a, b] —> K defined by 


/(*) = M 


where [x] denotes integral part of x, is a step function. 




Note: The function / : [0,1] —> R defined by 


f(x) 


[1 if x is rational 
[0 if x is irrational 


is not a step function, even though / assumes finite number of values. There are many functions that are not step 
functions. 


1.4 Graphs of Functions 

The concept of function is introduced where the domains and codomains may be any sets. However, for calculus we 
consider those functions (real-valued functions) where the domain and codomain both are non-empty subsets of M. 
In the category of real-valued functions, in this section we introduce the idea of graph of a function which is helpful in 
studying some vital clues of the function. In this pursuit, we consider a plane in which we set up x-axis and y-axis; this 
plane is called the xy-plane. 

DEFINITION 1.17 Graph of a Function Let 5 be a non-empty subset of K. and f:S —a function. Then 
/ = {(x, /(x)) | x £ 5) can be regarded as a set of points on the xy-plane, with x as x-coordinate 
and /(x) as y-coordinate. Keeping this in mind, in general, it is possible to plot the set of points 
{(x, /(x)) | x £ 5) on the xy-plane. The resultant figure on the xy-plane is called the graph off. 

For almost all functions we have discussed, we can plot their graphs. 


Example 


1.1 


Let /:R —> R. be defined by /(x) = x Vx £ K. Draw its 
graph. 

Solution: The graph of / = {(x, x) | x £ M) is shown in 
Fig. 1.1. 



FIGURE 1.1 Example 1.1. 
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Example 

Let /: R —L 

Solution: 

Fig 1.2. 


1.2 


R be defined by /(*) 
The graph of / = {(*, 


= |;c|. Draw its graph. 
|*|) | * e R) is shown in 


Example 


1.3 


Let /: R —» R be defined by /(*) = 2* V * e R. Draw its 
graph. 

Solution: The graph is shown in Fig. 1.3. 



FIGURE 1.2 Example 1.2. 



Example 


1.4 


Define / : [-2,1] —> R by 


/(-*) = ‘ 


0 

1 

0 


if * e [-2, -1) 
if * e [-1,0) 
if * e [0,1] 


Draw its graph. 


Solution: The graph is shown in Fig. 1.4 by colored line 
segments. 


a y 


(-Li) 


( 0 , 1 ) 


—h 

-2 


+ 


+ 


-1 


O 1 


*■ 

x 


FIGURE 1.4 Example 1.4. 


It may be observed that there are functions for which drawing a graph is not possible. The following example shows 
such a function. 
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Example 


1.5 


Let the function /: [0,1] —» R be defined by 


/ O) 


[1 if x is rational 
[0 if x is irrational 


Draw its graph. 


Solution: We know that in between any two real 
numbers, there exist rational numbers as well as irrational 
numbers. This property is called density property (see 
Theorems 0.14 and 0.17). The graph of /, if forcibly 
drawn, will look like two straight line segments as shown 
in Fig. 1.5. 


I y 


i - .(i,i) 


o 


> 

x 


FIGURE 1.5 Example 1.5. 


Note: 

1. Observe that a graph may not give rise to a function. For example, look at the graph of Fig. 1.6 which shows that 
(1/2, a ) and (1/2, b) are points on the graph. Since a^b, 1/2 has two images. 



2. If f: [a, b] —> R is a function, then for any x e [a, b ], the line through x, drawn parallel to y-axis, meets the graph at 
exactly one point as shown in Fig. 1.7. 



FIGURE 1.7 

1.5 Construction of Graphs and Transforming Theorem 

In this section, we illustrate the process of drawing graphs of functions of the form y = Af(ax + b) + //, where A, ju, a 
and b are some real numbers from the graph of the given function y = f(x). Suppose / : [a, b] —» R is a function. Then 
the set of points on the graph of /are given by 
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{(x, f(x))\xe[a, b ]} 

In other words, if we write y=f(x), then the graph of/is the set of points 

{(*, y) I y = f(x),x e [a, b ]) 


1.5.1 Transformation of y-Coordinate by a Constant 

Suppose k e K and the function/is changed or transformed to f(x) + k .That is, now we have a new function g: [a, b] —> R 
defined by 

g(x)=f(x) + kVxe [a,b] 

By this transformation, the graph of/is transformed to the set of points 

{(x, g(x)) I xe[a,b]} = {(x, f(x) + k)\xe[a,b]} 

= {( X ,y+k)\y = f(x), x g [a, b]} 

In other words, the point (x, y) on the graph of y = f(x) is changed to (x, y + k) [see Fig. 1.8(a)]. Hence the graph of / 
and the transformed graph of/(i.e., the graph of g) look like as shown in Fig. 1.8(b). This is a simple transformation 
where the y-coordinate y is changed to y + k. 


y. 


(x, y + k) 

:(*,/) 

0 

a x b x 


(a) 



FIGURE 1.8 


Example 


1.6 


For the function f(x) = x for 0 < x < 4 draw the graph 
and the transformed graph. Assume k = 3. 

Solution: The graph of y = f(x) = x and the transformed 
graph of /are shown in Fig. 1.9. 



FIGURE 1.9 Example 1.6. 
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Example 


1.7 


Let y=2 I ,ieR. Define y = 2 X + 1. Draw the graph and 
the transformed graph. 


[y 

/ y= 2 X +1 

Solution: Shift the graph of y = 2 X by 1 unit parallel to 
the existing graph. This yields the graph of y = 2 X +1 (see 

Fig. 1.10). 

2, 

- b 

y=2 x 


O 

i x 


FIGURE 1.10 

Example 1.7. 


1.5.2 Transformation of the x-Coordinate by a Constant 

In this subsection we will discuss how to draw the graph of y = f(x + k) from the graph of y =f(x). Here the ^-coordinate 
is transformed by a constant k. That is the point (x,f(x)) is transformed to the point (x, f(x + k)). See the graphs of y = 
f{x) and y =/(x + k) in general [Fig. 1.11(a)] and in particular y = x 2 and y = (x + l) 2 [Fig. 1.11(b)]. 




(b) 


FIGURE 1.11 (a) Graph of y = f(x) andy = f(x + /c); (b) graph of y = x 2 andy = (x + l) 2 . 


1.5.3 Construction ofy= kf(x) from y = f(x) where k ? 0 is a Constant 

In this we have k > 1,0 < k < 1 and k< 0. The point (x,f(x)) will be transformed to (x, kf(x)). 

1. If k > 1, the graph of y = kf{x ) is an expansion of y=f(x ) [Fig. 1.12(a)]. 

2. If 0 < k < 1, then the graph is a contraction [Fig. 1.12(b)]. 

3. If k < 0, then the graph of y = kf(x ) is the reflection of y = -kf(x) [Fig. 1.12(c)]. 
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Example 


1.8 


Draw the graph of y = f{kx). 

Solution: The graph of y = f{kx ) can be obtained 
from y = f(x) by contraction towards the y-axis when 
k > 0 and expansion from the y-axis when 0 < k < 1. 
That is, k-fold contraction (k > 1) and (l/k)-fold 
expansion (0 < k < 1) (see Fig. 1.13). 



Note: The essence of the transformation of the graph is the point (x,f(x)) which is transformed to the point (x, g(x)) 
where g(x) is a transformation of/(x) such as 

g(x)=f(x) + k 
g(x)=f(x + k) 
g(x) = kf{x) 

and g(x) =f(kx) 


1.6 Limit of a Function 

In this section, we introduce the concept of a function which is the root for the entire development of calculus (in gen¬ 
eral, for Mathematical Analysis), the concepts of left and right limits of a function, graphical meaning of the limit and 
discuss limits of some standard functions. Further, we assume the limits of some functions whose proofs are beyond 
the scope of this book. First, let us begin with the concept of an interior point of an interval and neighbourhood of a 
point on the real line R. 

DEFINITION 1.18 


DEFINITION 1.19 


DEFINITION 1.20 


DEFINITION 1.21 


lim /(x) = l or Lt /(x) = / 

x—>c+0 x— >c+0 


Interior Point If [a , b] is a closed interval and a< c < b, then c is called an interior point of 
the interval [a, b]. 

Neighbourhood Let c be an interior point of a closed interval [a, b] and e = minjc - a, b - c} so 
that (c - £, c + £) c (a, b). If 0 < 8 < £, then the interval (c - 8, c + S) is called ^-neighbourhood 
of c. The intervals (c - r), c) and (c, c+ S) are called left and right ^-neighbourhoods, respec¬ 
tively, of c. 

Limit Let c be an interior point of [a, b] and / a real-valued function defined on [a, b] (pos¬ 
sibly except at c). Let I be a real number. If to each e > 0, there corresponds a small positive 
number 8 such that (c - 8, c + 8) a (a, b) and \f(x ) - 1\ < £ (equivalently l - e < f(x) <1 + s) 
for all x e (c- 8, c + 8) and x^c then we say that f(x) tends to / as x tends c. In this case we 
write 

f(x ) —> l as v —> c or lim /(jr) = / or Lt f(x) = 1 

x —>c x—>c 

Right Limit Suppose a < c < b and / is a real-valued function defined on (a, b) (possibly 
except at c). Suppose there exists a real number / such that to each £ > 0 there corresponds a 
8 > 0 such that (c, c+ 8) a (a, b ) and |/(x) - 1\ < e for all x e (c, c + 8). Then we say that limit 
of /as x approaches c from the right side is /. In this case we write 
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DEFINITION 1.22 LeftLimit Suppose a< c < b and/is a real-valued function defined on (a, b ) (possibly except 
at c). Suppose there exists a real number l such that to each e > 0, there corresponds a S > 0 
such that (c - S, c) a ( a , b) and |/(.r)- /| < s V x e (c- 5, c). Then we say that / approaches 1 
from the left of c and we write 

lim f(x) = l or Lt f(x) = 1 

x—>c-0 x— >c—0 

The concept of limit can be explained lucidly using the graph of the function (see Fig. 1.14). Given a neighbour¬ 
hood N e (l ) = (/ - e, 1 + e ) of /, there exists a neighbourhood N s (c) = (c - S, c + S) such that the rectangle formed 
by the two vertical lines at c - S, c + S and the horizontal lines drawn at l l + £ contain some part of the graph 

of y =/(*). 



Example 


1.9 


Let /:[0,1] —be defined by f(x) = x Vx e [0, 1]. Therefore 
Take c = 1/2 and l = 1/2. Calculate its limit. 


Solution: See Fig. 1.15. Let £>0. Choose S= Minjf, 1 /2) 
so that 

or 

Further, 

xe\— -5, — + <5| and x t- — 

\2 2 ) 2 


/W " 2 


1 

X - 

2 


< 8 < 8 (by the choice of 5) 


/W-2 


< £ 


/(*)-» 2 asx ~^2 


lim /W 

x— >1/2 


1 

2 



Example 


1.10 


f(x) = 


Calculate its limit at O. 


Suppose 


2 V x e [-1,1] and x ^ 0 
0 if jr = 0 


Solution: See Fig. 1.16. Suppose £> 0 and S = Min{^, 1}. 
Then (0 - 8 ,0 + S) ci (-1,1). Take 1 = 2 and c = 0. Now, 
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x e (0 - 8, 0 + 8) and x ^ 0 implies 



\f(x)-2\ = \2-2\ 

(-1,2) 2 

(1.2) 

= 0 


1 

< £ 


1 

| 

Hence f(x) —> 2 as x —> 0. 


1 

1 

I 


< - 1 - (- 5 

1 

f - A -)-1-> 


-1 -S 0 

x S 1 


FIGURE 1.16 Example 1.10. 


Example 


Obtain the limit for f(x ) = k Vie [a. b]. 


Solution: Let a < c <b. Let e > 0 and take 8 = Minjs, 
c-a,b- cj.Then 

(c - 8,c + 8) a (a, b) 


and \f(x)-k\ = \k-k\ = 0<£ \/ x e(c-8,c + 8) 
Hence, 


lim f(x) = k 

X —>C 


Example 


1.12 


Obtain the limit for f(x ) = r Vre [-1,1] as x —> 0 and 
x ^ 0. 


Solution: Take c = 0 and / = 0. Suppose e > 0. Let 
5 = MinjVs, 1/2} 


so that 0 < 8 < 1/2 and 0 < S < -Je. Then x e (0-8, 
0+8) implies 

| f(x) - 0| = |.r 2 1 = x 2 < 8 2 < (Vs) 2 = £ 

Therefore lim f(x) = 0 or equivalently x 2 —> 0 as x —> 0. 

*->o 


Example 


1.13 


Let / : [-1,1] —» R be defined by 

f—x ifx<0 
[1 if jc > 0 

Obtain the left and right limits. 


/(*) = 


Solution: See Fig. 1.17. 

1. Take c = 0 and 1=0. Let 0 < e < 1/2 and 8 = e. Then 
(c - 0) <z (-1,1) (since -1 < -1/2 < 0) and x e (-<J, 0). 

This implies 

| f(x) — 1\ = \x — 0| = \x\ = -x < 8 = £ 

Therefore, the left limit of/at 0 is 0 or lim f(x) = 0. 

x=>0-0 



FIGURE 1.17 Example 1.13. 
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2. Take c = 0 and 1=1. Let 0 < e < 1/2 and 8= £. Then 
(0, c+ 8) = (0, 5)c(-l,l) 
and x e (0, c + 8) 


This implies 

|/(x)-/| = |l-l| = 0<£- 

[since /(x) = 1], Therefore the right limit of /at 0 is 1 or 
lim f (x) = 1. 

x —>0 + 0 


Example 


1.14 


Using the function given in Example 1.13, show that 
lim /(x) does not exist. 

x->0 

Solution: Suppose the limit exists and lim f(x) = L, 

X —>0 

say. Then by definition, to £=1/2, there corresponds 8> 0 
such that 


x e (0 - 5,0 + 5) =s> | /(x) - L | < £ = 1/2 

Hence 

x e (-5,0) =t> | f(x)-L | = |—x —L| = |x + L|<l/2 
=> -1/2 < x + L < 1/2 
=> x < 1/2 - L 
=> 0 = sup [x | x e (-5,0)} 


Again 


1 , T 1 
< — L => L < — 
2 2 


y e (0,5) => | f(y)-L | < 1/2 


( 1 . 1 ) 


|1-L|<- ['■' fiy) = l] 

2 2 

— < L 
2 


( 1 . 2 ) 


From Eqs. (1.1) and (1.2) we have 1/2 < L < 1/2 which is a 
contradiction.This contradiction arose due to our suppo¬ 
sition that lim /(x) exists. Hence lim /(x) does not exist. 

x->0 x->0 


The following example illustrates that for a function neither of the left and right limit exist nor the limits exist at a point. 


Example 


Let / : [0,1] —> R be defined by 

[1 if x is rational 
|0 if x is irrational 

Show that the limit does not exist. 


fix) = 


Solution: If possible, assume that, lim fix) exists 

x —>0 + 0 

and is equal to L. Then to £ = 1/4, there corresponds 8> 0 
such that (0, 8) a [0,1] and 

xe(0,5)=t>|/(x)-L|<^ 

According to Theorems 0.14 and 0.17 [part (2)] both 
rational and irrational numbers exist in the interval 
(0, 8). Hence, for rational number x e (0, 8) we have 

\fix)~L\<\ 


=> 1 -L\<- 
1 1 4 

1 1 , 1 

4 4 

=t> — < L 

4 

Again, irrational number x e (0, 8) implies 
|/(x)-L|<^ 


(1.3) 


=>|0-L|<- ['•' /(x) = 0] 

1 t 1 

4 4 

=>L<- 

4 


(1.4) 


From Eqs. (1.3) and (1.4) we have 3/4 < L < 1/4 which is a 
contradiction. Therefore, lim fix) does not exist. 

x—>0+0 











Chapter 1 I Functions, Limits, Continuity, Sequences and Series 


In a similar way as shown in Example 1.15 we can prove that lim /(x) and lim /(x) do not exist. In fact, lim /(x), 
lim /(x) and lim/(x) do not exist for any c g (0,1). *^>o-o *->o x^c -o 

x—>c+0 


Theorem 1.4 
(Uniqueness 

of the Limit) *~? e 

if it exists. 


Proof 


Let c g (a, b) and/be a real-valued function defined on [a, b] (possibly except at c). Suppose 
lim /(x) = / and lim f(x) = L. Then l = L. In other words, at the point c g (a, b ), lim /(x) is unique, 


Let e > 0. Then by definition, there exist S x > 0 and S 2 > 0 such that (c - S v c+ S^) a (a, b) and 
(c - S 2 , c + S 2 ) a ( a , b). Therefore 


and 


xe(c-8 1 ,c + S 1 )^>\f(x)-l\<- 


x e (c-S 2 , c + S 2 ) =>\ f(x) - L\< — 


Now, let d= Minj^, S 2 \ so that x g (c - S, c + S). This implies x g both (c - S x ,c+ S^) and (c - S 2 , 
c + S 2 ). Therefore x g (c - 8, c + S) implies 

\l~L\ = \ /(x)- L —/(x) + /1 
<|/(x)-/| + |/(x)-L| 

£ £ 

<-+-=£ 

2 2 

That is, | l-L \< e for all e > 0. Therefore |/-L| = 0or/=L. ■ 


Note: In a similar way we can show that 

1. lim /(x) is unique (if it exists) where a<c<b. 

x—>c+0 

2. lim /(x) is unique (if it exists) where a<c<b. 

x—>c-0 

The following theorem gives the relation between left limit, right limit and limit of a function at a point. 


Theorem 1.5 


Proof 


Suppose a<c<b and / : [a, b] —> R is defined except possibly c. Then, 

1. If lim /(x) exists and is equal to /, then both lim /(x) and lim /(x) exist and are equal to /. 

x —>c x— >c+0 x—>c-0 

2. Conversely, if both lim /(x) and lim /(x) exist and are equal to / say, then lim /(x) exists 

j ■ i , i X—»C+0 X—>C X—>C 

and rs equal to /. 

1. Suppose lim /(x) exists and is equal to /. Then, to £ > 0 there exists S > 0 such that 

X—»C 

(c - S, c + S) a ( a , b) 

and |/(x)-/|<e Vxg(c-<5,c+<5),x=£c 

Hence (c - S, c) a ( a , b ) and x g (c - S,c) implies 

I f (x) — I \ < £ (1.5) 

and (c, c + S) a (a, b) and x g (c, c + S) implies 

|/(x) — 1\<£ 


( 1 . 6 ) 





1.6 ! Limit of a Function 



Equations (1.5) and (1.6) show that lim f(x) exists and is equal to / and also that lim f(x) 
exists and is equal to l. x ^ c ~° x ^ c+0 

Conversely, suppose lim /(x) exists and is equal to / and lim f(x) exists and is equal to /. 

x— >c-0 x—>c+0 

Let e > 0. Then there exists > 0 and S 2 > 0 such that 

(c-d^c) <z (a,b) => | f(x)-l\< £ Vx e (c —<5 1; c) 
and (c,c + 8 2 ) c (a,b) =>| f(x)-l |< e Vx e (c, c + <5 2 ) 

Let 8= Min{<5(, 8 2 }. Hence 

c 9* x e (c - 8, c + 8) cz (a, b) 

=>|/(x)-/|<£ Vx e (c-<5, c + <5) 

Therefore lim /(x) = l. 

X —>C ■ 

Corollary 1.1 

Suppose a <c<b and / is a real-valued function defined on [a, b] (except possibly at c). If lim /(x) 
exists then / is bounded on some neighbourhood of c. v ^ c 

Proof 

Suppose lim /(x) exists and is equal to l, say. Therefore to each £ > 0, there corresponds a S > 0 

X—»C 

such that (c - 8, c + S) c (a, b) and | /(x) -l\<£ for all x e (c - 8, c + 8) and x ^ c. In particular, to 
£ = 1, there exists 8 > 0 such that x e (c - 8, c + 8) and x # c implies 

/(x) - 1 1 < 1V x e (c - 8, c + 8) 

possibly except at x = c. If /(c) is not defined we take M = (| /1 +1) and if f(c) is defined, then we 
take 

M = Max{ /(c) , / +1} 

In any case x e (c - 8, c + 8) implies 

\f(x)\-\l\<\f(x)-l\<l 

=> 1 /(x) | < | /1 +1 < M 

Therefore, according to Definition 0.3,/is bounded on (c - 8, c + 8). ■ 


Note: In Corollary 1.1, [a, b] can replaced by any non-empty subset A of R. 

In the following theorems, we discuss about the limits of sum, product and quotient of real-valued functions having 
limits at a point. 


Theorem 1.6 

Suppose a < c < b and /: [a, b\ —> R, g : [a, b] R are defined (except possibly at c).Let lim /(x) = L 

X—>C 

and limg(x) = M. Then lim(/ + g)(x) exists and is equal to L + M. Converse need not be true. 

x —>C X —>c 

Proof 

Let £> 0. Then by hypothesis, 3 8 X > 0 3 (c - 8 V c + <5() c (a, b), x e (c - 8, c + 8 } ) and x ^ c. This 
implies 

|/(x)-L|<^ (1.7) 

where A = \L + \M\ + 1. Also 3 S 2 > 0 3 (c - 8 V c + 8 2 ) c: (a, b) and x e (c - 8 2 ,c + 8 2 ), x ^ c. This 
implies 

|/(x)-M|<^ (1.8) 
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Let 8 = Min{<5[, <5,}. Then from Eqs. (1.7) and (1.8), (c- 8, c+ 8) a {a, b),x e (c- 8,c+ 8) and xj= c. 
These imply 

I (/ + g)(x) -( L + M ) I = I f(x) + g(x) -L-M\ 

Af(x)-L\ + \g(x)-M\ 

£ £ £ „ 

<-+- = — <£ 

2A 2A A 


Therefore 


lim (f + g)(x) = L + M 


and 


/(*) = 
g(x) = 


We now show that the converse is not true. Consider the functions /, g : [0,1] —> R defined by 

[1 if x is rational 
[-1 if x is irrational 
T -1 if x rational 
[l if x is irrational 
so that (/+ g)(x) = 0 Vre [0,1] and hence for c e (0,1), 

lim(/ + g)(x) = 0 

X —>C 

However, neither lim/(x) nor lim g(x) exist. 


Note: Replacing g by-g, we have that lim(/-g)(x)= L-M. 

X—>C 


Theorem 1.7 


Proof 


Suppose a <c<b and /: [a, b] —» R, g : [a, b\ —» R are defined except possibly at c. If lim /(x) = L 
and limg(x) = M, then lim(/ g)(x) exists and is equal to LM. 

X—»c X—»C 

Let £ > 0. Then there correspond 8 1 > 0 and 8 2 > 0 such that (c - 8 V c + <5[) a (a, b ), x e (c - S v 
c + <5[) and x^c. This implies 


where A = | L \ + \ M | +1. Also x e (c - 8 2 , c + 8 7 ) and x^c implies 

|g(x)-M|<^- 

Now x e (c - 8, c + 8) and x ^ c implies [using Eqs. (1.9) and (1.10)] 

I (/' g)(X> - LM I = I f(x)g(x) - LM | 

= I (fix) - L)g(x) + L(g(x) - M) | 

^ I f(x) - L |] g(x) | +1 L || g(x) - M | 

S 2l' SWI + |il 2l 

Therefore,for x e (c- 8,c+ 8), x^c and from Eq. (1.10) we have 

I g(x) | — \M\<\g(x)-M\<^j 


(1.9) 


( 1 . 10 ) 


( 1 . 11 ) 
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so that 

|g(x)|<|M|+^<|M|+l 

Now, from Eq. (1.11) we have x e (c - 8,c + 8), x ^ c which implies 

\(f. g )( x )-LM\<^\g(x)\ + \L\^ 

<^(|M| + 1 + |L|) 

= §<* (■.• A = |L| + 1 M| + 1 ) 

Thus, given a positive number a ; there exists 8> 0 such that x e (c - 8, c + 8) cz (a, b) and x e 
(c- 8,c+ 8),x^c which implies 

\(f-g)(x)~LM\<e 

Hence, lim (f-g)(x) exists and is equal to LM. 

X— >c H 

Theorem 1.8 

Suppose a<c<b and g : [a, b] — > R. is defined except possibly at c. Let lim g(x) exists and be non¬ 
zero. Then, there exists 8 > 0 such that (c - 8, c + 8) z (a, b) and w ‘ 

x e (c - 8 c + 8),x ± c => g(x) * 0 

Proof 

Let M = limg(x) so that by hypothesis M ^ 0. Without loss of generality, we may suppose that 

Jt—>C 

M > 0. Let 0 < e < M (if M < 0, then we consider M ). Then by hypothesis, there exists 8 > 0 such 
that (c - 8, c + 8) z (a, b) and x e (c- 8,c + 8),x^c which implies 

| g(x) -M\<e 

=> -a<g(x) - M <a 

=> M-a< g(x) <M + a 

=> 0 < M-a < g(x) (v a<M) 

=> 0 < g(x) 

=> g(x) ^ 0 V x e (c - 8, c + 8) ■ 

Theorem 1.9 

Suppose a < c < b and g : [a, b\ —> R is defined except possibly at c. If lim g(x) exists and is not 
equal to zero, then lim(l/g)(x) exists and is equal to (limg(x)) -1 . 

x—>C X —>c 

Proof 

Let lim g(x) = M ^ 0 (by hypothesis). We may suppose that M > 0. Let a > 0. Choose 77 > 0 such 

, X—>C 

that 

n ... J M 2 a \ 

0<n< Mm i a , -r 

L i+Me\ 

Corresponding to 77 > 0, there exists 8 > 0 such that (c - 8, c + 8) <z (a, b) and 

x e (c-<5, c + <5), x ^ c => g{x)-M |< 77 (1-12) 

=> 0<M- ? 7 <g(x) <M+ 77 (1.13) 
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Now, x e (c -S, c + S) implies [using Eqs. (1.12) and (1.13)] 


( 1 ), , 1 


1 1 

UJ M 


g(x) M 


By the choice of 77 , we have 


n< 


M 2 s 


1 + Me 


_ \M-g(x)\ 

M | g(x) | 

< n 

M(M-ri) 

> 77(1 + Me) < M 2 e 

>rj < M 2 £-tjMe= M(M - rj)£ 

> n <£ 

Af(Af-e) 


From Eqs. (1.14) and (1.15), we have 

x e (c- 8, c+ S) 

Thus 


f 1 ' 

, , 1 


(x)- 


v y M 


< £ 




(1.14) 


(1.15) 


Theorem 1.10 


Proof 


Suppose a < c < b, and / : \a, b\ —> R, g: [a, b] —» K. are defined except possibly at c and 
g(x) ^ 0 V x g [n, b\. If lim f(x) = L and lim g(x) = M ^0, then 


X—>C 
/ 


lim 

X—>C 


£) W =A 

g M 


Define h : [a, b\ —» K. by 


By Theorem 1.9, 


( l\ 1 

h(x) = — (x) =-V x e [a, b] 

VS) g(x) 


lim h(x) = lim f — | (x) = — 

x—>c x —>cl g ) M 


Now by Theorem 1.7, we have 

lim 

X —>c 


'f 


y W qim(/.i) W =i(i]T 


Corollary 1.2 


Suppose a<c<b and / : [a, 6 ] —> R is defined except possibly at c. If lim /(x) = L and A e R, thus 
lim(A/)(x) exists and is equal to AL. 

X—>C 


Write g(x) = A Vx e [a, b] so that by Example 1.11 we have lim g(x) = A. Now, by Theorem 1.7, we 

i X—>C 

have 


lim (/-g)(x) = AL 


Proof 
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Corollary 1.3 


Suppose a < c < b, f : \a, b] —> R, g : [a, b\ —> R are defined except possibly at c and g(x) ^ 0 
Vi£ [a, ti\.\f lim f(x)lg(x) exists finitely and lim g(x) = 0, then lim/(x) = 0. 

X —>c x—>c x—>c 


Proof 


Since 


/(*) = ■ g(x) = f - ] (x) ■ g(x) 

g(x) {g) 


for all x e [a, b], by Theorem 1.7 we have 


lim/0) = 


lim 


(x) l(J™S(*)) 


= (Finite number)(0) 
= 0 


Corollary 1.4 


Proof 


Suppose a < c < b, /: [a, b] —> R, g: [a, b] —» R are defined except possibly at c and g(x) is not a 
zero function. If lim f(x ) = 0 and g(x) is bounded on [a, b], then lim(/ • g)(x) = 0. 

X— >C X— >c 

Since g(x) is bounded, suppose |g(jc)| < M Vx e [a, b\. Let e> 0. Since lim/(x) = 0, there corre¬ 
sponds 8 > 0 such that for all x e (c - 8,c+ 8), x^c, x ^ c 

(c-8,c + 8)<z(a,b)=>\f(x)\< 


M+l 
\(f-g)(x)\ = \f(x)g(x)\ 
= \f(x)\\g(x)\ 


M + l 


M <£ 


for all x e (c- 8, c+ 8), xj=c. Thus, lim(/ ■ g)(x) = 0. 

X—>C 


Note: 


1. In practice, we write “lim /( x) = /” or “/(x) —> / as x —> c”, a <c < b for some a, be R to mean that / is defined on 

X —>C 

[a, b] except possibly at c and lim /(x) = l. 

X —>C 

2. In the definition of lim /(x) = /, the value of/at c is not playing any role; in fact,/may not be defined at c. 

X—>C 

The above results stated for limits are equally valid for left limits as well as right limits, with obvious modifications. 
We state them briefly for right limits as follows. 


Theorem 1.11 


Suppose a<c<b and/and g are two real-valued functions defined on (a. b) except possibly at c. 
Suppose lim /(x) = L and lim g(x) = M. Then 

x—>c+0 x—>c+0 


1. lim f(x) is unique when exists. 

x—>c+0 


2. lim (/ + g)(x) exists and is equal to lim /(x) + lim g{x) = L + M. 

x— »c+0 x—>c+0 x—»c+0 


3. lim (/ g)(x) exists and is equal to ( lim /(x))( lim g{x)) = LM. 

x—»c+0 x—»c+0 x—>c+0 


4. If lim g(x) = M ^ 0, then there exists 8> 0 such that g(x) ^ 0 in (c, c + 8) and lim (l/g)(x) 

x—>c+0 x—>c+0 

exits and is equal to 1/M. 

5. If lim g(x) = M ^ 0, then lim (//g)(x) exists and is equal to 

X— >C+0 X— >C+0 
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lim f{x) r 

x—>c+0 _ 

lim g(x) M 

x —>c+0 

6. If lim /(x) = L and K e R, then lim ( Kf)(x ) exists and is equal to K L. 

x—»c+0 x —>c+0 

7. If lim /(x) = L and lim g(x) = M, then lim (/-g)(x) exists and is equal to L - M. 

x—»c+0 x—>c+0 x—»c+0 

Theorem 1.12 

Suppose a<c< b,f v f 2 , ••■,/„ are real-valued functions defined on [a, b] except positively at c and 
lim f(x) exists for i = 1,2,3,..., n. Then 

X—>C 

1. lim(/ x + f 2 + ■■■+/„) (x) exists and is equal to lim/^x)-!- lim/ 2 (x) + ■■■+ lim/ ;i (x). 

X—>C X —>C X —>C X—»c 

2- lim(/i / 2 / 3 -/„)W exists and is equal to (lim/ 1 (x)')(lim/ 2 (jf)')...(lim/„(A:)'). 

Proof 

1. Follows from Theorem 1.6 by induction. 

2. Follows from Theorem 1.7 by induction. ■ 


Note: Theorem 1.12 is valid when limit is replaced by left limit or right limit. 


Theorem 1.13 

Suppose a<c<b and f(x) >0 Vie [a, b] , x ^ c. If lim f(x) exists and is equal to L, then L > 0. 

X—>C 

Proof 

Suppose L < 0. Take £ = -L12 > 0. Since lim f(x) = L corresponds to e = -L/2, there exists 
8 > 0 such that 

\f(x)-L\ <£\/xe(c-8,c + 8),x^c 

That is 

L-e < f(x) <L+f=L-y = y< 0 Vi s(c-8,c + 8), x ^ c 

which is a contradiction. Hence L > 0. ■ 


The following theorem has useful applications in evaluation of limits. 


Theorem 1.14 
(Squeezing 
Theorem or 
Sandwich 
Theorem) 

Suppose 

1. a < c < b. 

2. /, g, h are real-valued functions defined on [a, b] except possibly at c. 

3. f(x) < g(x) < h(x) for all x e [a, b], x ± c. 

4. lim f(x) and lim h(x) exist and are equal. 

X —>C X— »c 

Then lim g(x) exists and 

X—>C 

lim f(x) = lim g(x) = lim h(x) 

x—>C X —>C X—>c 

Proof 

Write lim /(x) = lim h(x) = L. Given £ > 0, there exists 8 > 0 such that 

x—»C X—>c 

L - £<f(x ) < L + £ 

and L-£<h(x)<L + £ 

for all x g (c - 8, c + 8), x ^ c. Now, by hypotheses 

L - £<f(x) < g(x) < h(x) < L + £ 
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and hence 


L - e < g(x) < L + e 

for all x e (c- S,c + S),x^c. Thus 

|g(x)- L\<e Vxe (c-<5,c +<5),x ^ c 
Hence limg(x) exists and is equal to L. 

X —>c 


Theorem 1.15 


Proof 


Suppose 

1. /(x) < g(x) Vxe [a, b\, x ^ c. 

2. lim /(x) and lim g(x) exist. 

x —>c x—>c 

Then lim/(x) < limg(x). 

X —>C X — 

Write /i(x) =/(x) -g(x) Vxe [a, fe],x ^ c. Then /7(x) <0 Vx e [a, b], x ^ c and hence by Theorem 
1.13, lim h(x) < 0. Therefore 

X—>C 

lim /(x) - lim g(x) = lim(/ - g)(x) = lim h{x) < 0 

X—>C X—>C X—>C X-^C 

This gives 

lim/(x) < limg(x) 

x— x—>c 


Note: Theorems 1.13-1.15 are also valid when the limit is replaced by left limit or right limit with relevant modifications. 
The following examples will enhance the understanding of the concepts and results discussed so far. 


Example 


1.16 


Let ceK,« be a positive integer and /(x) = x” for all 
x e R, x ^ c. Then lim x" = c n . 

X—>C 

Solution: If n = 1, then f(x) = x. Given e > 0, take 8 = e 
so that x e (c - 8, c + 8), x ^ c. This implies 

\f(x)-c\=\x-c\<8 = e 


Hence /(x) —> c as x —> c. Assume that the result is true 
for n = K > 1. Then x K —> c K as x —> c. Now (by Theorem 
1.7) as x —> c 

x K+1 = x K x->c K c 

That is, x K +1 —» c K +1 as x —» c. Thus, the result is true for 
+ 1. Hence by induction, the result is true for every 
positive integer n. 


Example 


1.17 


Let c > 0 and n be a positive integer. Then x 1/,! —> c lln as 
x —» c. 


Solution: Let e > 0. Choose 0 < 8 < minjc, c ( " v>ln ,e}. 
Suppose x e (c - 8, c + 8), x ^ c. Then 

x-c = (x Vn ) n -{c Vn ) n 

_ In [jc*" -1 */" + x ( n ~ 2 ) ,n , c Vn +x ( n ~ i ) ln . c 2,n 

H- ±x Vn ■ cn<” _2)/ ” + c<" _1 - )/ ” ] 


y n -a n =(y- fl )(y"- 1 + y n ~ 2 a + y n ~ 3 -a 2 + ■■■ + a"” 1 ) 

where n is a positive integer. Take y = x lln and a = c 1,n . 
Therefore 


|x - c|= \x yn - c Vn \{x (n ~ 1)ln + x ( "“ 2)/ " • c Vn + ••• + c {n ~ 1)ln ) 


> \ x ^ n _ c 1/n I. 


so that 


| Y Vn — r V " I < ^ ^ p 

c («-l)/" 


(by the choice of 8). Consequently x lln —> c 1/,! as x —> c 


We know that 
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Example 


1.18 


Let ceR and p(x) = a 0 + a l x + a 2 x 2 + — + a,,x n be a 
polynomial where a Q , a v a -,,..., a n are real numbers and 
a n ^ 0. Then lim p{x) = p(c). 

X—>C 


Solution: By Example 1.16, x' —> c l as x -> c. Hence 
by Corollary 1.3 and Theorem 1.12, we get 


lim (a 0 + + a-yX 2 H- \-a n x n ) 

X— 


2 n 

— (Zq + Cl^C + CI2C + **• + 

= p(c) 


Example 


Find the limit of 1 /(Vx - 2) as x —> 1. 

Solution: It is known that vx = x V2 —> 1 as x — » 1. 
Therefore 

(Vx - 2) —> 1 - 2 = -1 as x —>> 1 


Hence by Theorem 1.9, 
1 


Vx -2 -1 


1 1 1 

> — = -1 as x —> 1 


Example 


Find the limit of x 1/2 + 1 as x —> 1. 

Solution: We have 


x-* + l 1 + 1 = - 1 + * M - /W 


where 


V2 


/(x) = 1 + x 1/2 and g(x) = x 


V2 


$(*) 


1/2 


Also 


lim f(x) = 1 + 1 = 2 

X—>1 


and 

Therefore, by Theorem 1.10 


lim g(x) = l 172 = 1 ^ 0 

X—>1 


/(*) 


lim/(x) 


X—>1 


hm(x u +1) = lim 
*->1 *->t g(x) limg(x) 1 

jtr—>1 


= — = 2 


Example 


1.21 


Find lim x mln where m and n are positive integers and c 

X—>C 

is a positive real number. 


Solution: Write f(x) = x ]ln . Then 

x mln = /(x) • /(x)-/(x) (m times) = (/(x)) m 
Then by part (2) of Theorem 1.12, 


lim(x m/ ") 


{\imx Vn ) m 

X—>C 

(lim /(x)) m 

Jt— 

/ l/n\m _ ^m/n 


Example 


1.22 


Find lim (x 17 ”) for x > 0. 

X—>0+0 


Solution: Let f(x) = x 1/n . We have to find lim /(x) as 
x —> 0 + 0. Let e > O.Take 8= e'\ Then for x e (0, 8), 


0<x<8=>0<x lln <8 lln = ( e n ) lln = f 
Therefore 

0 < x < 5 =t> \x Vn -o| < e 
=$ lim x Vn = 0 

x->0+0 
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Example 


1.23 


Evaluate lim (4-x) 3/2 . 

*-> 4-0 


Solution: Write 

f(x) = ( 4 - x) 3/2 for x < 4 

If x > 4, then 4 - x < 0 and consequently (4 - x) 3/2 is not 
defined. Now, let 

g(x) = (4 - x) 1/2 for x < 4 


Here c- 4 > 0. Therefore 

lim g(x) = (4 - c) m = (4 - 4) V2 = 0 

*—> 4-0 

Hence 

lim /(x) = lim (g(x)) 3 = ( lim g(x)) 3 = 0 3 = 0 
*-> 4-0 *-> 4-0 *^ 4-0 


Example 


1.24 


Find the limit of 

1. (2 + x - x 2 ) 1/2 as x —> 2 - 0. 

2 . (2+x — x 2 ) 112 as x —> (-1) + 0. 

3. (2 + x-x 2 ) 1/2 asx —> 0. 

Solution: Write 

f(x) =2+ x-x 2 

We observe that 

f(x) = 2 + x - x 2 = (x + 1)(2 - x) 

so that /(x) < 0 for x<-lorx>2 and /(x) > 0 if 
x e (-1,2). 

1. Now 

lim f(x) = lim (2 + x-x 2 ) = 0 

*—> 2-0 *—> 2 - 0 V 


lim (2 + x-x 2 r 2 = lim [f(x)f z = 0 UZ = 0 

a:—>2—0 x — >2—0 


2. Similarly, lim /(x) = 0 so that 

*->- 1+0 


lim (2 + x-x y = lim [f(x)f z = 0^=0 

x —>—1+0 x —^—1+0 


3. Again 

lim f (x) = lim(2 + x - x 2 ) 

= lim(2) +limx+lim(x 2 ) 

x —>0 x —>0 x —>0 

= 2 


Hence 

lim(2 + x-x 2 ) V2 
*—>o 


[limf(x)] m =2 V2 

*^o 


72 


so that 


Example 


1.25 


Suppose /(x) —> / as x —> c, / > 0 and n is a positive integer. 
Show that (f(x)) lln —> l lln as x —> c. 


=> I [f(x)] Vn - l Vn | ^ | fix) -1\■ /(n _ 1 1)M (as in Example 1.15) 


Solution: Let 0 < e < 1 and 0 < 77 < e- V)ln . Then 
there exists S> 0 such that x e{c- S,c+ S),x^ c which 
implies 

0 < l - T]< /(x) <1+ rj 

=> fix) > 0 and (/ - 77 )" < [f(x)] lln < (/ + T 7 ) 1M 


Therefore 


< < £ (by the choice of 77 ) 


\f(x)] lln l Vn as x —> c 


Example I 

If /7 is a positive integer and a e R, then find 


lim : - 

*->a x — a 



Solution: Write 


We observe that / is not defined at x = a and in fact it 
need not be defined at all. Now, for x^a, 



















40 


Chapter 1 I Functions, Limits, Continuity, Sequences and Series 


/(x)(x-a) = x n -a n = (x-a)(x n 1 + x n 2 a 
+ x n - 3 -a 2 +- + a n - 1 ) 

so that 

f(x) = X " ~ aU = x n - 1 + x n ~ 2 a + x n ~ 3 a 2 +- + a n 
x — a 


Hence using Example 1.18, we have 

lim/(x) = a n l +a n ~ 2 -a + a n ~ 3 a 2 +-- + a n ~ 1 

x—>a 

= a” -1 + a” -1 + + upto n times 


1.7 Some Useful Inequalities 

Students at the 10 + 2 level need the limit of (x” - a n )l(x - a) as x —» a where 0 < a and n is a rational number. In fact 
this limit is na n ~ For completeness sake, here we want to prove that (x" - a")/(x - a) —> na" 1 as x —> a for any real 
number n. For this, we have to use certain basic inequalities which we discuss in this section. 


Theorem 1.16 

Proof 


Suppose k and n are positive integers, n > 1 and 0 < c ^ 1. Then 
(n + k) (c n -\)<n{c n + k -l) 

Case I: Suppose c > 1. Then 

k < c k ~ l +c k ~ 2 +-- + C + 1 

and c"~ 1 + c n ~ 2 + - + c + l< c n +c n +- + c n = nc^ 

(n times) 


Therefore 

k(c n +c n ~ 2 +--- + C + 1) < (c^ 1 +c k ~ 2 +-- + c + l)nc n 
On multiplying both sides with c -1, we get 

k(c n - 1) < (c fc - 1 )nc n 
Adding n(c n - 1) to both sides we get 

(n + k)(c n - 1) < ( c k - 1 )nc n + n(c n - 1) = n(c n + k - 1) 

Therefore 

(n + k)(c n — 1) < n(c n+k — 1) 

Case II: Fet 0 < c < 1. Then 

c k ~ l +c k ~ 2 +--- + c + l<k 

and c n ^ + c n ~ 2 + —t c +1 > nc n 

Therefore 

nc'\c k ~ l +c k ~ 2 +--- + C + 1) < k(c n_1 +c n ~ 2 +--- + C + 1) 
Multiplying both sides with (1 - c) > 0, we get that 

nc'X 1 - c k ) < k{\ - c n ) 
or nc n (c k - 1) > k(c" - 1) 

Now, adding n(c n - 1) to both sides we get 

(n + k)(c n — 1) < n(c n + k — 1) 

From Eqs. (1.16) and (1.17), we obtain the desired inequality. 


(1.16) 


(1.17) 


Note: From Theorem 1.16, we have the following theorem. 







Theorem 1.17 


Proof 


Corollary 1.5 
Proof 


Corollary 1.6 
Proof 


1.7 


I Some Useful Inequalities 
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Suppose m, n are positive integers, 1 < n < m and c > 0. Then 

n rn 


with equality holding if and only if c = 1. 

In Theorem 1.16, take k = m - n so that we have 

m(c n - 1) < n{c m - 1) 

and hence 


c n -1 c m -l 

-<- 

n m 

Obviously equality holds if and only if c - 1. ■ 


Suppose 0 < p < 1 is a rational number and 0 < a ^ 1 . Then cf - 1 < p(a - 1 ). 

Write p = n/m where in, n are positive integers such that 1 < n < m. Take b = a 1 so that 

0 < b + 1, b n = a nim = a p > 0 and b m = a 
From Theorem 1.17, we get that 

b n -1 b m -1 

-<- 

n m 


and hence 

b n - 1 < (i nlm)(b m - 1) = p(b m - 1) 

Therefore 

a p -1 < p(a - 1) (■.' b n = a p and b m = a) 


Suppose a is a real number, 0 < a < 1 and 0 < a ^ 1 . Then a a — 1 < a(ci - 1). 

Case I: Suppose a > 1. Take any rational number p such that a < p < 1 (this choice is possible by 
Theorem 0 . 14 ). Therefore, by Corollary 1.5 

u“— 1 < a p — 1 < p(a — 1) 

Hence 

a a - 1 

— T <p 

a — 1 

This is true for all rational numbers p such that a<p < 1. Hence 

—-- < inf [p | p is rational and a < p < 1} = a 

a — 1 


Therefore 

a®— 1 < a(a — 1) (1.18) 

Case II: Suppose 0 < a < 1. Take any rational number p such that 0 < p < a. Then, since 0 < a < 1 
and p < a. 


a 01 — 1 < a p — 1 < p(a — 1) (by Corollary 1.5) 
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Theorem 1.18 


Proof 


Theorem 1.19 


Proof 
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Therefore 

-> p (v a -1 < 0) 

a -1 

Since this is true for all rational numbers p such that 0 < p < a, it follows that 
a a -1 

-> sup [p | p is rational and 0 < p < a) = a 

a — 1 


Therefore 

a a — l<or(a —1) (va —1<0) 
From Eqs. (1.18) and (1.19) we have a a - 1 < a(a - 1). 


(1.19) 


IfO <ai= 1 and a is a positive real number, then 

a 01 — 1 < a (a — 1) if a < 1 
a a - 1 > a (a - 1) if a > 1 

If 0 < «< 1, then the result follows from Corollary 1.6. Suppose a > 1 so that 0 < Ha < 1. Write 
b = a a so that b 1/a = a. Again by Corollary 1.6, 

b lte -l <-(/>-!) 
a 

=> a — 1 < — ( a a — 1) 
a 

=> a(a - 1) < a a -1 
=t> a a -1 > a(a-l) 

Thus, a“- 1 > a (a - 1) when a > 1. ■ 


If 0 < a 1 and a is real, then 


1. aa a -1) < a 01 - l<«(a-l)if0<a< 1 

2. -1) > a a -1 > cr(a -1) if a < 0 or a > 1 

1. Suppose 0 < a < 1 and let b = Ha. Then by Theorem 1.18 

b a -l<a(b-l) 


=>-1 <a\ — 


(H 


-t oc oc ^0 

> 1 - a < a a -- =aa 


-V- U )-— a -l( 1 -a) 


„a- 1/ 


a 

a 


>aa“ L (a-1) < a a -l 


2. Suppose a > l.Then 0 < IIa< 1. Hence from (1) 


1 b [(Va)-n ( 6 _ 1) < b Va _ i < _L ( 6 _ 
a a 


1 


11 b 


a 


l !la 


-\^r\(b-l)<b Va -l<-(b-l) 


a 









Theorem 1.20 


Proof 


Theorem 1.21 


Proof 


1.7 


I Some Useful Inequalities 
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Using b = a a we get 


— ( a a -1) < a(a -1) < (a a -1) 
b 


■a 1 a (a a - 1) < a(a- 1) < (a“-l) 


=>^r <«(«-!) <(a a ~l) 

=> a a — 1 < a(a — l)a a l <a a 1 (a a — 1) 

=>«(« — l)a a 1 > a a — 1 > a(a — 1) 

Thus (2) is proved when a > 1. 

Now, suppose a< 0 so that -a> 0. Write /3 = 1 - a> 1. Now by (2) (i.e., a> 1) 

fia^ 1 (a — 1) > a.P — 1 > J3(a— 1) 

=> (1 — a)a 01 {a — 1) > a 1 a — 1 > (1 — a)(a — 1) 

(l-a)(a-l) a-a a . . , .. 

=t> --—-- >-> (a - 1) - a(a - 1) 

a a a a 

=> (1 — a)(a —1 )> a — a a > a a [(ci — 1) —a (a — 1)] 
From the inequality in Eq. (1.20) we have 

(1 — a)(a — 1) > a — a a 
=> (a — 1) — a(a — 1 )> a — a a 
=> a a — 1 > a {a — 1) 

Again from the second inequality in Eq. (1.20), we have 

a — a a > a a [(a — 1) — a (a — 1)] 

=> a — a a — a a (a — 1) > —aa a (a — 1) 

=> a — a a + 1 > —aa a (a — 1) 

=> 1 — a a >— a a 01 l {a — 1) 

=> a a - 1 < aa a ~ 1 (a - 1) 

Thus (2) follows from Eqs. (1.21) and (1.22) when a< 0. 


( 1 . 20 ) 


( 1 . 21 ) 


( 1 . 22 ) 


Suppose a > 0 and a is real. Then 

1. aa a ~ l {a - 1) < a a — 1 < a (a - 1) if 0 < a< 1 

2. aa a ~ 1 (a -1) > a a — 1 > a (a - 1) if a< 0 or a> 1 
Equality holds if and only if a = 1 or a = 0. 

Suppose 0 < a ^ l.Then strict inequality holds in (1) and (2) as according to 0 < a< 1, a< 0 or a> 1, 
respectively (by Theorem 1.19). If a = 1 or a = 0 or a = 1, clearly equality holds in (1) and (2). ■ 


Suppose a and x are distinct positive real numbers and a is real. Then 

1. aa a ~ 1 (a - x) <a a -x a < ax a ^ 1 (a- x) if 0 < a< 1 

2. aa a ~ l (a -x) > a a - x a > ax a ~ l {a-x) if a< 0 or a > 1 

In Theorem 1.19, if we replace a by alx we get the above result. ■ 


Note: The inequalities in (1) and (2) of Theorem 1.21 become equality if a = x. 
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Theorem 1.22 
Proof 


Theorem 1.23 

Proof 
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If a > 0 and a is real, then lim x“ = a a 


Suppose# > 1. Then by part (2) of Theorem 1.21, whenever x e (a/ 2, 3a/2),x ^ a, we have 


x<a=$0<a a -x a <aci a 1 (u-jc) < a\ — a I ( a-x ) 


a -1 


and 


x > a => 0 < x a - a 01 


< ax 


a -1 


(x-a)<a 



(x — a ) 


Hence, x e {all, 3a/2),x ^ a, implies 



a\ —> 0 


as x —> a 


Therefore, if a > 1, x a —> a 01 as x —> a. In a similar way, using parts (1) and (2) of Theorem 1.21 
we can show that x a —» a a as x —» a, if 0 < a < 1 or a < 0. Clearly x a —> a a if a = 0 or 1. Hence 
lim x a = a a if a > 0 and a is real. 

x—>a 


Suppose 0 < a ^ 1 and a is real. Define 


/w= ; 


x — a 


for all real numbers x ^ a. Then lim f{x) = aa 

x^>a 


a -1 


Suppose a> 1. Then, for x ^ a, we have from Theorem 1.21 that 

«-1 




> 


>«x a 1 if 0 < x < a 


That is, 

Hence, 


Also 


That is, 

This implies 


aa a 1 > f{x ) > ax a 1 if 0 <x<a 


a -1 


| f{x)-aa a 1 j = aa a 1 - f(x) 
<aa a ~ x -ax a l 


= a(a a - L -x a - i ) 
= a\x a - 1 -a a ~ x \ 


n a - Y a 

a- 1 . a A ^ • i 


< 


<#x if x > a 


a — x 


aa a 1 < /(x) < #x 


a -1 


f{x)-aa a l \ = f{x)-aa' 


a -1 


<#x“ 1 -era" 1 


= #(x^ 1 -n a “ i ) 
= a|x^ 1 -n“- 1 | 


(1.23) 


(1.24) 
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From Eqs. (1.23) and (1.24), we get (using Theorem 1.22), whenever 0 < x ^ a, 

| f(x) -aa a ~ l | < a U a_1 - a a ~ l | 0 as x -> a 

Flence f(x) aa a ~ 1 as x — > a when a> 1. Now suppose 0 < a< \ or a< 0.Then by parts (1) and 
(2) of Theorem 1.21 it follows that /(x) lies between ax 01 ' 1 and a a a ~ . Hence by Theorem 1.22, as 
x —» a 

\f(x)-aa a ~ 1 \ < | acf 1 -ax a ~ l \ = lallx" -1 -a a ~ l | —> 0 
Here we used the fact \p - q\ < \p - r\ where p <q <r. Therefore /(x) —> aa a ~ 1 as x -> a. B 


1.8 Continuity 

In this section, we give a precise definition of the most important concept of continuity of a real-valued function at 
a point of its domain and extend it to its domain. The notion of continuity of a function has occupied central stage in 
mathematical analysis and it will be used extensively in the coming sections of this volume. The term “continuous” is 
in practice since the time of Newton, but was not defined precisely until the 19th century. 

Bernhard Bolzano in 1817 and Augustin-Louis Cauchy in 1821 came to know that continuity of a function is an 
important property and gave the definition. Since the concept of continuity of a function at a point is linked with the 
concept of limit, Karl Weierstrass carefully proposed proper definition of continuity in 1870s. In this section we will 
first explain the concepts of continuity at a point and continuous function and then discuss the properties of continu¬ 
ous functions. Linguistically, continuous means no break. Loosely speaking, a continuous function means, a function 
whose graph can be drawn on a paper without lifting the hand from the plane of the paper. 


DEFINITION 1.23 Continuity at a Point Let / : \a, b\ —> R be a function and a<c <b. 


1. We say that/is continuous at the point c if 

lim f{x) = f(c) 


2. /is continuous at the left end point a if lim f(x) = f{a). In such case we say that /is right 

.. . x—»a+0 

continuous at a. 

3. /is said to be continuous at the right end point b if lim /(*) = f(b). In such case we say 

that /is left continuous at b. ° 


DEFINITION 1.24 Continuous Function A function f:[a,b]— is said to be a continuous function if/is 
continuous at every point of [ a , b] (including a and b). We say that / is discontinuous at c if / 
is not continuous at c. 


N QUICK LOOK 5 


/is continuous at c implies 2. lim /(x) must exist and is equal to /(c). 

X—>C 

1. The function/must be defined at the point c. 


Theorem 1.24 


Suppose a < c < b and /: [a, A] —» R is a function. If lim /(x) = /(c)and lim /(x) =/(c), then/ 

x— >c+0 a— >c-0 


is continuous at c. Conversely, if/is continuous at c, then both lim f(x) and 
are equal to /(c). *->c-o 

Directly follows from Theorem 1.4. 


lim f(x) exist and 

x—>c+0 


Proof 
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n, QUICK LOOK 6 


To prove that / is continuous at c, it is enough if we 
show that 


lim f(c + h) = lint /(c -h) = /(c) 

/i-> 0 h —>0 


h> 0 


h> 0 


Example 


1.27 


If P(x) = a 0 x n + a 1 x n 1 +a 2 x n 2 +■■■ + a n is a polynomial Solution: By Example 1.16, lim x" = c". Hence, the 

where a 0 , a p ..., a n are real, « 0 * 0 and n is a positive inte- result follows from Corollary 1.2 and Theorem 1.6. 

ger, then show that P(x) is continuous at every c e R. 


Note: f : R —> R defined by /(x) = x is continuous at every ceR. 


Example 


Define f :[a,b\->R by f(x) = k (constant) for all x e [ a , b\. 
Then show that / is continuous at every c e [a, b]. 


Also 


Solution: Let a<c <b. Then 


and 


lim f(x) = lim k = k = /(c) 

x—>c x—>c 


lim f{x) = lim k = k = f(a) 

>a+0 x-^>a +0 

lim fix) = lim k = k = f(b) 

x^b-0 x^b -0 


Example 


1.29 


Let / : R —> R. defined by 

[1 if x > 0 
fix) = ( 

’ [0 if x < 0 

Then show that/is discontinuous at 0. 


Solution: We have 

lim f(x) = lim 0 = 0 = /(0) 

*-> 0-0 *-> 0-0 


lim fix) 

*—>o+o J 


lim 1 = 1* /(0) 
*—> 0+0 


Example 


1.30 


Therefore / is discontinuous at x = 0, but continuous at 
all other points (Fig. 1.18). 



■y 

1 


0 

X 

FIGURE 1.18 

Example 1.29. 


Let / : R —» R be defined by /(x) = n if x e [n, n + 1] 
where n = 0, +1, +2, .... Then show that / is disconti¬ 
nuous at every n = 0, +1, ±2, ... and continuous at all 
other points. 

Solution: See Fig. 1.19. Let n be a positive integer. Then 
lim /(x) = n -1 and lim /(x) = n 

x —>/ 2 —0 x—>n+0 

Therefore 

lim /(x) * lim /(x) 

x—>n —0 x—>n+0 


and so /is not continuous at n. Similarly, if n is a negative 
integer say n = -m where in is a positive integer, then 

lim /(x) = lim /(x) = (-m) — l = n — l 

x —>/z—0 x->(-m)~ 0 

and lim /(x) = lim /(x) = -m = n 

x—>n+ 0 x— >(—m)+0 

Therefore, /is discontinuous at n. Clearly lim /(x) = -1 

x— >0-0 

and lim /(x) = 0. Hence /is discontinuous at all integer 
*->o+o 
values. 
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Now suppose x () is not an integer and let x 0 e [n,n + 1] 
where n is an integer. Then clearly f(x {) ) = n and 

lim f(x) = lim f(x) = n = f(x 0 ) 


Example 


1.31 


Let / : R. —> R defined by 


fix) 


\x if x is rational 
[0 if x is irrational 


3 

2 ■ 

1 ■ 

9 _ 

-3 -2 -1 

1 2 3 

■ -1 

■ -2 


-3 

FIGURE 1.19 

Example 1.30. 


Solution: Let c e R. In every neighbourhood of c there 
are infinite rationals and irrationals, and so lim f(x) 
cannot exist. v ^ c 


Then show that/is discontinuous at all real values of x * 0. 


Note: The graph of this function cannot be drawn. 


Example 


Let / : R —> R be defined by 

[ x sin (1/x) if x ^ 0 

/W = {o if = 0 

Then show that/is continuous at x = 0. 

Solution: When x ^ 0 ,f(x) is a product of two functions, 
viz., g(x) = x and h(x) = sin 1 lx. Here lim g(x) = 0 and 

jr->0 


h(x) is a bounded function because -1 < sin IIx < 1 for all 
real x ^ 0. Therefore, by Corollary 1.4 

lim f(x) = lim (g(x)h{x)) = 0 = /(0) 

Therefore,/is continuous at x = 0. 


Try it out 


Show that the function 


fxcos(l/x) ifx^O 
[0 if jc = 0 


is continuous at x = 0. 

Hint: Work on the same lines as Example 1.32. 


Example 


Let c > 0 and x be real. Define f(x) = x a for x > 0. Then 
show that/is continuous at c. 


Solution: By Theorem 1.22, 


lim f(x) = lim(x a ) = c a = /(c) 

X—>c x—>c 

Hence/is continuous at x = c > 0. Note that/is continuous 
when c = 0 also (check). 
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Theorem 1.25 


Proof 


Let c > 0 and a be real. Define 

/(*) = 

Then/is continuous at c. 

By Theorem 1.23 


if x e 


x — c 


c 3 c 
2 ’ ~2 


,xl=c 


ac 


a -1 


if X = C 


lim /(x) = lim 

x—>c x—>c\ X — C 


X -c 


= ac a 1 = /(c) 


Hence /is continuous at x = c. 


SPECIAL NOTE: Generally the students at 10+2 level have to evaluate lim (x" - a n )/(x - a) when n is a rational num- 

x— 

ber and a is positive real number for which the proof does not require all the inequality theorems proved before Theo¬ 
rem 1.26. As mentioned in the introduction of this section, the proof given for Theorem 1.25 is to cover when n is any 
real number. The following theorem evaluated the same when n is rational. We state and prove the result as follows. 


Theorem 1.26 
(Particular 
Case) 


Proof 


If n is a rational number, define 


/(*) = 


x — a 


if x ^ a 


if x = a 


where a > 0. Then /is continuous at a. 

Case I: n is a positive integer. Then 

x n - a n = (x - a)[x n ~ l + x n ~ 2 a + x n ~ 3 a 2 + ••■ + xa n ~ 2 + a" -1 ] 


Therefore 


lim 

x—>a 


- -— = lim [x"- 1 + x n ~ 2 a + x"” V + ■ 

V X — Cl ) x 


■ + xa n - 2 + a n ~ 1 1 


= a' !_1 + a"- 1 + ■■■ + a n ~ l (n times)(by Example 1.27) 

= na"* 1 =f{a) 

Case II: Suppose n is a negative integer say n = -m. where m is a positive integer. Then 

x n - a n (l/x m ) - (17 a m ) - (x m - a m ) 

x-a x-a x m a' n (x-a) 


Therefore 


lim 

x—>a 


x -a 


V x — a 


= - lim 

X — 


x —a 


\ x-a 


lim 


—-—) (By Case I) 
a m ■a m ) 

= = na n ~ x = f(a ) 

Case III: Suppose n = plq where p and q are integers and q ^ 0, p ^ 0. Now write y = x l q and 
b = a llq so that x = y q and a = b q and y — > b as x —> a. Therefore 
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lim 

y— 

lim 

y— 

lim 

y-A>b 


r y p -b p ' 
y q -b“ 


y p - b p y-b 
x- 


v y-b y q -b q 

y p -b p ' 
y-b , 


+ lim 

y—>b 


y q -b“ 
y-b j 


{pb p ~ l ) + (qb 1 ’- 1 ) (By Cases I and II) 


= lb p ~ q 

q 

- 1 

q 

= na " _1 = f{d) 

When /z = 0, then clearly /(x) = 0 Vx so that lim/(x) = 0 = f(a). Hence, lim /(x) = na" -1 = /(«), 
where n is rational. ■ 


The following is another basic theorem on limit of the function (sinx)/x which is not defined when x is equal to 0. We 
establish lim (sin x)/x exists and is equal to 1. 

.v->0 


Theorem 1.27 


Define/: (-§ ,§) 


-»M by 


sinx 


/ w=• 


X 


1 


if x ^ 0 


if x = 0 


Then / is continuous at x = 0. 


Proof 


Suppose 0 < x < jtl2. Draw the circle with centre at the origin O and radius equal to 1. Suppose it 
cuts the x-axis at A. Suppose the line “Z” through O making angle x with the positive direction of 
the x-axis meets the circle in B and the tangent to the circled drawn at A in C. Draw BD perpen¬ 
dicular to the x-axis (Fig. 1.20). Now 


Area of A OAB < Area of the sector OAB < Area of A OAC 



FIGURE 1.20 Theorem 1.27. 
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Hence 


Now 


OA ■ BD <x< OA ■ AC 


BD _ 

sin x = = BD 

OB 

AC 

tanx =-= AC 

OA 


Therefore from Eqs. (1.25) and (1.26), 0 < sin x < x < tan x, so that 


„ smx . tanx 

0 <-< 1 <- 

x x 

X 1 

1<-<- 


smx cosx 

Equation (1.27) holds good when —a/2 < x < 0, since in this case 

„ sinx sin(-x) . tan(-x) tanx 
0 < = —-— 1 < —- =- 


Also from Eq. (1.27), 


smx . 
cos x <-< 1 


Therefore 


„ , sinx . ^sin 2 x x 2 

0 < 1-< 1 - cos x = 2-<->0 as x —> 0 

x 2 2 


By squeezing theorem (Theorem 1.14) 


lim I 1 - SU1X 1 = 0= lim(l - cos x) 
*->oV X J .v— >0 


Therefore 


lim f S ^ nX ] = 1 and lim(cosx) = 1 
»0v X J x—>0 


The graph of this function is shown in Fig. 1.21. 



(1.25) 


(1.26) 


(1.27) 


Note: lim cosx = 1 => the function cos x is continuous at x = 0. 

x->0 


We shall now prove certain theorems on continuity of sum, product and quotient of continuous functions which are 
parallel to their counterparts on limits (Section 1.5). 





















Theorem 1.28 


Proof 


Corollary 1.7 


Proof 


1.8 ! Continuity 
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Let a <c<b, f : [a, b] —> R, g: [a, b] —> R be continuous at c, then 

1. /+ g is continuous at c. 

2. f ■ g is continuous at c. 

3. If g(c) ^ 0, then fig is continuous at c. 

4 . If /(x) and g(x) are polynomials and 

f(x) = {x- a) k P{x) 
g(x) = (x- a) k Q(x) 

then 


lim 

x—>a 


- ] 0 ) = 
g 


P{a) : 


Q(a) 


if Q(a ) * 0 


Since / and g are continuous at c, we have 

lim /(x) = /(c) and lim g(x) = g(c) 

x—>c x—>c 

1. By Theorem 1.6 

lim(/ + g)(x) = lim/(x)+limg(x) 

x—>c x—>c x—>c 

= f(c)+g(c) 

= (f+g)(c) 

Therefore /+ g is continuous at c. 

2. Using Theorem 1.7 

lim(/' g)0) = lim (f(x) ■ g(x)) 

x—>c x—>c 

= lim/(x)limg(x) 

x—>c x—>c 

= f(c)g(c) 

= (fg)(c) 

Hence / • g is continuous. 

3. Since lim g(x) = g(c) ^ 0, by Theorem 1.8, g(x) ^ 0 for all x in a neighbourhood of c, and 

X—>C 

hence by Theorem 1.9, 


/V fix) J™ f(x) _ f(c) _(f 


g 

Hence fig is continuous at c. 

4 . Follows from (3). 


lim — (x) = lim 


Mc g(x) Hmg(x) g(c) (g 

X—»C 


= - (c) 


1. A constant function is continuous. 

2. If A e R and / is continuous at c, then Af is continuous at c. 

3. If/and g are continuous at c, then/- g is continuous at c. 

1. Suppose /(x) = k Vx g R. Therefore for any c g R (see Example 1.11), 

lim /(x) = lim(fc) = k = f(c) 


Hence /is continuous at c. This being true for every c g R, it follows that /is continuous on R. 
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2. Define g(x) = A Vr e 1. Since / is continuous at c and g is continuous at c, by part (3) of 
Theorem 1.28, f ■ g = Af is continuous at c. 

3. By taking A = -1 in (2), we get —g = (-l)g is continuous at c and hence f—g=f+ (—g) is 

continuous at c. ■ 


The following two theorems are about the continuity of composite function. 


Theorem 1.29 

Suppose a < c < b, f :[a, b\-> R is a function and lim /(x ) = /. Further suppose that g : R -> R is 

X— 

continuous at /.Then lim(g°/)(x) exists and is equal to g(/). 

x—>c 

Proof 

Write p = g(/) and e > 0. Then there exists S > 0 such that y e (/ - 8, 1 + 8) => g(y) - p < £ (since g is 
continuous at /). Since f(x ) — > I as x — > c, corresponding to this S> 0, there exists r/> 0 such that 

xe(c-tj,c + rj) => \f(x) -1\<8 

=> 1 — S< f(x) < 1 + 5 
=*\g(f(x))-p\<£ 

=>\(g°f)(x)-p\<£ 

Hence 

lim (g°f)(x) = p = g(I) 

x^>c m 

Theorem 1.30 

Suppose a<c<b and / :[u, b\ —¥ R and g : R —^ R are, respectively, continuous at c and/(c). Then 
g = /:[fl,fc]->K is continuous c. 

Proof 

By Theorem 1.29 

lim(g ° f)(x) = g(/(c)) = (g ° /)(c) 

X—>C 

Hence g ° / is continuous at c. ■ 


Note: If c = a or b, in a similar way as Theorem 1.30 we can show that g ° / is continuous at a or b 


Corollary 1.8 

Suppose / : [a, b] —» R is continuous, f([a, b ]) <z [p , q] and g : [p, q] —> R is continuous. Then 
g o / : [a, b] —> R is continuous. 

Proof 

Suppose c e [ a , b]. Since f is continuous on [«. b] and g is continuous on [/?, q] it follows that g°f 
is continuous at c (by Theorem 1.30 and the note). Hence g ° / is continuous on [a, b]. ■ 

Corollary 1.9 

Suppose aeK, a < c < b, f : [a, b\ —> [0, <») and lim f(x) = /, then lim /“ (x) = /“. 

x—>c x—>c 

Proof 

Since f(x) > 0 on [«. b], by Theorem 1.12 it follows that lim f(x) = l> 0. Write g(.r) = x a \/x > 0. By 

X —>C 

Example 1.33 we get g is continuous at /. Therefore, by Theorem 1.30 it follows that 

lim /“(*) = lim(/(x))“ = lim g(/(x)) = g(/) = /“ 

X —>C X —>C X—>c 
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1.8 I Continuity 


Example 


Consider 


/(*) = 


(l + xf 2 -(1-x) 


172 


1 


a -i<x<i,x±o 
if x = 0 


then /(x) is continuous at x = 0. 


Solution: It is enough if we show that the lim/(x) = l. 

Now ' T_>0 


m=2 

= 2 


172 


(1+JC)^ -(1-JC) 

(1 + x) - (1 - x) 

(i+ x y z -(i-x ) 1 


[(i +x )-_(i_ x )-][(i +x) - + (i_ x )-] 

2 


(l+xf 1 +(l-x) m 
Therefore 


lim/W = — = l = /(0) 

»o 1 + 1 


fix) - 


(l + x) L 


-1 + 1 —( 1 - 


(l + x) 1/2 -l_(l-x) 1/2 -l 


X X 

(l + x) 172 -! | ( l-x) m - 
(1 + x) — 1 (1 — jc) —. 


I M -1 
X 


y -1 z -1 

= +;-+ -5 - 

y 2 -1 z 2 -i 


where 


; = (1 + x) 

and z = (l-x) V2 —> 


Therefore 


y = (1 + x) 1/2 -> 1 asx-»0 
‘ V2 ' 1 as x —> 0 (•.■ x a —> a a as x 


—^ a) 


lim f(x) = limf —— . ...... 




- lim 


y 




-1 


7-1 


+ lim 

Z->1 


V-1 

v. Z-l ) 


V-l 


y 

= | + | (By Theorem 1.26) 


= 1 


Example 


1.35 


Show that the function f(x) = sin x is continuous on R. \f(x) - f(a)\ = |sin x - sin a\ 

Solution: Since Isinxl = sin (|x|) < |x| for x e (-a/2, nt 2) 

(by Theorem 1.27), it follows that f(x) —> 0 as x —> 0. 

Consequently f(x) is continuous at x = 0. Now, let a e R. 

Then 

as x —> a. Therefore f(x) —> f(a ) as x —> a. Thus f(x) is 
continuous at x = a. 


_ x+a . x—a 

2 cos-sin- 

2 2 


• \ x ~a\ n 

< 2 sin-> 0 

2 


Example 


1.36 


Show that g(x) = cos x is continuous on R. Since both f(x) and h(x) are continuous, it follows from 

Theorem 1.30 that g(x) is continuous. 

Solution: Define h(x) = (tt/ 2) -x and f(x) = sin x. Then 
(f°h)(x) = f(h(x)) = sin((7r/2)-x) = cosx = g(x) 
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Example 


1.37 


Show that the function tan x = sin x/cos x is continuous so that [by part (3) of Theorem 1.28] 
on R except at odd multiples of 7il2. 

sin x sin a 

tan x =->-= tan a as x —> a 

Solution: We know that cos x = 0 if and only if x cosx cos a 

is an odd multiple of nl 2. Hence if a is not an odd 
multiple of n! 2 , then cos 0 and cos x —» cos 0 


^ Try it out Show that cotx and cosec x are continuous on 
on R except at odd multiples of jc!2. 

Hint: See Example 1.37 


except at multiples of n and sec.r is continuous 


Since x n —» a n as x —» a (see Example 1.16) and lim ( x n - a n )/(x -a) = na" 1 (see Theorem 1.25 or 1.26), the following 
limits can be easily checked. 



1.9 Properties of Continuous Functions 

In this section we will explore the properties of continuous function defined on a closed interval [a, b] where a and b 
are real numbers and a < b. 

DEFINITION 1.25 A function f : [a, b \—is said to be bounded on [a, b\ if the range of/in R is bounded 
subset of R (for bounded subset, see Definition 0.3). 

Thus / : [a, b] —¥ R is bounded if the range set f([a, b ]) is bounded in R. That is, if there exist constants a and fi such 
that a<f(x) < j3 Vx e [a, b]. In fact, if/is bounded, then both l.u.b. f(x) and g.l.b. /(x) exist and they are finite real 

xe [a.fc] 

numbers. Also/is bounded if and only if |/| is bound on [a, b ], because 

a < f(x) </1=$-j3< f(x) < -a 

=> |/(x)| < Max{/?,-a} Vxe[a, b] 

=> |/| is bounded 
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DEFINITION 1.26 Suppose /: [a, b] —> K is a function. If there exists x* e [a, b] such that 

fix) <f(x) Vte [a,b] 

then x* is called a point of absolute minimum of / on [a, b] and f(x*) is called the absolute 
minimum of/on [ a , b]. Similarly, if x** e [a , b] is such that 

f(x)<f(x**)Vxe[a, b ] 

then x ** is called a point of absolute maximum of/in [a, b] and fix*) is called the absolute 
maximum of/on [«, b]. 


V, QUICK LOOK 7 


If f :[a,b]—>M. has absolute minimum and absolute maximum, then/is bounded on [a, b]. 


We now state and prove that a continuous function on a closed interval [a, b ] (a and b are real) is bounded and we 
show that the continuity of /on closed interval is essential. 


Theorem 1.31 


Suppose a and b are real numbers and a < b. If / : [«, b] —> R is a continuous function, then / is 
bounded. 


Proof 


Suppose/is not bounded. Then either/is not bounded below or/is not bounded above. Since/ 
is continuous at a, to the positive number 1 there corresponds a S> 0 such that a + 8<b and 

|/(x) - f(a )| <lVie[a,fl + 5] 


so that 


1 / 0)1 < 1 2 + 1 / 0)1 Vxe[a,a+5] 

Thus |/| and hence/is bounded in [a,a+ S\. Let 

S = {c e (a, b ) |/ is bounded in (a, c)} 

Then clearly S is non-empty because a + S e S and also S is bounded above. Let A be the l.u.b. S. 
We observe that c e (a, A) => c e S. Suppose A < b. Since / is continuous at A, corresponding to 1, 
there exists a S 1 > 0 such that 

a < A — S 1 < A + S l < b 

and \f(x)-f(A)\ < 1 Vx e [A-5 1; A + dJ 


Therefore,/is bounded on [A-S V A+ and hence it is bounded on [ a,A+ rJJ.Thus A - S x e S such 

that A+ S 1 < A, a contradiction (because A is the l.u.b. S'). Therefore A < b and hence A = b. 

Again since / is continuous at b, to 1 there corresponds a S 2 > 0 such that a <b - S 2 <b and 

\fi x )-f{b)\ < 1 M xe[b-8 2 ,b\ 

so that/is bounded on [b - <$,, b\. Clearly b— S 2 e S because b = Ais the l.u.b. S. Hence b s S. Thus 
/is bounded on [a, b]. I 


Note: The following examples illustrate that a continuous function defined on an open interval (a. b) or semi-open 
interval (a, b] or [a, b) need not be bounded. 

Examples 

1. Define /: (0,1] -> R by f(x) = Vx. 3 - Define h : (0,1) —> M by h{x) -> Vx(l-x). 

2. Define g: [0,1) —> R by g(x) = 1/1 - x. One can see that f, g, h are continuous functions but not 

bounded. 
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Chapter 1 I 

Theorem 1.32 
(Intermediate 
Value 
Theorem) 

Proof 


Functions, Limits, Continuity, Sequences and Series 

Suppose /: [a, b\ —> K. is a continuous function and f(a ) ^ /(b). Then / assumes every value 
between/(«) and/(b). 


Without loss of generality we may assume that/(n) </(b). Suppose/(a) <A<f(b). We now show 
that, there exists x (j e (a, b) such that f(x Q ) = A. Let 

e = l ~ m >o 

2 

Since/is continuous at a, there exists S i > 0 such that 

v e [a, a + => \f(x) - f(a)\ < e 

,, . ,, . A-f(a) 

=>f{x)-f{a)<e = - 


, r , . A -f(a) A + f(a) 
•/(*)</(a) +-=- ^<A 


Now, let 

S = {t e [u, b] \f(x) < A Vx e [a, t]| 
Clearly, from what we have established above, it follows that 


a + S l e S and hence S ± (f> 

Further, 

(1.28) 

te S,a<s<t=>se S 

Clearly S is bounded above by b. Let a= l.u.b. S so that by Eq. (1.29) 

(1.29) 

[a , a) a S 

From Eq. (1.28), 

(1.30) 

a < a + S 1 < a 

(1.31) 

Since / is continuous at b , corresponding to the positive number [/(b) 
such that a <b - S 2 <b and x e [b- S 2 , b]. This implies 

=>/(&)-/(*)<®-^ 

-T]/2, there exists S 2 > 0 


This shows that t e [b - S 2 , b] => t g S. Hence 

a <b - S 2 <b (1.32) 

Thus a < a<b and further 


a < t < a=$ t e S =>/(t) < A =>/(«) < A 
Now,/(a) < A as in Eq. (1.28), there exists S, > 0 such that 

f(x) < ^ + < TV x e[a, a +<J 3 ] 


so that by Eq. (1.30), a + <5, e S, which is a contradiction. Hence f{a ) = A. Thus / assumes the 
value A. ■ 
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Theorem 1.33 Suppose /: [a, b] —> R is a continuous function, M = l.u.b. /(x) and m = g-l.b. /(x). Then there 
exists c, d in [a, b] such that /(c) = M and f(d) = m. xe[a,b] xe[a,b] 

Proof Suppose /(x) ^MVie [a, b]. Then M - /(x) > 0 for all x e [a, b]. Write g(x) = M - f(x). Then 
g(x) is continuous on [a, b\, and does not vanish on [a, b]. Hence 1/g is continuous on [a, b] [see 
part (3) of Theorem 1.28] and hence 1/g is bounded on [a , b]. If A is a bound of IIg on [a, b], then 
VA> 0. Now, 

— 1 ff =-<A=»y<M-/(x) Vxe[a,b] 

M-f (x) g A 

=t> /(x) < M - — Vx e [a, b] 

A 


=>M<M-~ b: M = l.u.b. f(x)\ 

^ y *e[a, b] ) 

=> — < 0, which is a contradiction 
A 

Hence M - f(x) = 0 for some x e [a,b]. That is, there exists c e [a, b] such that /(c) = M. Similarly, 
we can show that, there exists d s [a, b], such that f(d) = m. ■ 


n, QUICK LOOK 8 


1. From Theorems 1.31, 1.32 and 1.33 we have that 
every real-valued continuous function on a closed 
interval [a, b], where a and b are finite real numbers, 
is bounded, attains its bounds and assumes every 
value between g.l.b. f(x) and l.u.b. /(x). 

.r6[fl,hl xe[a,b] 


2. Theorem 1.33 may not be true if the interval is not 
a closed interval. For example, the function f(x) = x 
Vx e (0,1) is clearly continuous and g.l.b. /(x) = 0 

X G (0,1) 

and l.u.b. /(x) = 1 which cannot be attained by/(x). 

x e(0,l) 


Corollary 1.10 Suppose /: [a, b\ — > R is continuous and f{a) f(b ) < 0. Then, there exists x e (a, b) such that 
/(x) = 0. 

Proof Since/(a)/(b) < 0, m = g.l.b. /(x)<0and M= l.u.b./(x) > 0, hence 0 e [m,M], Now the result 

.ve[a,Z>] x e[fl,6] 

follows from Quick Look 8. 

Note: Graphically f(a) f(b) < 0 means that the graph of y =/(x) (see Fig. 1.19) must cross the 
x-axis in between a and b. ■ 



FIGURE 1.22 Corollary 1.10. 
The following theorem provides useful information. 


Theorem 1.34 


If/: [0,1] —» [0,1] is continuous, then for some x 0 in [0,1] /(x 0 ) = x 0 . 

[Generally, for any function /(x), a point x 0 such that /(x 0 ) = x 0 is called a fixed point of /.] 


Define g(x) =/(x) - x Vx e [0,1] which is also continuous on [0,1] with g( 0) =/(0) > 0 and g( 1) = 
/(1) -1 < 0. Hence by the intermediate value theorem (Theorem 1.32), g(x) must assume the value 0. 


Proof 
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Thus g(x Q ) = x 0 for some x (] e [0,1], Grapliically, the graph of y =/(x) (see Fig. 1.23) lies in the unit 
square for which the line y = x is a diagonal so that the curve must intersect the diagonal y = x. 



Theorem 1.35 Let /and g be continuous functions on [a, b] such that f(a) > g(a) and f(b) < g(b). Then /(x x ) = 
g(x,) for some x 1 e [a, b]. 

Proof Define h(x ) = /(x) - g(x) for x e [a, b] so that h is continuous on [a, b\ and 

h(a) =/(«) ~g(a) > 0 
and h(b) =f(b) —g(b) < 0 


If either h(a ) = 0 or h(b ) = 0, then the theorem is proved. If h{a) ^ 0 h and h(b ) ^ 0, then by 
Corollary 1.10, there exists x 1 e (a, b) such that hfx J = 0. Hence /(x= gOtq). ■ 


1.10 Infinite Limits 

So far we considered the limit of a function at a point, keeping in mind that the limit is a real number, so that the 
function is bound in a deleted neighbourhood of that point (Corollary 1.1). We now consider cases where (i) /is not 
bounded or (ii) / is bounded, but the neighbourhood is infinite. 

DEFINITION 1.27 Suppose a< c < b and/is a function defined on [a , b] except possibly at c. 

1. Suppose to a positive number e (however large), there corresponds 8 > 0 such that (c - 8, 
c + 8) cz [a, b] and x e (c- 8,c+ 8),xl=c=> f(x) > e. Then we say that f(x) tends to infinity 
as x -» c and write lim f{x) = »or f(x) —> °° as x —¥ c. 

X—>C 

2. Suppose to a positive number £ (however large), there corresponds 8 > 0 such that (c - 8. 
c + 8) a [a, b] and xe (c- 8,c + 8),x^ c => f(x) < —e .Then we say that/(x) tends to minus 
infinity as x —> c and we write lim f(x) = -<» or f(x) —> -«> as x —> c. 

3. If to s > 0, there corresponds 8 > 0 such that (c - 8, c) cz [a, b] and x e (c - 8, c) => f(x) > £, 

then we say that f(x) tends to ~ as r tends c from the left side and write lim f(x) = «or 

f(x) —> oo as x —» c - 0. In a similar way, we define the right limit at c. W£ 

4. If to £ > 0, there corresponds a 8 > 0 such that (c - 8, c) cz [a, b] and x e (c - 8, c) => /(x) 

< —e, then we say that /(x) tends to-°°asx—>c-0 and write lim /(x) = -«>. 

x—>c-0 

5. The notions of left infinite limit can be extended to the right infinite limit as follows: 

(a) If to each £ > 0 there corresponds a 8 > 0 such that (c, c+ 8) cz [a , b] and xe (c, c + 8) 
=> /(x) > £, then we write lim /(x) =°° or /(x) —> °° as x —> c + 0. 

x —>c+0 

(b) If to each £ > 0, there corresponds a 8 > 0, such that (c, c + 8) cz [a, b] and xe (c, c + 8) 
=> /(x)< —e, then we write lim /(x) = -°° or /(x) —>-°oasx—»c + 0. 

jr-jc+0 


Note: 


oo and oo are only symbols, but not real numbers. 
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Example 


1.38 


1. Define /(x) = 1/1x1 for x e [—1,1] and x ^ 0. Show that 

lim /(x) — oo # 

*->0 


Solution: Let e > 0 be a large number, we may suppose 
that e > 1. Take = 1/2 £. Then < 1, (0 — 8, 0 + S) a 
[—1,1] and 

x e (0-£, 0 + <5), x * 0 => |x| < S 


Therefore lim /(x) = °°. 

x —>0 

2. Define /(x) = —l/|x| for x e [—1,1], x ^ 0.Then as in 

(1), lim/(x) = -oo. 
x->0 

3. Define /(x) = Hx for x e [-1,1] x ^ 0. Then it can be 
seen that lim /Yx) = -°°and lim f(x) = °°. 

x^O-O x^>0+0 

4. Define /(x) = 1/(1 - x) for x e [0,2], x ^ 1. By the subs¬ 
titution y = 1 - x so that y e [-1,1], y ^ 0 we have by 
(3), lim f(x) = oo at lim f(x) = 

x->l-0 x->l+0 


fix) = ri>£ 
\x\ 


DEFINITION 1.28 Suppose /is defined on the infinite interval [a, °°) and / e K. If to each e > 0, there corresponds 
a 8 > 0 (large enough) such that x> S> a=>\f(x) — l\<e then we say that f(x) tends to I 
as x tends to and we write lim f(x) = l. If /is defined on (-«>, a], we can similarly define 
lim f(x) = /. 


Examples 


1. Define f(x) = 1 lx for x > 1. Then to e > 0, there cor¬ 
responds S=lls such that 

x> S,x> 1 => f(x) = Vx < VS = £ 

H/(*)-o|<£ 

Hence lim f{x) = 0 

x— 


2. Define f(x) = 1/x for x < —1. Then as above, we can see 
that lim f{x) = 0. 

X— 

3. If f(x) = 1/(1 - x) for x ^ 1, then it can be verified that 
lim f(x) = 0 and lim f(x) = 0. 

X —>°o X —>— 00 


DEFINITION 1.29 Suppose a < c <b and /is defined on [ a , b] except possibly at c. If/does not tend to either a 
finite limit or an infinite limit as x —> c, then we say that/oscillates at c. The function 

[1 if x is rational 
f(x ) = ( 

[0 if x is irrational 

oscillates at every real number, because in any neighbourhood of a real number, there are 
infinitely many rationals and infinitely many irrationals. 


1.11 Sequences and Series 

In this section we define a sequence, limit of a sequence, obtain tests for convergence of a sequence and Cauchy’s gen¬ 
eral principle of convergence. We see a sequence as a function from the set N (or Z + ) of positive integers (sometimes 
from the set W of non-negative integers) into the set R of real numbers. 

As a sequel, we define series as a sum of elements of a sequence, attach a meaning to the sum and obtain some tests 
for convergence of series. 

In this process, we also find a link between the convergence of a function to a limit at a point and convergence of 
a sequence of functional values to that limit at that point. Finally, we end this with a condition for a function to be 
continuous at a point of its domain with the aid of sequence. 
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DEFINITION 1.30 Let N = {1,2,3,...} be the set of all positive integers. Suppose / : N —> R is a function. Then the 
functional values/(l),/(2),/(3),..., denoted by {/(«)} is called a sequence. f{n) is called the nth 
term of the sequence. 

It is customary to denote the functional value/(n) by x n (x may be replaced by any other letter).Thus [xj is a sequence 
in R. 


Examples 


1. If / : N —> R is defined by /(n) = n 2 or x n = n 2 , then 
{l 2 , 2 2 ,3 2 , ...1 = {/(l),/(2),/(3),...} = {x v x 2 ,x 3 , ...} is 
a sequence. 

2. Define /: N —> R by f{n ) = n+ 1. Then |/(1), /( 2), 
/(3),...} = {2,3,4,5,...) is a sequence. 

3. Define f:N-> R by /(«) = 1 In. Then {1,1/2,1/3,1/4,...} 

is a sequence. _ _ 

4. Definex„ = -n 2 + y/?> •«.,«.= 1,2,3,....Then {-n 2 + -J3n}, 

n = 1,2,3,... is a sequence. 


5. Define 


[1 if n is odd 
[-1 if n is even 


Then {1,-1,1,-1,...} is a sequence in R. 

6. Let ae R. Then the sequence a, -a, 0, a, -a, 0, ... is 
given by 


x 


n 


a if n -1 is divisible by 3 
• -a i f n + 1 is divisible by 3 
0 otherwise 


DEFINITION 1.31 Limit of a Sequence Let {xj be a sequence is R and 1 e R. Suppose to each e > 0, there cor¬ 
responds a positive integer N such that n > N => | x n -1 1 < £. Then we say that {x ;; { converges 
to l as n —» °° or x n — »l as n . —» °° and write lim x n = l. 


Theorem 1.36 
(Uniqueness 
of Limit) 


Suppose x n —> / and x n —> l' as n —> oo. Then l = l'. 


Proof 


Suppose l = l’. Let e = \l — l' 1/2 > 0. Then to this e , there corresponds a positive integer N 1 such that 


«>/V 1 =>|jc n -/|<£ (■-• lim x n = /) 


Similarly, there exists positive integer N 2 such that 

\x n -l'\<£ (•-■ lim x n = l') 

X— 


Let N = Max {N v N 2 }-Then n > N => | x n - /1 < e and \ x n —l'\<s. Now, 

\l — V\ = \l — x n +x n —V\<\l — x n \ + \x n —l'\<e + e = 2e = \l — l'\ for n>N 
which is a contradiction. Hence 1 = 1'. ■ 


Theorem 1.37 


Every convergent sequence is bounded. That is, if x n —» / as n —» the {x ; J is bounded. In other 
words, if x n —> / as n —» °°, then there exists k > 0 such that \x n \ < k for n = 1,2,3,.... 


Proof 


Since x n —> l as n oo, to the positive number 1, there corresponds a positive integer N such that 
\x n — 1\ < 1 for n > N so that 

|x n | = |x n -/ + /|<|x„-/| + |/ | < l + |/ | for n>N (1.33) 


Let 


M = Max{|x 1 |,|x 2 |,...,|x Ar _ 1 |} 


Take k = Max{l + |/|, M) so that from Eqs. (1.33) and (1.34), we have \x i 
Thus {x ) is bounded. 

1 n> 


(1.34) 

< k for n = 1, 2, 3, .... 
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A QUICK LOOK 9 


If a sequence is not bounded, then it is not convergent. For example, the sequence {x n } where x = n + 1, n = 1, 2, 
3,..., is not bounded and hence it is not convergent. 


Theorem 1.38 

Proof 


If {xj converges to a limit / and / ^ 0, then there exists a positive number K and a positive integer 
N such that |x„ | > K for n > N. 

Take £ = | /1/2 > 0. Then there exists a positive integer N such that \x n -l\<£ for n > N so that 

11/| - \x n 11 < \l -x n | < e for n > N 


Therefore 


I - e < |x„ I < |/| +£ for n > N 


That is, 


0 < — < \x„ < —1/| for n > N v^ = L - L 


Hence |jt n |>|/|/2 for n > N. Take k = \l\/2. 


Note: If x n = 1 In for n= 1,2,3,..., then one can see that x n > 0 V/z = 1,2,3 ... and x — > 0 as n . —> °° which shows that 
the converse of the above theorem is not true. 


Theorem 1.39 
Proof 


If {xj converges to /, then {|x„|} converges to |/|. 

Since x n —> / as n —> <», to £ > 0, there corresponds a positive integer N such that \x n -1\ < £ for 
n > N. Hence 

||x„ | -1/|| < \x n -1\ < £ for n > N 

Thus \x n | —> |/| as n —» «>. _ 


Note: The converse of the above theorem is not true. Example 1.39 illustrates the same. 


Example 


1.39 


Show that the converse of Theorem 1.39 does not hold. 

Solution: Take x n = (-1)” so that {xj = {-1, 1, —1, 
1,...). Suppose x —¥ l as n —» °° Then to £ = 1/2, there 
corresponds a positive integer N such that x„ — /| < 1/2 
for n > N so that 

|1- 1\ < V2 if n is even and n > N 


and |l+/|<l/2 if n is odd and n > N 

Hence 

2 = |1 - / - (-1 - /)| < |1 - Z| +1-1 - Z| < 1/2 +1/2 = 1 

which is a contradiction. However |x„ | = 1 for all n = 1,2, 
3,... converges to 1 as n —> °°. 

Thus a sequence may not be convergent, but the 
sequence of its absolute values may converge. 


DEFINITION 1.32 Suppose |x ; j and {y n } are two sequences. 

1. If z n = x n + y , then {z ;| } is called sum of the sequences {xj and {y j( }. 

2. If t =x -y , then {t j; } is called the product of {xj and {yj. 

3. If y n 7^ 0 for large n, and w n = xjy n then { w n } is called the quotient of |x (| j and \y u \. 
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The following results are analogues to the results on functions and hence we state them without giving proofs. 


Theorem 1.40 


Suppose {xj and {_y j; } are two sequences such that {x n } converges to / and {y n } converges to m as 
n —> °°. Then 


1 . {x n + y n ] converges to l + m. 

2. {x n ■ y n } converges to / • m. 

3. If m ^ 0, then {l/y,,} converges to 1/m. 

4. If m ^ 0, then [xjy^ converges to l/m. 

5. If A e R, then {AxJ converges to AI. 


DEFINITION 1.33 Cauchy Sequence A sequence {x J in R is said to be a Cauchy sequence, if to each e > 0. there 
corresponds a positive integer N such that |x„ - x m | < £ for all n, m > N. 


Theorem 1.41 
(Cauchy's 
General 
Principle of 
Convergence) 


1. Every convergent sequence in R is a Cauchy sequence. 

2. Every Cauchy sequence in R is convergent. 


Proof 


We prove (1) and assume the validity of (2) because its proof needs a little bit mechanism involv¬ 
ing l.u.b. and g.l.b. of sets of real numbers. 

1. Suppose {xj is a convergent in R and let lim x n = l. Then to e > 0, there corresponds a positive 

n— 

integer N such that |x„ - 1\ < et2 for n>N. Now, 

m, n > N => \x n - x m | = |x„ - / + 1 - x m | 

<|x„-/| + | / -x„,| 

< s/2 + e/2 = £ 


Thus {x } is a sequence. 


Note: To prove that a sequence in R is not convergent, we can use Cauchy’s general principle of convergence. See the 
following example. 


Example 


1.40 


Let x n = (-1)" for n = 1,2,3,.... Show that the sequence Taking m = n + 1, we have 


is not convergent. 

\x n -x„ +l \<l 

Solution: This sequence is bounded. We show that 
this is not convergent. If this sequence is convergent 

=> (-1)" -(-l) n+1 <1 

then by part (1) of Theorem 1.41, corresponding to 1, 

=>|(-ir (i-H))< i 

there exists a positive integer N such that 

=» 2 < 1, a contradiction 

\x n -x m | < 1 for n,m> N 

Thus {(-!)") is not convergent. 


DEFINITION 1.34 Increasing and Decreasing Sequences 

1. A sequence jx ;i ) in R is said to be monotonic increasing (or simply increasing) if x n < x n + ( 
for n = 1,2,3,.... 

2. A sequence {xj is said to be strictly increasing if x n < x n+1 for n = 1,2,3,.... 
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3. A sequence {xj is said to be monotonic decreasing (or simply decreasing) if x > x n+1 for 
n = 1,2,3,.... 

4. A sequence {x n | is said to be strictly decreasing if x n > x n _ l for n = 1,2,3,.... 


Examples 


1. Let x 0/l = x 2n _ 1 = 1 In for n = 1, 2, 3, .... Then 3. Let x n = 1 — (1 In) for n = 1, 2, 3, .... Then 

is decreasing but not 


^ i'-' ' 


12 3 

{x n } = \ 0, [ is strictly increasing. 


strictly decreasing. f 1 1 . . ... 

2. Let x 2 „ = x 2n _ 1 = n for n = 1,2,3,.... Then {xj = {1,1, 4 If = 1/n ’ then f x ">= j 1 ’ j ’’ 3 ’ "^ B decreasm & 

2,2,3,3,...} is increasing but not strictly increasing. 


The following theorem on convergence of a monotonic sequence (i.e., either increasing or decreasing) is useful. 


Theorem 1.42 1. Every increasing sequence, which is bounded above, is convergent and converges to its l.u.b. 

2. Every decreasing sequence, which is bounded below, is convergent and converges to its g.l.b. 

Proof 1. Let {xj be an increasing sequence so that x 1 < x 2 < x 3 < .... Thus {x ;) } is bounded below. 

Now, suppose {xj is bounded above and let a be the l.u.b. {xj. Let e > 0. Then as < a 
and a—e is not an upper bound of {x j; }. Hence there exists a positive integer A such that 
as < x N so that a —e < x N < a< a+ e. Since {x } is increasing with l.u.b. a , x N < x < a 
for n > N. Hence 


\x n - a | = a - x n <a-x N <rV n> N 

Therefore lim x n = a. 

ft—»oo 

2. Suppose {xj is a decreasing sequence which is bounded below. Then one can see that {-x w | 
is an increasing sequence bounded above and l.u.b. {—jt } = -g.l.b. {x^}. Let j3 = g.l.b. {xj. 
Therefore by (1) —x — > asn and hence x n —> as n— > «>. Thus lim x n = which is 

g-l-b- {x n }. n ^°° B 


Notation: If |x j; } is an increasing sequence, we write {xjT and if it is decreasing, then we write {xjl. 

DEFINITION 1.35 Subsequence Let {n k } be a strictly increasing sequence of positive integers so that n ( < n-, 
<n 3 < ■■■. Let {xj be a sequence in M. Then {x„ t }, k - 1,2, 3, ... is called a subsequence of {xj. 


Example 


Let x n = n 2 ,n = 1,2,3....Then {xj is a sequence in R. Let 
n x = 2 • 1, n 2 = 2 • 2, « 3 = 2 • 3, ..., n k = 2 • k, so that n x < n 2 
<n 3 < ■■■ <n k < 2 .... Then 


{x n J = {x 2 k) = {{2k) 2 , A: = 1 , 2 , 3, —} 

is a subsequence of {x ; J. 


Theorem 1.43 Every subsequence of a convergent sequence converges to the same limit. 

P roof Let {x ;; } be a convergent sequence, x n —»Z as n —» °<= and let {x n J be a subsequence of {x n }. To £ > 0, 
there corresponds a positive integer A such that \x n —l\<e for all n > N. Since {n k } is an increasing 
sequence of integers, there exists a positive integer k such that n k > N so that n p > n k > A V p > k. 
Hence 


Thus x„ —> l as k —» c<>. 

n k 


p>k 


-l \<s 
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Theorem 1.44 

Proof 


If a subsequence of a monotonically increasing sequence converges to a limit, then the 
sequence itself converges to the same limit. 

Let \x n \ be a monotonically increasing sequence and \x n J a subsequence of {xj. Suppose x n — » / 
as k — > oo. Since {x n J is also increasing and lim x„ k = /, we have / = l.u.b. x„ k (Theorem 1.42) so 
that x n < / for k = 1,2,3,... . Therefore to £ > 0, there corresponds k 1 such that 

— /1 < £* for k < k x 

Let N = n ki - Then n> N =$ n> n k] and n < n p for some p > k r Therefore 

x n k ^ x n^ x n p ^ l => \ X n ~ l \ ^ \ X n k ~ l \<^ 

for n > N. Hence x n —> / as n —> a 


Note: In Theorem 1.44, the increasing nature of the sequence is essential. 

The following is an example of a sequence which is neither increasing nor decreasing, but contains convergent 
subsequences. 


Example 


Let x n 


JO if n is odd 
jl if n is even 


Then {x } = {0,1,0, 1,0, ...) which contains two subse¬ 
quences 


{ X 2n + il = i 0, °> °> * ■ • I and {x 2 „} = {1,1,1,...} 

which converge to 0 and 1, respectively. Hence {xj does 
not converge according to Theorem 1.43. 


We now introduce the notion of divergence of a sequence and discuss few tests for the convergence of a sequence. 

DEFINITION 1.36 1. A sequence {xj in R is said to diverge to +°o. if to each e > 0. there corresponds a positive 

integer N such that x n > s for all n > N , We write x n —> +°° as n —» °° or lim x n = +oo. 

2. A sequence jx n ) is R is said to diverge to if to each e > 0 . there corresponds a positive 
integer N such that x n < -e for all n > N. We write x n —> — «> as n —> °<= or lim x n = -oo. 


QUICK LOOK 10 


x —»+oo if and only if -x —» -°o as n —^ °o. 

n J n 

Note: 

1. x —> +oo as n —> oo => lx 1 is bounded below but not 

n 1 tv 

bounded above. 

2. x —> - oo as n —> °° => lx 1 is bounded above but not 

n 1 tv 

bounded below. 

3. If {xj is an increasing sequence and not bounded 
above,thenx ->+»as«->». 

’ n 


4. If jx ;i ) is a decreasing sequence and not bounded 
below, then x —> - °o as n —> °o. 

5. A sequence may neither be bounded below nor 
bounded above. For example 

\n if n is odd 
x n = \ 

[-n if n is even 


Examples 

1. Let x n = n 2 for n = 1, 2, 3, .... That is {xj = {l 2 , 2 2 , n>N^ n 2 > N 2 > (Je f = £ 

3 2 ,...}.Then,given e> 0,take N = [Vf ] + l, where [V^] 
denotes the integral part of y[e. Then 


Hence x„ —> as n —> oo. 
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2. Let x = —n for n = 1,2,3,.... Here, given £ > 0, take Thus x —> as n —> », Also according to Quick Look 


n = [f] + 1 so that 
n> N => -n < -N = -([f] + l) < -£ (v [f] + l> e) 


10, -n —» as n—>< 


The following theorem is called Cauchy’s first theorem on limits. 


Theorem 1.45 
(Cauchy's 
First Theorem 
on Limits) 


Proof 


Suppose {xj is a sequence in M and x n —> l as n —> x. Then the sequence {y |( } given by 

Xi +x 7 +■■■+ x„ 

y n =-— -- 

n 

also converges to l as n —» °°. 

It is enough if we prove the theorem for the case 1 = 0. Suppose x —> 0 as n —> °° and 


y„ = 


X 1 + x 2 + - + x n 


We now show that y n -t0asn-t«>. Let e > 0. Since x —> 0 as n -» °°, to e > 0, there corresponds 
a positive integer N such that 

£ 

\x„ < — for n > N 

I n i 2 

By Theorem 1.39 since |x j; ) converges so does {|jc„|}. Hence by Theorem 1.37 both |x j; ) and {|jc„|} 
are bounded. Let Ibea bound of {|x„ |). Take 

M = MaxjiV,^^+l 


Then for n>M we have 


kl= 


Xl+X 2 +- + X n 


Xl +X 2 +- + X M | X M+ 1 +X M+ 2 +-+X n 


n n 

Xi\ + \x 2 \ + - + \x m \ \x M+1 +x M+2 + - + x n \ 


n 

KM e(n-M 

<-+ - - 

n 2 \ n 


£ £ 

< — + — (by choice of M ) 


Therefore y n —» 0 as n —» 

To prove the main result, suppose x n —> l as n —» «>. Let 


y n = 


X 1 + X 2 H-1 X n 


Write 


and 


b„ = 


a n = X n~ l 

( Xl -l) + (x 2 -l) + -+(x n -l) 


Now a n —> 0 as n —» °° => b n —> 0 as n —> °°. But = y n -L Therefore 

h —> 0 as « —> oo => y —> / as n —» 

/I ^ ft 
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The following two theorems are tests for convergence of a sequence. 


Theorem 1.46 
(Comparison 
Test for 
Sequences) 


Suppose {xj and { y n \ are two sequences of non-negative real numbers and x n <y n \/n. Then 

1. y —> 0 as n —> °° => x —> 0 as n. 

J n n 

2 . x —> oo as n — »oo => y —»oo as n — » 


Proof 


1. Suppose y —> 0 as n —> oo. Let £ > 0. Since y —> 0 as n —> there exists a positive integer N 
such that \y n | < e for n > N. That is, 0 < y n < e from n> N (v y n > 0). Hence (by hypothesis) 

0 < x < y < £ V n>N 

n s n 

Therefore x —> 0 as n —> 

n 

2. Suppose x n -> oo as n —> °o. Let f > 0. Therefore there exists a positive integer N such that 
x n > £ V n> N. Now 

y n > x n > e V n > N =t> y n -4 °° as n —» °° ^ 


Corollary 1.11 


Proof 


If jx n ) and {y j; | are two sequences in R such that x n | < y n | for all n, then y n —) 0 as n —> => x n —) 0 
as n — > oo. 

Using Theorem 1.39, we have y n —¥ 0 as n —^ oo => |y n | —^ 0 as n —> oo. Therefore \x n | < \y n | —> 0 as 
n—¥ oo => |x„ | —> 0 as n -> oo. Hence 

hm x„ = 0 

'* |cr-| 


To prove the Ratio Test for sequences we need some simple results which are stated below as examples. 


Example 


1.41 


Show that if x > 1, then the sequence jx"), n = 1,2, 3, ..., 
diverges to +oo as n —» oo. 

Solution: Write x = 1 + h where h > 0. Using either part 
(2) of Theorem 1.20 or Binomial theorem (Vol. 1) for 


positive integral index, we have 

x n = (1 + h) n > 1 + nh —> oo as n —> °o 

Hence from part (2) of Theorem 1.46, x —» +oo as n —» oo. 
The converse can be provid similarly. 


Example 


1.42 


If a n > 0 for n = 1,2,3,..., then show that a n -> 0 as n —> °o 
if and only if 1 la -» °o as n —> oo. 


a n < — for n> N => — >e for n> N 
e a n 


Solution: Suppose a n —¥ 0 as n —> oo and let e > 0. Hence a u ->ooas«->oo. 

Therefore there exists a positive integer N such that The converse can be proved similarly. 


Example 


1.43 


If 0 < x < 1, then show that x" —> 0 as n —> oo. 

Solution: We have 

0<x<l=> — >1 
x 


i Y 

— —> oo as«-too (by Example 1.41) 


• x n —¥ 0 as n —> oo (by Example 1.42) 
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QUICK LOOK 11 


If -1 < x < 1 (i.e., |jt| < 1), then x" —» 0 as n —» °°. 


Theorem 1.47 
(Ratio Test 
for 

Sequences) 


Proof 


Suppose {xj is a sequence of non-zero real numbers such that 


l H + l 


/ as n —> oo 


Then, 

1. x n -tOasn-tM, if |/| < 1. 

2. \x n | —> oo as n —> °°, if |/| > 1. 
1. Suppose |/| < 1. Let 


so that 0 < k < 1. Write 


k = 


l+l/l 


1- 


e = 


so that k = \l\ + e. Then there exists N such that 


l n+1 


-I 


<e for n > N 


l n+l 


< 1/1 + £ = k for n> N 


x n+i I < k \ x n | for n> N 


x n+1 1 < k\x n | < k z \x n \< — <k n N+1 \x n | for n > 1 (v 0 < k < 1) 


= k 


n+l I n | 
•N 


Since 0 < k < 1, k" —>0asn—(by Example 1.43). Therefore by part (1) of Theorem 1.46, 
x n —> 0 as n —> oo. 

2. Suppose |/| > 1. Write y n = llx n so that 


y n -1 X n 1 


1 


» - as n —> oo and — < 1 

*n+l 1 

Hence from (1), y n -» 0 as n —» so that \y n | —> 0 as n —> °°. Consequently \x n \ = 1/| y n | —»as 
n—+oo (by Example 1.42). g 


We assume the validity of the following without the proof. 


Theorem 1.48 
(Cauchy's 
Second 
Theorem on 
Limits) 


Suppose \x n ) is a sequence of positive terms such that 


Xfi+l 


-» / as n —^ °° 


where / is a finite number. Then the sequence (x n ) l/ " l as n ^ 
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The following theorem is a major consequence of the density property of Q (Theorem 0.14). 


Theorem 1.49 


Proof 


Let a e R. Then, there exists strictly decreasing sequence {x J of rational numbers such that 
x — > a as n —> 

We already know (pre-requisites, Theorem 0.14) that between any two real numbers, there is a 
rational number. Let x 1 be a rational number such that a < x x < a + 1. Let 

y l = Min j.r^a-i-;^- 

There exists a rational number x 2 such that a< x 2 < y v In general, suppose we have defined ratio¬ 
nal numbers x p x v ....x n such that x 1 > x 2 > > ••• > x n > a and 


y r = Mini x,-, a + - >, i = 1,2,..., n 

1 ' i + lj 

Then, there exists a rational number x ^ , such that a < x , < y , so that 

’ n +1 n + 1 J n/ 

l 


a < x n+1 <a + - 


n +1 


and a < x n+1 < x n 


Thus, we have constructed a sequence {.r } of rational numbers such that 

a<x n <a + - and Xl > x 2 > ■■•> x n _ t > x n 
n 


(1.35) 


Now, 


\a-x n \ = x n -a (■.• a<x n ) 



(by construction) 


=->0 as n —> °o 

n 


Consequently x n —> a as n —» «>. Hence by Eq. (1.35), {x ; j is a strictly decreasing sequence of 
rational numbers such that x n —» a as n —> ^ 


Note: In a similar way, given aeK, we can show the existence of strictly increasing sequence {yj of rational numbers 
such that y —> a as n — » «>. In fact by Theorem 1.49, there exists strictly increasing sequence \u n \ of rational numbers 
such that —u —^ eras n —¥ «>. 

We now turn our discussion to establish a link connecting the limit of a sequence and limit of a function for which 
we assume that “Every sequence of real numbers contains a monotonic subsequence” (i.e., either increasing or de¬ 
creasing). 


Theorem 1.50 

Proof 


Suppose a < c < b, f : [a, b] —> R is a function and / (x) —» l as x —» c. Further suppose that {xJ is a 
sequence in [ a , b] such that q^cV n and x n —> c as n —» Then / ( x n ) —> l as n —¥ 

Let e > 0. Then there exists S> 0 such that (c - S, c + S) a [a, b] and 

x e(c-5, c + 5), x 1= c => \ f(x) -l \<e 

To this S > 0, there corresponds a positive integer N such that \x n - c| < 8 for n>N. Now, 

n > N => \x n - c\ < 5 

=>x n £(c-8,c + S),x n ±c 

=>\.f(x n )~l\< £ 


Hence f(x ) —¥ l as n —> «>. 
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Corollary 1.12 

Suppose a < c < b, f : [a, b] —> R is a function and /is continuous at c. If {xj is a sequence in [ a , b] 
and x -» c as n —» then / (x ) —» / (c) as n —> °°. 

Proof 

In Theorem 1.50 take / =/(c). Then the result follows even if x n = c for some n s. g 

Theorem 1.51 

Suppose a < c < b, f : [u, b] —> R is a function and / e R. Further suppose that whenever a 
sequence {xj a [a, b],x n ^ c, is such that x n —> c as n —> °° implies that /( x n ) -> / as x —> c, then 
/(x) -» / as x —> c. 

Proof 

Suppose that/(x) does not tend to / as x —> c.Then there exists a positive real number £ such that 
for any S> 0 with (c - S, c + S) a [a, b\, there exists x s e (c - S,c+ S),x 3 ^ c such that 

\f(x s )-l\>£ (1.36) 

Now take S= 1/n and write x x =x .Then 

o n 

X n 6 \C - ,C + -),X n *C 

V n n J 

Let rj > 0. Take 

r 1 ! i 1 
v] n 

where [ 1 / rj\ denote the integral part of 1 / 77 so that 

A7 1 1 
n> N => — < — < 77 
n N 

Hence 

n > N => x„ - cl < — < r] 
n 

so that x — > c as n — > 00 . Since, by hypothesis /(x ) — > / as n — > 00 , there exists a positive integer N 
such that |/(x„ )-l\<e for n>N. According to Eq. (1.36), this contradicts the choice of x n . Hence 
/ (x) — > / as x — > c. B 

Corollary 1.13 

Suppose a < c < b, f: [a, b\ —» M is a function such that/(x n ) —>/(c) whenever (x n ) is a sequence 
in [a, b] with x n -t c as « -> «. Then /is continuous at c. 

Proof 

In Theorem 1.51 take / =/(c). ■ 


Combining Corollaries 1.12 and 1.13, we have the following theorem which gives an equivalent definition for the con¬ 
tinuity of a function at a point of its domain. 


Theorem 1.52 

Suppose a < c < b, f : [a, b\ —» M is a function. Then /is continuous at c if and only if / (x ;i ) — > f (c) 
as n —> 00 whenever jx n ) is a sequence in [a, b] with x n —> c as n —> °o. 

Proof 

Suppose / is continuous at c and x n —¥ c as n —¥ Then by Corollary 1.12, / (xj —> / (c) as // —> 00 . 
Now, suppose that / (x n ) —> / (c) as « -> »> whenever {x /; } is a sequence in [a, 6] with x n -t c as 
u — > 00 . We may suppose that x^cV n. Then by Corollary 1.13,/is continuous at c. ■ 


1.12 Infinite Series 


In this section, we introduce the concept of an infinite series, its sum, convergent and divergent series with the aid of 
the sequences. Also we give few tests to determine convergence or divergence of a series. 
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DEFINITION 1.37 Infinite Series Suppose {xj is a sequence of real numbers. Then the series x 1 + x 2 + x 3 + ■■■ is 
called an infinite series. x„ stands for the infinite series x, +x 2 +x 3 + —. Here n is only a 

n =1 00 

variable and we may equally write x m . 

m-1 

n °° 

Note: ^ x t = x 1 + x 2 h- 1 x n is a finite sum. As it is, the symbol ^ x„ has no meaning, but we attach a meaning to 

1=1 «=1 

this symbol in certain situation as follows. 


DEFINITION 1.38 Let ^x„ be an infinite series. Write 

n =1 

n 

S n=Y J X ‘ =X l + X 2 + -+X,, 

i=l 

which is the sum of the first n terms x 1 + x 2 + ■■■ + x„. This sequence (,v n | is called the sequence 
of partial sums of the series x„. 

n-1 

1. If the sequence js J converges, say to 5 , then we say that the infinite series converges to 5 and 
has the sum s. In this case we write Ax n = s. 

2. If s diverges to +°° (or -°°) then we say that lx n diverges to +°° (or -°°). 

Notation: Suppose {x ;; }, are two sequences of real numbers. Then E(x„ + y n ), ZAx J( , leS are the series associated 
with the sequences {x n + y } and {AxJ. 

Note: It can be shown, as we did in the case of sequences, that if £x n = s and Z_v n = f, then Z(x n + y ) = s +1 and IAx h = As. 


Example 


1.44 


Consider the geometric series a + ar + ar 2 +■■■ where 
-1 < r < 1. Under what conditions the series converges 
and diverges. 

Solution: For the given series 

- n-l (1-0 

s„ = a + ar + ar~ +--- + ar =a- -- 

n -t 

1 — r 


Now 


lim s n = lim a 

X—X— 


1 —r” 
1 —r 


-lim 

1 — r x->°° 



- -0 (Example 1.43 and Quick Look 11) 

1 — r 

a 

~l^r 

In particular the series 1 + (1/2) + (1/2 2 ) + (here x n = 1/2" 
for n = 0 , 1 , 2 ,... is convergent and its sum is 

---= 2 

1 - (1/2) 

Similarly if r > 1, then the 

a ar n 
" 1 —r 1 —r 

diverges because r n diverges and hence Aar" diverges if 
r > 1 . 


Example 


1.45 


Let 


(- 1)" +1 if n is odd 
0 if n is even 


Solution: The series Xx = l + 0 + l + 0 + — diverges 

because if s n - x 1 + x 2 H-1- x„ , then s 2n _ 1 = s 2n = n for 

n = 1 , 2 ,3,.... 


Does this series converge or diverge? 
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Let x n = for n = 1, 2, 3, .... Find the sum of this 

series. 

Solution: For the given series, we have Xx n = 1-1 + 1 
—! + ••• so that 


0 if n is even 
1 if n is odd 


Then s does not converge and hence the series Zx n has 
no sum. 


Example 


Let 


1 


" n(n + 1 ) 

for n = 1,2,3,.... Find its sum. 

Solution: We have 

111 1 

S„ — -1-1-1-h - 


" 1-2 2-3 3-4 n(n +1) 


= 1 l--) + (---) + ( — 

2) V 2 3 ) V 3 4) \n n +1 


= 1 - 


1 


n + 1 


Now-> 0 as n ■+ <» => s —> 1 as n —> °°. Hence 

n + 1 


1 


' n(n + 1 ) 


= 1 


Example 


1.48 


Show that the series 1[1 + 2[2 + 3[3 + ■ ■ ■ diverges. 

Solution: The series l[l + 2[2 + 3[3 + — diverges because 
x n = n\n = (n +1 — 1 )[n = |n + l - [n 


and hence 


Sn= x l+X 2 +- + X n 

= ( 12 - 11 ) + ( 13 - 12 ) + ( 14 - 13 )+- 

= |n +1 — 1 —> as n —> 

Hence, the series Z(n|n) diverges. 


Theorem 1.53 
(Cauchy's 
General 
Principle of 
Convergence 
for Series) 


Let S x n be the series. Then a necessary and sufficient condition for Y.x n to converge is that to 
e > 0, there corresponds a positive integer N{s) such that for any positive integers m, n with 
m > n > N(e), \x n+l +x n+2 +-- + x m \< e. (In other words, the sequence js ;j } of partial sums is a 
Cauchy sequence.) 


Proof 


Let s n = x, + x 2 + —+x n . Then Xx n converges if and only if s converges and {v ;j } converges; that 
is, by Theorem 1.48, if and only if to e > 0, there corresponds a positive integer N(e) such that 
| s m - s n | < e whenever m>n> N(e). This implies 

\ x n +i + x n+2 + -■• ■+ x m | = \s m - s „|for m>n> N(e) 


Thus the result follows. ■ 

The following theorem is a necessary but not sufficient condition for the convergence of a series. 


Theorem 1.54 
Proof 


If Xx n converges, then x n —» 0 as n —> 

Suppose Xx n converges. Let e > 0. Then there exists a positive integer N{e) such that |.v,„ - s n | < e 
for m> n> N(e). Now, take m = n + l,n> N(e). Then 

\ x n+i | = k,+i - s„ I < e for n > N{e) 


Hence x, —> 0 as n —> °o. 
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The following example shows that the converse of Theorem 1.54 is not true. 


Example 


Show that the series 1,(11 n) is not convergent while the 
nth term (1 In) —> 0 as n —> °°. 


\ S 2n~ S n\- S 2n S n 


Solution: Let 


Then 


, 1 1 1 

S„ — 1H-1-h-1- 

2 3 n 


11 1 

—- 1 - h ••• H - 

n +1 n+2 2n 

11 1 
> — + — + ■•• + — 

2 n 2 n 2 n 

= ni —)>i 

(2 n 2 


Consequently by Theorem 1.53. X0/«) is not convergent. 


DEFINITION 1.39 If* > 0 Vn, then lx n is called series of non-negative terms and if x n > 0 V n then lx n is called 
series of positive terms. 

Note: If lx n is a series of non-negative terms, then the sequence {sj of partial sums is an increasing sequence of 
non-negative terms so that either {sj converges in which case lx n converges or (yj diverges to +°° in which case lx n 
diverges to +°°. 


The following theorem is called comparison test for the convergence or divergence of series. 


Theorem 1.55 
(Comparison 
Test) 

Proof 


Let lx n and ly n be two series of non-negative terms such that x n <y n V n e N. Then 

1. ly converges =>lx n converges. 

2 . lx n diverges to +°° => ly diverges to + °°. 

Let 


s n= x \+x 2 +- + x n and t n =y l + y 2 + — + y n 

Then x n < y n Vn => s n < t and {tj are increasing sequences. Therefore by Theorem 1.47 

{t } converges => {.s^j converges 
{.s w } diverges to +°o => {r } diverges to +°° 


Theorem 1.56 


Proof 


Let lx n be a series of non-negative terms and ly n a series of positive terms. If 

X 

——> l 0 as n —¥ °° 


y n 

then either both lx n and ly are both convergent or both divergent. 
We have / ^ 0 => / > 0. Then there exists a positive integer N such that 

— - / < — for n > N 

y n 2 


/--< — </ + — for n > N 

2 y„ 2 

(^)> ; « - Xn - {^) yn yn - N 


That is 
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Hence 


Zx k converges —1>-„ converges => E_y converges 


Also, 


Zx n diverges =s> — y y n also diverges => Ey n diverges 
Thus Zx n and Ey n either both converge or both diverge simultaneously. 


Theorem 1.57 
(Cauchy's 
Root Test) 


Proof 


Suppose Ex n is a series of non-negative terms. 

1. Let 0 < A < 1. If there exists a positive integer N such that x yn < A for n>N , then Ex n 
converges. 

2. If there exists a positive integer N such that x yn > 1 for n > N, then Zx (! diverges. 

1. Suppose xf < A e (0,1) for n > N. Then x n < A" for n > N and ZA" is convergent (Example 
1.44 taking a = 1). Therefore by Theorem 1.55, Ex n is convergent. 

2. Suppose x y n n > 1 for n > N so that x n > 1 for n >N. Hence, x n does not tend to zero. Consequently, 

Ex n diverges (by Theorem 1.54). ■ 


Theorem 1.58 

(D'Alembert's 

Test) 


Proof 


Suppose Ex ; is a series of positive terms. 

1. Let 0 < A < 1. Suppose A is a positive integer such that x n+] /x n < A for n > N. Then E x n 
converges. 

2. Suppose x n+1 /x n > 1 for n > N. Then Ex n diverges. 

1. By hypothesis 

x „ +1 < Ax„ < A 2 x „^ 1 < ••• < A n ~ N x N+1 for n > N 

so that x j > X l ~ N x N V Therefore Ex n converges since EA" v x. v+i = x v+l EA" N converges. 


2. By hypothesis x n+l > x n > x n _ x > — > x. v+l > 0 for n > N. So Ex , ;+1 < Zx n+1 and Ex n+1 diverges. 
Hence 2x n+1 diverges and consequently Ex ;j diverges. 


Example 


Show that the series El ln p is convergent if p > 1 and 
divergent if p < 1 . 

Solution: 


1. The given series is 

111 1 

-1-1-b • • • —-h 

IP 2 p 3 P l p 


2^ + y 


1111 
H- 1 -b 

4 P 5 P 6 P l p 


+ — + — + — + — +■■■ (1-37) 


where p > 1. We observe that 

1 1 1 1 _ 2 
2 P+ 3 P< 2 P+ 2 P ~2 P 


2 P 


-l 


11114 1 

-1-1-1-<-— —-77 

4 p 5 p ftp 7 p 4 p 2 2 ^ p ~ 1 ’ 


111 18 1 

8 P 9 P 1 0 P 15P 8 P 2 3(p_1 ^ 

Thus the nth group of Eq. (1.37) < l/2' ,( ^ ” 11 and 
because p > 1, l/2 n<J> ~ < 1. Hence El/2”^ _ ^ is 

convergent (since it is a geometric series with 
common ratio 1/2 P ~ 1 < 1). Therefore, by comparison 
test (Theorem 1.55), the given series is also 
convergent. 












74 


Chapter 1 I Functions, Limits, Continuity, Sequences and Series 


2. When p = 1. In this case the given series becomes 
1 + ^- + ^ + ^- + — which is divergent (Example 1.67). 


3. When p < 1. In this case \ln p > 1 In and 1(1/«) is 
divergent. Hence again by the comparison test the 
given series is divergent. 


Note: In the case p > 1, we have assumed that the convergence of a series does not change by grouping the terms of 
the series. 


Example 


1.51 


Show that the series X —-is convergent. 


So x n <y n and 2y n is convergent (by Example 1.50). 
Hence by comparison test 2x n is also convergent or 


Solution: Let 


1 o 1 

x„ = ——2 and y n = — 


n 2 + a 


n 


*,j_ 

y n 


n +a 1 + (aln) 


-> 1 asn-too 


Using Theorem 1.56 and the convergence of the series 
2y n , we have that 2x n is also convergent. 


Example 


Show that the series X 


yfn + yjn +1 


is divergent. 


Solution: Let 


1 1 
x„ = —-;= and y n = 


" yfn + yin +1 


2 yfn 


Therefore 


Example 


. .2 3 4 n + 1 

Show that the series- v — + — + --H-+ ■■• is 


convergent if p > 2 and divergent if p < 2. 

Solution: We have 

71 + 1 
=-— 


Let 


y n = 


n 1 


7c 


2 yfn 


y n yfn + \l n + 1 1 + yj(n +1 )Ik 

By Example 1.50, 


-+ 1 as 7i —> oo 


X —j= \ p = — < 1) is divergent 
yjn V 2 ) 

Hence by Theorem 1.56, 2x n is also divergent. 


Clearly 

x n . 1 . 

— =1+->1 as 77 —> oo 

y n n 

1. If p - 1 > 1 (i.e.,p > 2), then 2y n is convergent and 
hence 2x is also convergent. 

2. If p -1 < 1 (i.e.,p < 2), then 2y n is divergent and hence 
2x n is also divergent. 


WORKED-OUT PROBLEMS 


Note: IMPORTANT FORMULAE The following 
limits are frequently used and are to be assumed. 

1. lim f 1 + — | = e = lim(l + y) 1/) ' where e = 2.71828 


2 . lim + = log H e where a > 0 and 1 

x 

In particular + j 0 g e = \ as x —^ 0 
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Worked-Out Problems 


- a x -1 

3. lim- 

x->0 X 


log ( , a, where a > 0. In particular, 


Note that using this inequality and the squeezing 
theorem (Theorem 1.14) we can show that 


lim 

x—>0 


e x -1 


x 


\ 


log e e = 1 


4. For all elementary standard functions (i.e., functions 
that are continuous at a point of their domains, see 
Definition 1.23) 


lim f{x) = f{a) 


5. 


If a > 0, then- 

1 +a 


< log (1 + a) < a will be assumed. 


log„(l + x) 
lim —^- - = 1 

x—>0 X 

6 . In (1) if we replace x with n e N, we have 

lim f 1 + —) = e 

7. If lim /(x) = a > 0 and lim g(x) = (3 (finite number), 
then lim(/(x))^^^ = a p . 


Single Correct Choice Type Questions 
Functions and Limits 


1. The domain of the function 


So I ution: The given graph is represented by the function 


/ (x) = \lx 2 -3x+2 



is 

(A) [-1,1] u [2,3] (B) (- 1,1] u [2,3) 

(C) (—, 1 ] (D) [2, oo) 

Solution: We have 


yjx 2 - 3x + 2 is real» x 2 - 3x + 2 > 0 

<=> (x - 1 ) (x - 2 ) > 0 

<=> x < 1 or x>2 (1.38) 

Again 



is defined »3 + 2x-x >0 

V 3 + 2x —x 2 

» - (x + 1) (x - 3) > 0 

<=> (x + 1) (x - 3) < 0 

<=> -1 < x < 3 (1.39) 

From Eqs. (1.38) and (1.39), it follows that/(x) is defined 
forx e (-1,1] u [2,3). 

Answer: (B) 

2. The graph in Fig. 1.24 represents a function whose 
domain is 

(A) (-oo,-l) u (1,2) (B) (-oo,-l] u [1,2) 

(C) (-oo,-l) u [1,2] (D) (-oo,-l] u [1,2] 


FIGURE 1.24 Single correct choice type question 2. 

Answer: (A) 

3. If f(x) = x 2 + Ax + 1 for all real x and /is an even func¬ 
tion, then the value of A is 

(A) 1 (B) -1 

(C) any real number (D) 0 

Solution: Since / is even, we have / (1) = / (-1). 
Therefore 2 + A = 2 - A, which implies that A = 0. 

Answer: (D) 

4. Let Cj be the graph of the curve represented by the 
equation x 2 - 13x + 4y = 1. If C 2 is the new curve 
obtained when C 1 is reflected in the origin, then the 
equation of C 2 is 
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(A) x 2 - 13x - 4y = l (B) x 2 + I3x + 4y = 1 

(C) x 2 - 13x -4y = -l (D) x 2 + 13x-4y = l 

Solution: Since C 2 is the reflection of C 1 in the origin, 
we have 

(x, y) s C x <=> (-x, -y) e C 2 

<=> (-x) 2 - 13(-x) + 4{-y) = 1 
<=> x 2 + 13x - 4y = 1 

Answer: (D) 


5 . Let /(x) = x - 3 and 
g(x) = ■ 


x 2 - 9 . , 

- if x ^ -3 

x + 3 

k if x = -3 


If /(x) = g(x) for all real x, then the value of k is 

(A) 0 (B) 3 

(C) -6 (D) no real value exists 

Solution: Clearly 


g(x) = 


x 2 - 9 
x + 3 


= x-3 = f{x) 


for x ^ -3 and / (-3) = -6. Hence k = —6. 


Answer: (C) 


6 . The domain of the function /(x) = ^/|jc — 1| — 1 is 
(A) (—°°, 1] u [2, oo) (B) (—°°, 0] u [2, oo) 

(C) (-oo,0]u[l,~) (D) [0,1] 

Solution: We have 

\x-l\ > 1 <=> x-1 < -1 or x-l>l 
<=>x<0 or x>2 

Answer: (B) 


7 . If [•] denotes the greatest integer function, then the 
domain of the function 


fix) 


(A) (-oo,7] 
(C) (-7, 7) 


1 

J[|x| - !]| - 5 


(B) (-oo, -7] u [7, oo) 
(D) (- 00 , 00 ) 


Solution: We have that 

f(x) is defined <=> |[|jc| —1]| — 5 > 0 

<=> [| x\ -1] < -5 or [| x\ -1] > 5 
<=> |cc| — 1 < —5 or U|-l>6 


<=> |.r| < -4 or |x| > 7 
<=> x < -7 or x > 1 
ore (— 00 , —7] u [7, °°) 

Answer: (B) 


8 . The domain of the function 


Cos 


-1 


m - 3 


+ - 


1 


logic (4-x) 


is 

(A) [-5,-1] u [1,3) u (3,4) (B) [-5,5] 

(C) [1,3] u (3,4) (D) [1,3] u [3,4] 

Solution: Cos _1 [(U| - 3)/2] is defined for 


=> -2< |x|-3< 2 
=> 1 < |x| < 5 

Therefore 

jcg [-5,-1] u [1,5] (1.40) 

Again l/log 10 (4 - x) is defined for x < 4 and x ^ 3. That is 

x e (- 00 ,3) u (3,4) (1.41) 

Therefore, from Eqs. (1.40) and (1.41), the domain of the 
given function is 

[-5, -1] u [1,3) u (3,4) 

Answer: (A) 


9 . The domain of the function 


e Sin- 1 * + J_ + 


[x] ^fx +1 


is 

(A) (-1,0) u (0,1] (B) [-1,1]-[0] 

(C) (-1,0) u [1] (D) (0,1], where [x] is 

the integral part 
of x 


Solution: We have 

Sur 1 * is defined for -1 < x < 1 (1-42) 

Now l/[x\ is defined when [x] ^ 0, that is 

x e [0,1) (1.43) 

Also I/'s/ x +1 is defined only when x + 1 > 0, that is 

x > —1 (1.44) 

From Eqs. (1.42)-(1.44), the domain of the given func¬ 
tion is (—1,0) u {1}. 


Answer: (C) 
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10. The domain of the function 

e* + Sin -1 -1 j + log () 

where [x] is the integral part of x is 
(A) [0,4] (B) [0,3] u {1} 

(C) (0,4) (D) (0,4)-{1,2,3} 

Solution: 

1. e x is defined for all x (real or complex). In this context 
x is real. 

2 . sin -1 [(x/2) -1] is defined for -1 < (x/2) — 1 < 1 , that is, 
0 < x < 4. 

3. x>[x]=> Jx-[x] is defined for all real x. Therefore, 

log(^/x - [x]) is defined when x is not an integer, 
because x = [x] when x is an integer. 

Therefore from the above, the domain of the given 
function is (0, 4) - [1,2,3). 

Answer: (D) 


(C) (™)/(l) (D )f(m)-f(n) 

Solution: Clearly/(0) =/(0 + 0) =/(0) +/(0) implies 
/(0) = 0. Also 

0 = /(0) = fix -x)= f{x + (-x)) = f{x) + f(-x) 
Therefore 

/(-x) = -/(x) (1.47) 

Case I: Suppose x is a positive integer. Now 

/(2) =/(l + 1) =/(!)+/(!) = 2/(1) 

/(3) = /( 2 + 1) = /( 2) +/(1) = 2/(1) +/(1) = 3/(1) 

Therefore, by induction, 

/(x) = x/( 1) (1.48) 

Case II: Suppose x is a negative integer, say x = —y where 
y is a positive integer. Now from Eqs. (1.47) and (1.48) 
we have 

/(*) = fi-y) = -/O') =-yf(l) = xf(l) 


11. The domain of the function 

fix ) = 

is 

(A) (0,3) (B) (0,1) u [2,oo) 

(C) (1,2) (D) [1,2] 

Solution: log 10 [(3x - x 2 )/2] is defined only when 


Case III: Suppose m and n are integers and x = min and 
n is positive. Now 

m/(l) =/(m) [By cases (1) and (2)] 

= finx) 

= /(x + x+ ■■■ + « times) 

= /(x) + /(x) + ---upto n times 

= «/(x) 


3x — x 2 
2 


>0 


=> x 2 - 3x < 0 

=> 0 < x < 3 (1.45) 

Now V lo g 10 [(3x - x~ )/2] is defined when 


2 

=> x 2 - 3x + 2 < 0 

=> (x - l)(x - 2) < 0 

=> 1 < x < 2 (1.46) 

From Eqs. (1.45) and (1.46), the domain of/(x) is [1,2]. 

Answer: (D) 


12. Let /: R —» R be a function such that /(x + y) = 
/(x) + /(y) for all x, y belonging to R. If m and n 
are integers, then f(mln) is equal to 

fim) 


(A) 


fin) 


(B) ^ 

n 


Therefore 

/(x) = [^]/(l) 

Hence,/(x) = x/(l) for all rational numbers x. 

Answer: (C) 

Note: In the above problem, if / is also continuous, then 
/(x) = x/(l) for all real x which we discuss later. 

13. If [x] denotes the integer part of x, then the domain 

e~ x 

of the function /(x) =-is 

l + [x] 

(A) R—[—1,0) (B) R 

(C) R - [0,1] (D) (1,~) 

Solution: /(x) is defined when 1 + [x] ^ 0. 

1 + [x] = 0 <=> [x] = -1 
<=> -1 < x < 0 
oxe [-1,0) 

Answer: (A) 
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14. The domain of the function 


fix) 


x\x-3\ 

(■ x 2 -x-6)|x| 


x g R 


is 

(A) R 

(C) R-{2,3} 


(B) R-{3| 

(D) R-{-2,0, 3} 


Solution: 


The given function can be written as 


/(*) 


*|x-3| 

(x-3)(x + 2)|x| 


Therefore,/is defined for x ^ -2,0,3. 


Answer: (D) 


15. Domain of the function 

fix) = 2 Sin -1 Vl — x + Sin -1 [2^(1-x)] 
is 

(A) 0 < x < 1 (B) 0 < x < 1/2 

(O (D) 

Solution: 1 - x > 0 and x(l - x) > 0 when 0 < x < 1. In 
this case, 0 < 2^/(1-x)x < 1. 

Answer: (A) 


16. Let / : R —» R - {3} be a function such that for some 
P> 0, 


f(* + P) 


fjx)~5 
fix)- 3 


for all x g R. Then, period of /is 
(A) 2 p (B) 3 p 

(C) 4 p (D) 5p 

Solution: 3 does not belong to the range of/implies 2 
also cannot belong to range of / because, if /(x) = 2 for 
some x g R. Then 


f ( x+p ^ = frf =3 

which is not in the range of/. Hence 2 and 3 are not in the 
range off. If/(x + 2 /j) = /(x), this implies 

f(x) = f(x+ p+ p) 

_ f(x + p)~5 
f(x + p)-3 

fix)-5 5 
_ /Q)-3 

/U)~ 5 3 

/W-3 


-4/(x) + 10 2/(x)-5 

—2/(x) + 4 /(x)-2 


so that [/(x) -2] 2 = -1 which is absurd. Therefore, 2/? is 
not a period. Again 


/(x+3p) 


2/(-y + p)-5 
f(x + p)~2 


3/W-5 

/W-i 




Now 


f(x + 4p) = f(x + 3p + p) 

= fix + 3p) - 5 
f(x + 3p) — 3 

3/W-5 
/W-i 


3/U)-5 
/(*)-! 
_ ~2/(-r) _ 
-2 


Therefore 4p is a period. 


Answer: (C) 


17. Let / : R —> R be a function such that 
fix + y) + fix -y)= 2 f{x) f(y) 

for all x, y g R and f(a) = -1 for some a e R. Then 
period of/is 

(A) 2 a (B) 3 a 

(C) 5 a (D) la 

Solution: Given that 

fix + y) + fix-y) = 2f{x)f(y) VxjgR 
Substituting x = 0 and y = 0, we have 

/(0) = (/(0)) 2 =*/(0) = 0 or 1 
If/(0) = 0, then 

fix + 0) + fix - 0) = 2 /(x)/( 0) 

and hence /(x) = 0 for all xgR which contradicts the 
fact that f(a) = -1. Therefore 

/( 0 ) = 1 

Now, replacing x with x+2ctr and y with x - 2or in the 
given relation, we have 

/(2x) + /(4a) = 2/(x + 2a)fix -2a) (1.49) 

Also in the given relation, if we put y = x, then we have 
/(2x) +/(0) = 2/(x) /(x) 
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Therefore 

/(2x) = 2[/(x)] 2 -l (1.50) 

In Eq. (1.50), if we replace x with 2a, then 

f{4a) = 2[/(2a)] 2 - 1 (1.51) 

But 

x = y = a^ /(2a) + /(0) = 2 [f(a)] 2 
=>/(2«) = 2[/(a)] 2 -l 
= 2 ( 1)-1 [••■/(«)=- 1 ] 

= 1 (1.52) 

From Eqs. (1.51) and (1.52) we have 

/(4a) = 1 (1.53) 

From Eqs. (1.49), (1.50) and (1.53), we get that 

f(x + 2a) f(x - 2d) = (/(x)) 2 (1.54) 

Similarly if we put y = 2 a in the given relation, we have 
/(x + 2a)+/(x-2a) = 2/(x) (1.55) 

From Eqs. (1.54) and (1.55), we have 

f(x - 2a) =/(x + 2a) =/(x) 

Therefore 2 a is a period of /(x). 

Answer: (A) 



QUICK LOOK 


In Question 17, f(x) = cos x satisfies the conditions of 
f{x) with a= n. 


18. Let /: R -> I be a function satisfying the relation 
/(x + l) = | + V/(x)-(/(x )) 2 


for all rsl. Then period of /(x) is 
(A) 2 (B) 3 

(C) 3 (D) 5 

2 


Solution: Observe that/(x) > 1/2 for all rel. Now 
f(x + 2) =/(x +1 +1) 


= ± + V/(* + l)-(/(* + l )) 2 

= i + & +V/( x ) - \ - V/w - 

2 i -[/w-(/w) 2 i 

^-/W+[/W] 2 


1 

-h 

2 

1_ 

2 


1 

2 ~ 

1 

- + 
2 


fix) 

f(x) 


=/w 



Therefore, 2 is period of/(x). 


Answer: (A) 


^ Try it out In Question 18, replace 1 with a > 0 
and prove that 2 a is period of / (See Worked-Out 
Problem 24, page 63, Vol. 1.) 


19. The period of the function/(x) =Tan 1 (tan x) is 
(A) * (B) | 

(C) — (D) — 

K ’ 2 v 4 

Solution: /(x + k) =Tan 1 (tan (x+x)) =Tan 1 (tanx) =/(x) 

This implies n is the least period of/(x). 

Answer: (A) 


20 . The period of 

f( x ) = 2cos^~^~j 

is 

(A) 2 n (B) 4/r 

(C) 5 n (D) 6 n 

Solution: Period of acos(ax+b) is 2 n when a is an 
integer and the period of cos(kx)=2^/k when k> 0 
integer. Therefore, period of /(x) is 6^. 

Answer: (D) 

21 . Which of the following graphs represents 
y = 2 |x — 2| — |x + l| + x? 



1 

—-b 

2 
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FIGURE 1.25 Single correct choice type question 22. 


x < 0 => f(x) = yj\x-l\-l = -J-x 

So the graph must be upper half the parabola y 2 = - x 
with vertex at origin. Again 

x>2 => y = ylx-2 => y 2 = x-2 

which represents parabola in the upper half of the x-axis 
with vertex at (2,0). 

Answer: (B) 

23 . lim /(x) of the graph of the function given in 

x—>3+0 

Fig. 1.26 is 

(A) 1 (B) 3 

(C) 2 (D) 4 

Solution: As per the graph, lim fix) = 2 

*—>3+0 



5 


m=\ 


3 —2x 
2x-5 


if .r < -1 
if — 1 < jc < 2 
if x > 2 

Answer: (A) 



FIGURE 1.26 Single correct choice type question 23. 

Answer: (C) 


24 . If/(x) = 3x 2 -x, then 


hm f( x + h )-f( x ) _ 

h->0 h 


22 . The graph in Fig. 1.25 is represented by which of the 
following function? 

(A) f(x) = VW-2 (B) f(x) = yj\x- 1| — 1 

(C) f{x) = ^f1 (D) f{x) = y j\x + 1|-1 

Solution: The domain of f(x) = yj |jc —1| — 1 is (-<», 0] u 
[2, oo) because \x —1| > 1. Now 


(A) 3x —1 (B) 4x - 1 

(C) 8x -1 (D) 6x - 1 

Solution: We have 


lim 


f(x + h) - f{x) 


h^0 


lim [3(- y + h) 2 -jx + h)\ - (3x 2 - x) 

h —>0 


h 


h 






























Worked-Out Problems 


= lim 

/ i ->0 


6xh + 3h z —h 
h 


= lim \6x + 3h - 1] = 6x -1 
h-> o 


Answer: (D) 


25. Let 


f(x) = 


x if 0 < x < 1 
2x — 1 if 1 < x < 2x 


Then lim /(x) is equal to 

X—>1 


(A) 1 
(C) ±1 

Solution: We have 


(B) 2 

(D) does not exist 


lim /(x) = lim /(I - h ) = lim(l - h) = 1 
x—>1-0 h— >0 h-> 0 

lim /(x) = lim/(l+ h) = lim[2(l + /z)-l] 

x—>1+0 h— >0 /z—>0 


Therefore 


= lim(2 + 2/z -1) = 1 
h-> o 


lim f(x) = lim f(x) = 1 

X->l-0 X^l+0 


' lim/(x) = 1 

X —>1 


Answer: (A) 


26. Let 

/(*) = 

Then lim/(x) 

X —>1 

(A) is equal to 1 
(C) is equal to 3 

Solution: We have 


x — 1 if jc < 1 
2x —1 if 1 < x < 2 
x +1 if x > 2 


(B) is equal to 0 
(D) does not exist 


lim f(x) = lim f(l-h)= lim[(l - h) - 1] = 0 

x-U-0 *-> 0 /!-> 0 

lim f(x) = lim/(l+ /z) = lim[2(l + /z) — 1] = 1 

x—>1+0 h —>0 /z—>0 

lim /(x) ^ lim f(x) =?> lim/(x) does not exist 

A->l-0 A—>1+0 A'—>1 

Answer: (D) 


(A) 11 
(C) 12 

Solution: We have 


(B) 14 

(D) does not exist 


lim /(x) = lim /(2 -h)= lim(3(2 + /r) + 5) = 6 + 5 = 11 

x—>2-0 /z—>0 /z—>0 

lim fix) = lim /(2 + h) = lim(7(2 + h) - 3) = 14 - 3 = 11 

x—>2+0 /z—>0 /z—>0 


Therefore 


lim /(x) = lim /(x) = 11 => lim /(x) = 11 


x—>2-0 


x—>2+0 


x—>2 


Answer: (A) 


28. lim 


x ^> 2 \x — 2 x l —4 

(C) °° 


IS 


( B ) i 

(D) does not exist 


Solution: This is the case where lim(/ + g)(x) exists 

X—>fl 

even though lim/(x) and limg(x) do not exist as we 

X—>0 X—>zz 

said in Theorem 1.6. Therefore 


1 


lim, , , _, 

x—>2^x — 2 X" — 4^ x—>2^ x“-4 


.liml^Ulim - 1 1 

x—>2 x + 2 4 

Answer: (B) 


29. lim 


1 


1-x 3 


is equal to 


(A) 0 (B) 1 

(C) does not exist (D)-l 

Solution: Observe that individually lim 1/(1-x) and 
lim 1/(1-x 3 ) do not exist. But x 

X->1 


limf—--^ 

miU-x 1-x 3 


= lim 

X —>1 


= lim 

X—>1 


1 + x + x 2 - 3 
1-X 3 A 
(x + 2)(x-l) 


= lim 


1-x 3 

(~(x + 2y\ 

V 1 + X + x~ ) 


A ^iVl + x + x" 
-(1 + 2 ) 


1+1 + 1 


= -l 


Answer: (D) 


27. Let 


/(*) = 


lx -3 if x > 2 


3x + 5 if x < 2 


Then lim/(x) equals 

x—>2 


30. Let /(x) = x[x], where [x] denotes integral part of x. 
If a is not an integer, then 


lim 

a—> o 


f{a + h)-f(a) 
h 


(A) a 


(B) 2[a] 
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(C) [a] (D) does not exist 

Solution: We have 

lim /(n+ /?)-/(«) = Hm (a+h)[a+h]-a[a] 

/j—>o h h— >0 h 

(a + h) [a] — a\ci\ 


= lim 

/(—>o h 


= lim[«] = [a] 

h—>0 


31. Let 

/(*) = 

Then lim/(x) is 

x —>0 

(A) 1 
(C) oo 

Solution: We have 


(v a is not an integer, 

[a+h] = [a] for small values of h) 


Answer: (C) 


sin(x 2 ) 


if x ^ 0 
if x = 0 


(B) 0 

(D) does not exist 


lim f(x) = limx 

x->0 .v—>0 


( ■ 2 V 

sinr 


\ x J 
= 0x1 (By Theorem 1.27) 

= 0 

Answer: (B) 


/(*) = 


(1 + x) V2 -1 
(1 + jc ) w -1 

\l + x) m - 1 

V 1+x ~ 1 j 


(l + x) V3 -l 
1 + x-l 


1/2 i 1/3 i 

_ y -i . y -i 

“ T-l ' L-l 

where y = 1 + x. Now y —> 1 as x —> 0. Therefore 


lim /(x) = hm 

x—>0 y —>1 


(y vl - 1] 


l y - 1 J 

{ y- 1 J 


= lim 


/ 2 -l^ 


y-1 


-^lim 


y V3 -l N 


.v— y -1 


= ^ — (By Theorem 1.26) 


sin(a + x)-sin(a-x) 

34. hm—------- equals 

x->0 X 


Answer: (B) 


(A) 2 sin a 
(C) -2 cos a 

Solution: Let 


/ 0 ) = 


(B) cos a 
(D) 2 cos a 

sin(n + x) - sin(n - x) 


32. limx 2 [sin — I equals 

x—>0 ( X J 

(A) 0 (B) 1 

(C) does not exist (D) °° 

Solution: By Example 1.16 lim(x 2 ) = 0 and sin(l/x) is 

x->0 

bounded. Hence by Corollary 1.4, 

lim I x 2 sin — 1 = 0 


x—>0 


„„ (l + x) V2 -l. 

33. hm--r-is equal to 

x->o (l + x) V3 -1 


(A) 0 
(C) 1 

Solution: Let 


<B>! 

(D) °° 


Answer: (A) 


2 cos a sin x 


= (2 cos a) 


smx 


Therefore 


lim /(x) = lim(2cosn) 
x —^0 x —>0 V X 


sinx 


= (2 cos a) lim 


x—>a V X 


sinx 


(By Corollary 1.2) 


= (2 cos a) x 1 (By Theorem 1.27) 

= 2 cos a 

Answer: (D) 


, tanx-tana 

35. lim -I is 


X-»H\ X — Cl 

(A) 2 sin a 
(C) cosec 2 a 


(B) 2 cos a 
(D) sec 2 a 
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Worked-Out Problems 


Solution: We have 


/(*) = 


tan x - tan a 


x-a 

sin x cos a - cos x sin a 
(x - a) cos x cos a 

sin^-fl)^ 1 


x-a 


cos x cos a 


Therefore 


lira f(x) = lira (l x lim ( -1- 

x->a x — >q l x-a ) x— >« v cos x cos a 


= 1 X - 


1 


COS a COS a 


Answer: (D) 


Therefore lim f(x) = 1 is not true. 

X ->1 


Answer: (A) 


38. Suppose a and b are positive and \y] denotes the 
integral part of y and 


/« = - 
a 


Then 

( A ) lim /(x) = 0 

x->0+0 


(C) lim f(x) = 0 and 

x->0-0 

lim f(x) = — 

>o+o a 

Solution: We have 


(B) lim f(x) = 0 and 

x^0+0 

lim f(x ) = — 

-v—> 0-0 a 


(D) lim /(*) = - 
x—>o a 


sin2x . 

36. lim-is equal to 

x—>0 X COS X 

(A) 2 
(C) 0 

Solution: We have 
sin2x 

lim-= lim 2 

x—>0 X COS X X—>0 


(B) 1 

(D) does not exist 


sin2x 


2x 


COS X 


b -l< 

X 


b 

< — 


X| 

'b / 

X 

"b" 


--1 

<- 

— 

a 

T 2 


X 


Therefore (by Theorem 1.15) 

lira lira £ 

x->o+OflVx J x—> 0+0 n Lx 


b 

< — 


b 

< — 


37. Let 


=2xlx- 

1 

= 2 


Answer: (A) 


f(x) = 


X 

x + 2 


if x < 1 
if 1 < x < 2 
8-2x if2<x<3 
2x - 4 if x > 3 
Which one of the following is not correct? 


(A) lim/(x) = 1 

X->1 

(C) lim f(x) - 2 

x—>3 

Solution: We have 


(B) lim /(x) = 4 

x—>2 

(D) lim/(x)= 4 

x->4 


lim f(x) = lim(l-/;^) = 1 

x—>1-0 h-> o 


b x 

-< lim - 

a x—>o+o a 

Therefore by squeezing theorem 


lim - 

x— >o+o a Lx 


b 

< — 


When x < 0, we have 




a V x 


<£|--i 


a\x 


Again 


Therefore 


— < lim /(x) < — 

n x—>o-o n 


lim f(x) = — 

x—>0-0 fl 


Hence lim f(x)= lim f(x) = bla. Thus 

x—>0-0 J x—>0+0 J 


and 


lim /(x)=lim[(l + /i) + 2] = 3 

x-a1+0 /z—>0 


lim /(x) = — 

x—>0 fl 


Answer: (D) 
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39. Let /(x) = cos[x] where [x] is the integral part of x. 
Then 


(A) lim f(x) = 1 

x->0 

(C) lim f{x) = 1 

x->0-0 


(B) lim f(x) = 1 

x->0+0 

(D) lim /(x) = 0 

x=>0 


as y —> 0 (see Example 1.20). Therefore 

/T 


lim f{x) = J- = 1 

X->°° V1 


Answer: (C) 


Solution: If is a positive number less than 1, then 
x e [0, 8 ] => [jc] = 0 

and hence fix) = 1 Vx e [0,1). Therefore 
lim fix) = 1 

x—>0+0 

Again 

x e (-<J, 0) =» [x] = -1 

and hence /(x) = cos(-l) = cos 1 for all x e f-8, 0). Thus 
lim f(x) = cosl. 

x—>0-0 J 

Answer: (B) 

40. Let/(x) = sin x/x for x ^ 0 and [•] denote the greatest 
integer function. Then lim[/(x)] is 

x->0 

(A) 0 (B) 1 

(C) does not exist (D) -1 

Solution: Let 0 < S< 1. Then according to the proof of 
Theorem 1.27 

0 < smx < i 
x 

Therefore 

—1 = 0 Vxe(-<5,<5) 

x 

Hence lim[/(x)] = 0. 

x^0 

Answer: (A) 


41. lim 


x + smx . 


x— >°° v x — COS X 

(A) 0 
(C) 1 

Solution: We have 


is equal to 


(B) °° 

(D) does not exist 


, sin x 
1H- 

x + sinx x 


x-cosx 1 _cosx 


Put y = 1/x so that y —> 0 as x —> °o. Now 

_ysin——>0 and _ycos——>0 

y y 


42. Let 


/ O) 


2-V3cosx-sinx 
i6x-n) 2 


for x ^ nl(i. Then lim fix) is 

JC—>7r/6 


(A) 

(C) 


24 

J_ 

12 


(B) 

(D) 


36 

J_ 

48 


Solution: Put y = 6x - n so that y —» 0 as x -» ttI6. Also 
x = in+ y)/6. Therefore 



2-2 cos(y/6) 


4 sin 2 iyl 12) 


sin(y/12) 
y! 12 


1 

x - 

144 



where 6= yl 12 —> 0 as y —> 0. Therefore 


lim/(*) = !-lim [225 

x— >0 36 e->o\ 0 


1 i2 1 

=-X 1 =- 

36 36 


V2 -Vl + cosx . 

43. lim-x-is equal to 

x—>o sin 2 x 


(A) 


1 

2V2 


(B) 


1 

4V2 


Answer: (B) 































85 


Worked-Out Problems 


(C) 


1 


8^2 

Solution: We have 


(D) 


12 V2 


V2 -a/I + cosx 2-(1 + cosx) 


1 


sin 2 x 


sin 2 x V2 + VT 


2 sin 


2 x 


a ■ 2 X 2 X 

4sm“—cos — 
v 2 2 

1 

-x 


+ COSX 


1 


V 2 + V 1 +COSX 
1 


2 cos 


2 X V 2 + %/l + COSX 


Therefore 


V 2 - Vl + cosx 1 
lim-r-= - x 


1 


1 


*->o sin x 


2 V2+VI+T 4V2 

Answer: (B) 


sin(7rcos 2 x) 

44. lim —-—■= -- 

x 

(A) 1 
(C) -n 

Solution: We have 


is equal to 


(B) - 
2 

(D) n 


.. sin(7rcos 2 x) sin(7r(l-sin 2 x)) 
lim —-—r = lim ———r-— 


x->0 


x->0 


= lim 

x—>0 


sin(7r-7rsin 2 x) 


sinl^sin" x) 
= lim—-—x-- 

x—>0 X 2 


= lim n ■ 


sin(7rsin 2 x) sin 2 x 


*->0 (7rsin 2 x) x 2 
sin(7rsin 2 x) 


= n lim 

X—>0 


= 7TX 1 X 1 = n 


• lim 

*-» 0 V x 


sinx 


Answer: (D) 


45. Let 


f(x) = 


sin[x] 


if [x] 5 * 0 

[x] 

0 if [x] = 0 


where [x] is the integral part of x. Then lim /(x) equals 

x->0 


(A) 1 
(C) -1 


(B) 0 

(D) does not exist 


Solution: Observe that [x] = 0 <=> 0 < x < 1. Therefore 
if 0 < 8< 1, then 


f(x) = 


0 

sin(-l) 


(- 1 ) 


if 0 < x < 8 
= sinl if-<5<x<0 


So 


lim f(x) = 0 and lim /Yx) = sinl 

x^0+0 x—>0-0 J 


Hence lim/(x) does not exist. 

x->0 


Answer: (D) 


46. lim 

X—>1 


^/l-cos2(x —1) 


x —1 

(A) exists and equals V2 

(B) exists and is equal to -V2 

(C) does not exist because x -1 —> 0 as x 1 

(D) does not exist because the left limit at x = 1 is 
not equal to the right limit at x = 1 

Solution: We have 


aJ 1 - cos 2(x -1) ^-|sin(x-l)| 


x —1 


x —1 


Therefore 


Jl - cos 2(x -1) V2 |sin(l — /? —1)1 

lim --= lim - 


x—>1-0 


x — 1 /i->o (l-h)-l 

/j->o 1 h 


lim yj l-cos2(x-l) |sin(l + /z —1)| 

x—>1+0 X —1 A— > 0 1 + h — 1 


= V2 lim 


sin/; 


/f->o\ h 


= V2 

Left limit + Right limit 


xtan2x-2xtanx 

47. lim- z — equals 

x —>0 (l-cos2x)“ 

(A) | (B) 2 

(C) y (D) -2 


Answer: (D) 
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Solution: Let 


/ 0 ) = 


xtan2x-2xtanx 

(l-cos2x) 2 3 


2a tanx 


(—V-0 

Vl-tan 2 x J 


4 sin 4 . 


1 


xtan x^ 

2 sin 4 a l-tan 2 x 


Asm A 


-x- 


cos 2 A 


2 cos 2 a sin 4 a cos 2a 


1 


So 


1 


2(sinx ycosxcos2x 


lim /(a) = — (1) x - = — 
.r—>o 4 2 1 2 


Answer: (A) 


48. If [t] denotes the integral part of t, then lim[A sin nx\ 

X->1 


(A) equals 1 
(C) equals 0 


(B) equals-1 
(D) does not exist 


Solution: Use the concept of the integral part of a real 
number. 

Answer: (D) 

49. Let / : R + —> R + be a function satisfying the relation 
/(a ■ f(y)) = f(xy) + x for all ajgK + . Then 

7( a) V3 -1^ 


1 

2 

3 
2 

Solution: Given relation is 

f(x-f(y)) = f(xy) + x (1.56) 

Interchanging a and y in Eq. (1.56), we have 

f(y-f(x)) = f(yx)+y (1.57) 

Again replacing a with /(a) in Eq. (1.56) we get 

/(/(*) ■ f(y )) = f(y ■ f(x)) + f(x) (1.58) 

Therefore, Eqs. (1.56)-(1.58) imply 

f(f(x)-f(y)) = f(xy)+y+f(x) (i-59) 



T4o{f( x )^-iJ 

(A) 1 

(B) 

(c) 3 

(D) 


Again interchanging a and y in Eq. (1.59), we have 
f(f(y)-f(x)) = f(yx)+x+f(y) 
Equations (1.59) and (1.60) imply 

f(xy) + y+f(x)=f(yx)+x+f(y) 
=>f(x)-x = f(y)-y VajgR + 

Suppose 

fix) -x =f(y) -y = A 

Substituting /(a) = A + x in Eq. (1.56), we have 
a ■ f(y) + A = (xy + A) + a 
=>x-f(y) = xy + x 

Therefore 

x(y + A) = xy+x [v f(y) = A + y] 

=> Ax = x 

=>A = 1 ('*’ a > 0) 

So 

f(x)=x + A = x + 1 

Hence 

lim^-^lim^^- 1 
^°(/(a))' /2 -1 x-a(i + x) V2 -l 

- lim f 


(1.60) 

(1.61) 


f (1 + x) V3_U 

/ 1+A-l 1 

l Ox-1 J 

ta+A^-iJ 


1/3 _ 2 
1/2 “ 3 


Answer: (C) 


50. Let 


/(*) = 


sin a if a ^ nrr, n ^ 0, +1,+ 2,... 
2 otherwise 


and 


#(*) = 


Then limg(/(x)) is 

x->0 

(A) 1 
(C) 5 


A + 1, A ^ 0, 2 

4, a = 0 

5, a = 2 

(B) 6 
(D) 7 


Solution: If 0 < S< 1, then /(a) = sin a for a e (-<?, 8), 
a ^ 0. Therefore 


limg(/(x)) = limg(sinx) = lim(sin 2 x+1) = 1 

x—>0 x —>0 x—>0 


Answer: (A) 
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Worked-Out Problems 


7LX 


Solution: We can see that (Fig. 1.27) 

lim(l - x) tan — = 

x —>1 2 



x if x < 0 

(A) n 

(B) f 

fix) =' 

x 2 if 0 < x < 1 


2 


x if x > 1 

(C) - 

(D) - 

Now 



n n 

Solution: Put 1 - x = 0 so that 6 —> 0 as x -> 1. Therefore 

TLX TL 

lim(l-x)tan—= limtftan — (1-0) 


*->l 


0->O 

.. n (nO 

= lim0cot — 

e^o l 2 


= lim 

0->O 


0cos| ^6 
sin | ^ 0 


= lim — . 
0^0 K 


n 


\ 


sin 


(H 


cos| ^6 


2 2 

= —x lx 1 = — 
k n 


Answer: (C) 


„ m /(U>,)-/(l) = |im (l-tf-l 

h —>0—0 —h h— >0 —h 


= lim z^l = 2 

/;-> o — h 


Now 

lim /a^)-/a) = i im ( 1 ^^)-i = to r*| = 1 
/i->o+o h h-* o 0 +h h—>o ( h, 

Therefore the required limit does not exist. 



52. Let 


/(*) = 


|x - 3| 


if x>l 


x 2 3x 13 

-+ — if x < 1 

4 2 4 


Then lim /(x) is equal to 

*->l 


(A) 1 
(C) -2 

Solution: We have 

(l-hf 


(B) 0 
(D) 2 


lim f(x) = lim 

>1-0 /(-> o 


3 13 

--(1-/7) + — 
4 2 4 


1 3 13 „ 

=-+ —= 2 

4 2 4 


lim f(x) = lim|l+ h-3\ = 2 
*—>i+o /?—>o 


Therefore 


lim /(x) = 2 

*->i 


Answer: (D) 


53. Let /(x) = Minjx, x 2 }. Then 

f(l + h)-f(l) 


lim : 

/ i ->0 


h 


(A) 0 
(C) 2 


(B) 1 

(D) does not exist 


FIGURE 1.27 Single correct choice type question 53. 

Answer: (D) 


54. lim 

*->o 


tan x - sin x 


(A) 1 
(C) 0 

Solution: We have 


tanx-smx 
lim-;-= lim 


x ->0 


x —>0 


= lim 

*—>o 


(B) 1 

(D) °° 

sin x(l - cos x) 

3 

X cosx 


_ . X X U _ . 2 x 
2sm —cos— 2sin~ — 

2 2 A 2 

x 3 cosx 


( . X ) 

3 

f X ) 

sin- 


2 


cos — 

/ 


2 



^8cosx> 

IUJJ 



= lim 4 

*—>o 


1 l3 1 1 
= -xlxl=- 
2 2 


Answer: (B) 































88 


Chapter 1 I Functions, Limits, Continuity, Sequences and Series 


55 . 


lim 


x +1 


i(17 + x) V4 -2 


(A) 8 
(C) 32 


Solution: Let 


(B) 16 
(D) 64 


/ 0 ) 


x+l 

(11 + x) VA -2 


Put (17 + x) 1/4 = y so that y — > 2 as x —> -1. Therefore 


So 


/(*) = 


y 4 -16 
y-2 


y 4 - 2 4 

y - 2 


lim f (x) = lim 

x->-l _v->2 


/-2 4 ^ 

y-2 


4x2 3 = 32 


Answer: (C) 


1 + ^fx 


56 . lim Y (m, n are odd positive integers) is 




(A) " 
n 


(B) - 
m 


(C) 1 if n > m 


(D) °° if n < m 


Solution: Put x = z mn so that x —» -1 => z —> -1 and 
x Vn = z"\x Vm = Z n . Therefore 

1 + %/x z m +1 
lim- i= = lim- 

*-»-U + ^je *-iz"+l 


= lim 

z->-l 


z m -(-iy 


z +1 


= m(— 1) 


2+1 Z n -(-l)\ 

(■.• m, n are odd) 

m -1 1 


Fl(-l) 


n -1 


/72 

= — (y m, n are odd) 
n 


Answer: (A) 


^ • 9 

__ ,■ 2sin x + smx-1 
57 . lim --- 

X ^-V2sin 2 x-3sinx + ly 


(A) 1 
(C) -3 


(B) -1 

(D) 3 


Solution: Given limit is 

(2 sin x-1) (sin x + l) j.^fsinx + l'j 

x ^f2sinx-llfsinx-1) ^l^sinx-ly 

6 6 


( 1 / 2 )+ 1 
( 1 / 2)-1 


= -3 


Answer: (C) 


58. lim 


1 - cos mx 
*->o 1-cosnx 

177 2 

(A) \ 
n 

(C) °o 

Solution: We have 


(B) ^ 

m 


(D) does not exist 


( 1-cos mx 

lim - 

x — * 0 1 1-cosnx 


2 sin" 


21 mx 


= lim 

x—>0 


2 sin" 


2 nx 


= lim 

x->0 


. ( mx) 

\ 

2 

r nx/2 

i > 

\ 2 ) 

mx 


. ( nx' ) 

nx/2 

mx/2 

2 J 


{ U J 

J 


= lim 

jt->0 


sin- 


mx 


■ lim 

*->0 


nx 

T 


sin- 


1 2 1 2 Y Y 

= 1 x! 2 x — = — 


Answer: (A) 


59. lim 

x->0 


Sin 4 x^ 


(A) 0 (B) 1 

(C) oo (D) does not exist 

Solution: Put 9 = Sin” 1 x so that # —> 0 as x —> 0 and 
x = sin 9. Therefore 


lim 

>o 


Sin 1 x 


= lim 

e^o 


(—) 

Vsm0/ 


= 1 


Answer: (B) 


1 + cos nx\ 


( tan 2 nx J 


(A) 0 

(B) 

(C) 1 

(D) 

Solution: Let 



_1 

~2 

1 

2 


. 1 + cos nx 

/w=—-— 

tan" nx 


(1 + cos nx) cos 2 nx 
sin 2 nx 
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Worked-Out Problems 


(1 + cos nx ) cos 2 nx cos 2 nx 


1-cos nx 


1 — COS7TX 


Therefore 


lim f(x) = lim 

X->1 


cos nx 


61. lim 

*->t 




-2/3 i 

\x —i y 


(A) I 
(c) I 


x—>i 1 - cos nx 

cos 2 (7r) 

1 - cos n 

(- 1) 2 _1 
l-(-l) 2 


Answer: (D) 


(B) - 


< D ) -j 


= lim 


n x 

sin |- 

4 2 


* 7T X 
a ^7 COS- 

2 U 2 


n n 

sm|- 

4 4 

'/r n 
cos |- 

4 4 


= 0 


ALITER 


lim (sec x - tan x) = lim 


1 - sin x 


cosx 


= lim 


1 - sin x 

- V 1-sin 2 x 

2 


= lim 


1 - sin x 
1 + sinx 

2 


Solution: We have 


.,-1/3 


-1 x~ m -l X — 1 


x _2/3 -1 


x-1 


x-^-l 


1-1 

l+I 


= o 


Answer: (B) 


Therefore 


lim 

X->1 


'V 173 -^ 

Kx~™-V 


= lim|^illimf - 1 


x->iy x-i 7 *->iu _2/3 -i 




--(1> 
3 v 2 


(—2/3)—1 2 


Answer: (A) 


62. lim (sec x - tan x) = 


(A) 1 
(C) °o 

Solution: We have 
lim (sec x - tan x) = lim 


(B) 0 
(D) 1/2 


l (1-sinxl 
ZtV cosx ) 


1-cos- 


= lim - 

n 


(H 


2 sm | — — X 


n 


~ . 2 it x 

2sm- 

4 2 


63. If 


/w= <2£-3X*-1) 


2x" + x - 3 
then lim /(x) is equal to 

(A) 0 (B) 10 

1 1 

(C) — (D)- 

V 2 10 v 2 10 

Solution: /(x) is defined in a deleted neighbourhood 1. 
Also 


/(*) = 


(2x-3)(Vx-1) _ (2x - 3) 


(2x+3)(x-l) (2x + 3)(Vx + l) 


Therefore 


2-3 


1 


lim f(x) = 

x —1l 2 ^ 2 (2 + 3)(1+1) 10 


Answer: (D) 


64. Let 


g(*) = 


tan x-tanx 
cos[x + (7z74)] 


Then lim g(x) is 
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(A) 2V2 
(C) -4 


(B) -472 
(D) 8 


Solution: g(x) is defined in a neighbourhood of /r/4 
except at /r/4. Now, 


g(*) = 


tan x(tan x + l)(tan x — 1) 

(1/72 )(cos x - sin x) 

77 tan x(tan x + 1) (sin x - cos x) 
cosx(cosx-sinx) 

-77 tan x(tan x + 1) 
cosx 


Therefore 


lim g(x) = = _2(2) = -4 

i/77 

4 


Answer: (C) 


65. lim x(\jx 2 +1 ~ x) = 

»+oo 

w 1 

(C) 0 

Solution: We have 


lim x(vx 2 +1 - x) = lim 


(B) +00 
(D) 1 

x(x 2 +1-X 2 ) 


= lim 

X —>+°° 


■\/x^ + 1 + X 
1 


1+ ? +1 


1 1 


1+1 2 


Answer: (A) 


66. lim (72x 2 - 3 - 5x) 

X—>— 00 

(A) —00 
(C) 0 

Solution: We have 


is 


lim (72x 2 -3 - 5x) = lim 


(B) +00 
(D) 10 


r 2x 2 -3-25x 2 ^ 
72x 2 -3 + 5x 


= - lim 

X—>-« 


= - lim 

X— 


/ 23x 2 +3 A 


72x 2 - 3 + 5x 


23x+ - 


2-^- + 5x 

v v X y 


~(-°°) 

72+5 


= -j-oo 


Answer: (B) 


67. lim 


Vl 


x + 3 


*->+■» 4x + 3 

(a) 7 

(C) +00 


(B) 272 

(D) does not exist 


Solution: As x is positive, we have 
7 2 x 2 +3 


lim 

4x + 3 7 


= lim 

X—>+oo 


2 + - 


4 +- 


72 _ 1 

4 “272 

Answer: (B) 


68. lim 


cosx 


^(1-sinx)' 

2 

(A) 0 
(C) 00 

Solution: Let 


2/3 


(B) 1 
(D) -1 


f(x) = ■ 


COSX 


(1 - sin x) 2/3 

Put 9 = (/r/2) - x so that 9— » 0 as x —> n! 2. Now 


/(*) = ■ 


cos | ~^~9 


1 - sin | ^-9 
sin 9 

(1-cos 9) 213 
2 sin — cos — 

UJ u 

2 2/3 -sin 4/3r0 


2 1/3 cos0 


2/3 


69. lim 


sm 


4x + 9x + 7 


1/3 


-+ 00 as 0 —> 0 


Answer: (C) 


Sx'" 1 + x 4 + x 2 +1 


(A) °° 
(C) 4/3 


(B) 0 
(D) 7 
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Worked-Out Problems 


Solution: We have 


lim 


f 4x 5 +9x + 7 A 
3x^ + x^ + x ^ +1 


= lim 

X—>°° 

_ 4 
~~ 3 


. 9 7 

4 + ^r + ^ 

x a: 

,111 

3 + - + ^-+^- 

X X X 3 


('ll ^ 

lim — =0 when n is a positive integer 

«”U" ) 


Answer: (C) 


a 


QUICK LOOK 


Let 

P(x) = a 0 + AjX + a 2 x 2 H- 1 -a n x n ,a n ^ 0 

and <2(x) = b 0 + b x x + b 2 x 2 + ■■■ + b m x m , b m ^ 0 
Then 


lim hh 

Q(x) 

When n>m, then 

lim^l 

*->+~ Q(X) 


x-8 


— if n = m 

b m 

0 if n < m 


if ^>0 

b,„ 


-oo if-5-<0 
b.„ 


70. lim 

X—>+oo 3 —x + 10x z 

(A) 0 
(C) — 

Solution: We have 


x-8 


(B) +oo 

(D) -1 


lim 

*->-kA 3 - x + 10x Y 


: lim 

X —>+oo 


/ 1__8_ ^ 
x x 2 

3 1 in 

vx z x J 


0 


0-0 + 10 


= 0 


Answer: (A) 


71. lim 


a/9x 2 + 2 -x 


>+°° 4x + ll 

(A) 1/4 
(C) 3/4 


(B) 3 
(D) 1/2 


Solution: 


lim 


V9 


x“ + 2 —x 


_ - lim - 

4x+11 x —»+«> 


9 + 4-! 
x" 


4 + 


11 


V9 + 0-1 1 

4 + 0 ~2 

Answer: (D) 

72. Let /(x) = Vx(Vx + 4 - Vx). Then lim /(x) 

X —>+°° 

(A) exists and is equal to 2 (B) exists and is equal 

to 0 

(C) exists and equals to — (D) does not exist 

Solution: /(x) is defined for all x > 0. We have 
Vx(x + 4-x) _ 4a/x _ 4 


/(*) = 


Vx + 4 + Vx Vx + 4 + Vx 


1 + 1+1 

X 


Therefore 


lim /(x) = -=== - 

*->+» Vl + 0 + 1 2 


= 1 = 2 


Answer: (A) 


73. Let /(x) = x 3 {\jx 2 + Vx 4 +1 -xV2). Then lim /(x) 
is equal to Y ^“ 


(A) 

(C) 


1 


2 V2 

3 


(B) 


1 


4V2 

Solution: We have 

” 3 {x 2 +Vx 4 + l-2x 2 j 


4V2 

(D) does not exist 


/(*) = 


a/x 2 + +1 + xa/2 

x 3 {Vx 4 + l-x 2 } 

\jx 2 + \/x 4 +1 + x>/2 
_x 3 (x 4 +1-X 4 )_ 

[Vx 2 +a/x 4 +1 +xV2][Vx 4 + l + x 2 ] 


[Vx 2 777T + xV2][a/x 4 +1 + x 2 ] 
1 


1 + Jin—+ V 2 


i+^+i 



































































Chapter 1 I Functions, Limits, Continuity, Sequences and Series 


(7i+7T + 72)(7T+i) 

i _ 1 

272 ( 2 ) ~~ 4^2 
20 + 27x + 3x 1/3 


Answer: (B) 


74. lim ,- ... 

2 + 74x-3 + ( 8 x - 4 ) 13 


(A) 1 

3 

(C) - 
v 2 

Solution: Let 

/(*) = 


(B) 0 
(D) 10 


20 + 2y[x + 3x 


173 


2 + 74x-3+(8x-4 ) V3 
Dividing numerator and denominator by 7x we get 


/(*) = ■ 


20 _3_ 

77 + 77 


2 

7x 


14 3 

‘8 4 

f VT 

X xTx _ 


1/3 


Therefore 


.. 0 + 2 + 0 2 

lim f(x) =-==- 775 - = - = 1 

0 + 74^0 +( 0 - 0) 173 2 


Answer: (A) 


75 


. lim [x7x 2 + 4 - 7x 4 +16] = 


(B) 8 
(D) 16 


(A) 4 
(C) 2 
Solution: We have 

/(x) = x7x 2 + 4 - 7x 4 +16 
x 2 (x 2 + 4)-(x 4 +16) 


/w= 


c\lx 2 + 4 + 7x 4 +16 
4x 2 -16 


<c\/x 2 +4 +7x 4 +16 
4 “ 


1 + ^ + V 1+ f 


4-0 

VT+o + VT+o 


= 1 = 2 
2 


^ Try it out In place of 4 (= 2 2 ) and 16 (= 2 4 ) if 
there are a 2 and a 4 , respectively, then the answer is 
a 2 12. 


76. lim 

X —>+00 


v/3x 2 -1 - v/x 2 -1 


2x + 3 


(A) 

73 

2 

(B) 

(C) 

73 + 1 

2 

(D) 


73-1 


(D) does not exist 


Solution: We have 


73x 2 -1-7x 2 -1 
lim -= lim 

x->+°o 2x + 3 


3+ ?-\i 


1 - 


2 + - 


TT+o-Tdh) 73-1 

2 + 0 2 

Answer: (B) 


Try it out If x < 0, then v/x 2 = -x, and so the 
limit of the above function as x —» -00 is (l-73)/2. 
Hence, 


73x 2 -1-7x 2 -1 

lim- 

jc—»~ 2x + 3 


is meaningless. 


77. lim 

jt->0 


1 _i f 2x 
— Sm 1 


1 + x 


(A) - 
2 


(B) 1 

(C) 2 (D) -2 

Solution: In a neighbourhood of zero, 


Sin 


-11 2 * 


1 + x" 


= 2Tan x 


Therefore 


lim (— Sin 1 x ] = lim 

x->0 V X ) *->0V X 7 


2Tan 4 x^ 


= 2 lim {-?— 
0^0 V tan# 

=2x1=2 


where 0 = Tan 3 x 


Answer: (C) 


Answer: (C) 
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Worked-Out Problems 


78. lim 

.v—>+°° 


2* 1 tanl — 


(A) 1 

(B) 

2 

(C) - 
3 

(D) 


3 

2 


Solution: We have 


lim I 2* _1 tan| — 11= lim 


. tan 

1 l 2* 


\2 3/2 J 

tan 6 


tan* sin* 

__ ,. a -a 

79. lim- 

jc—> o tan x - sin x 

(A) log, a 
(C) 0 

Solution: We have 


= — lim 

2 e^o( 9 

3 i 3 
2 2 


is equal to (a > 0) 

(B) 1 
(D) °° 


•3 


where 9 = — 
2 X 


Answer: (B) 


^tan* _ ^sin* 

lim-= lim a s 

*-»o tan x - sin x *-»o 


a 


-1 


tan x- sin x 


= lim(a sin *)xlim 
*->o t—>o 


ft -A 
a -1 


(where t = tan x - sin x) 


A t 7 

= a 0 x log, a = log, a [By part (3) of Important Formulae] 

Answer: (A) 


80. lim 


log(6 + x) - log(6 - x) 


jc—>0 v 

X 


(A) \ 


(B) 

(C) 1 


(D) 


Solution: We have 


lmi log(6 + - r )-iog(6--v) ' , |m 6 


jc->0 


log 


K) 


jc— >0 


+ lim 


x/6 


x —>0 -x 1 6 

1.1.1 
= -xl+-xl = - 
6 6 3 

Here we have made use of part (2) of Important Formulae. 

Answer: (B) 


81. lim 


12* - 3* - 4* +1 


V2cos.r + 7 -3 
(A) log,12 (B) log, 3-log, 4 

(C) (log, 3-log, 4)- 1 (D) -6log, 3-log, 4 

Solution: The given limit can be written as 
(3* - 1)(4* - l)(V2cosx + 7 + 3) 


lim- 

jc->0 


= lim 

*->o 


= lim 

jc->0 


2 cos x — 2 


3 * —111 4* -1 


V * 


(a/ 2 cosx+ 7 + 3);r 2 


, . 2 x 
-4 sin - 


3*-11 4 X -1 


V * 


( \l2 cos x + 7 + 3) 


-[sin(x/2)/(x/2)] 2 
= - log, 3xlog, 4x6 

We have used part (3) of Important Formulae. 

Answer: (D) 


82. lim 

jc->0 


1-2*-5*+10* 


xsinx 
(A) log, 10 
(C) log,5-log,2 

Solution: We have 


(B) log, 5-log, 2 
(D) (log, 5- log, 2) 


-l 


„ (5* -1)(2* -1) 

Given limit = lim --—-- 


xsinx 


= lim 

jc->0 


f 5* -l'j 


( x ) 

V x 7 

V X 7 

V sin x J 


= log, 51og, 21 
= log, 5 log, 2 

83. If G(x) = -sl25-x 2 , then 

GW-GO) 


Answer: (C) 


lim 

X —>1 


X — 1 


(A) 


1 


2>/6 


1 

(C) - 
2 


(B) - 
(D) 


1 


V24 

1 


2V3 


Solution: We have . - 

G{x) - G(l) _ V25 - x 2 -(-V24) 


x -1 


x -1 
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[725-x 2 -724] 

x —1 

[25-x 2 -24] 1 


X - 1 
X + 1 


(a/25^ 


x 2 + 724) 


V25-jc 2 +V24 


Therefore 


-T —>1 \ x-1 y 


1+1 


1 


1 


84. lim 

X —»' 


imfi±^r 4 

-Hx + U 


(A) e 6 
(C) e 4 

Solution: We have 


724 + 724 724 276 

Answer: (A) 


(B) e 5 
(D) 00 


f x + 6\ 

Ix + lJ 


x+4 1 + 


hi 

nr 


r 

fiAi 

X 



1 


1+- 

) 

V 

x y 


KT 


'i + «' 

x 

1 +- 
V ry 


Therefore 


lim 

*->°°VX + l 


\x+4 (S /-i /“v 

x + 6) e (1+0 


1 + 0 


We have used part (1) of Important Formulae. 

Answer: (B) 


85. lim 

jr->0 


l + 6x 


2 5 


Vx 1 


vl + 3x y 
(A) e 2 
(C) c 3 

Solution: We have 


(B) e 9 
(D) °° 


l + 6x 


2 


Vx 2 


[(1+6x 2 ) V6y ] 6 


[{l + 3x 2 ) mx ] 3 


.1 + 3 x 2 J 

Therefore using part (1) of Important Formulae we get 


l + 6x‘ 


\Vx 2 


lim 

*^oVl+3x z ) 


-i-s 


Answer: (C) 


86. lim ] tan — + x 

x —>0 [ v 4 

(A) e 
(C) 1 

Solution: Let 


Vx 


(B) e 2 
(D) 00 


/O) = 


. 7T 

tan | — + x 
4 


Vx 


(1 + tan x H 
V1 - tan x ) 

[(l + tanx) 1 ^] 


tan xlx 


-tanx/x 


[(l-tanx) _VtanY ] 

Using parts (1) and (7) of Important Formulae we get 


lim f(x) = —r = el 


J £->0 


Answer: (B) 


87. lim(cosx) co Y = 

x->0 

(A) 1 (B) 00 

(C) e (D) 0 

Solution: We have 

(cOSx) COtY = [(1 + COSX - l)^«*»*-l)](co.*-iytan* 

Take 

cosx-1 


f(x) = [1 + (cos x - 1)H° sy 11 and g(x) = ■ 


tanx 


We know that [by part (1) of Important Formulae] 


Now, 


lim f{x) = e 
*->0 


_ . 2 X . X 

-2 sin — cos x sin — cos x 


gw= 


-> 0 as x —> 0 


sinx 


cos- 


Therefore, by part (7) of Important Formulae 

^g(x) = e 0 = l 


lim(/(x)) s 

jc->0 


Answer: (A) 
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Worked-Out Problems 


88. lim 

K 

X—>— 
2 

(l-sinx)(8x 3 - n 3 

)cosx 

(k-2x) 4 


(A) 

n 2 
~ 16 

(B) 

(C) 

n 2 

16 

(D) 


3 n L 
16 


3 tT_ 
' 16 


Solution: Let 

(l-sinx)(8x 3 -tt 3 )cosx 


/(*) = 


(n-2xy 

(1 - sin x) cos x(2x - 7t)(4x 2 + 2nx + n 2 ) 
(2 x-n) 4 

(1 - sin x) cos x(4x 2 + 2nx + n 2 ) 

(2 x-n) 2 


Therefore 


lim_/ W =lim (1 :™ J:)C f J: .(3^) (1.62) 


x—>— 
2 


X -> K (2 x-n) 

2 


Put 2x - n= y so that y —» 0 as x —» k! 2. Therefore now 


(l-sinx)cosx 


1-sin 


K + y 


cos 


K + y 


(2 x-ny 




( 9 • 2 y 

2sm — 

4 

f • y\ 

sm — 

2 

l / J 

l y ) 


= -2 


(■ 2 y 

sm — 

2 

l 

f . y\ 

sin — 

4 

2 

l yf 4 J 

16 

l W 2 J 


1 

16 


( . y^ 

sm — 

4 


v y < 4 / 


( . y^ 

sm — 

_2 

V W 2 y 


(1.63) 


Therefore from Eqs. (1.62) and (1.63) 
lim/(y) = ^-xlxl 

x—>o 16 


Answer: (D) 


89. lim 2-- 

x^iy x 


tan(7r/2x) 


(A) e : 


2n 


(B) e 


,2 Ik 


(C) e~ 2,n 

Solution: Suppose 
/W = ( 2 'x 


(D) e 


-k! 2 


tan(^j:/2) 


= 1 1 + 1 1 - 

X 


tan(^A:/2) 


Put y = 1 - (1/x) so that y —> 0 as x —> 1. Therefore 
/(x) = (l+y) tan(7c/2)(1 -^ 

= (1 + yf o‘t^/2) 

= [(q + v ^yjycot(?ry/2) 

_ [^ + y) Vv ][( 7r >'/2)/tan(7rv/2)]x(2/7r) 

Therefore using part (7) of Important Formulae we have 


90. If 


Given limit = e lx2ln = e 2 ^ 


lim 2+LzjL = 2 


Answer: (B) 


x—>0 X 


then (a, 6) is equal to 
(A) (2,-2) 

(C) (2,2) 

Solution: We have 


(B) (-2,2) 
(D) (-2,-2) 


ae x -b 

lim-= 2 

x->0 X 

Since the denominator x —> 0 as x —> 0, by Corollary 1.2 
we have 

lim (ae x - 6) = 0 

x->0 

which implies that a - b = 0. Therefore by part (3) of 
Important Formulae 


x—>0 


„ . ae —a . 

2 = hm - = lim a 


Hence 


x—>0 


a = 2 = b 


e x -l 


\ x 


Answer: (C) 


91. If limn+flx + hx 2 ) 17 * = e 3 , then 

x—>0 

(A) a = 3 and b is any real number 

(B) a = 3/2 and b is any real number 

(C) 6 = 3 and a is any real number 

(D) a = 1 and b is any real number 

Solution: We have 
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[1 + (ax + bx 2 )] Vx =[l+ (ax + bx 2 )^+bx 2 )lx(ax + bx 1 ) 

= [1 + (ax + bx 2 )fy(™+bx 2 Max+bx 2 )lx] 

Using parts (1) and (7) of Important Formulae, the given 
limit = e a = e 3 => a = 3. 

Answer: (A) 


x 3 sin(l/x) + 2 x 2 
l + 3x 2 

(A) 0 

(C) oo 

Solution: We have 


(B) 1 

(D ,f 


92. If 


lim | ——— -ax-b 
x + 1 


3*1 2 

x sin- + 2x 


= 0 


lim-U-i 

*->“> 1+3.V 2 


• 1 „ 
xsm —+ 2 

= lim * 


1 


+ 3 


then (a, b) value is 

(A) (1,1) (B) (1,-1) 

(C) (-1,1) (D) (1,0) 

Solution: Let 


w , ^ 2 +l , 

/(x) =- ax-b 

x + 1 

(x 2 +l)-(x + l)(«x + h) 
x + 1 

(1 - «)x 2 - (a + b)x +1 — b 
x + 1 

Put y = 1/x so that y —> 0 as x —» 00 . Therefore 
!(x)= 

\y) Xi+ y) 


1+2 

0+3 


= l = i 
3 


lim x sin — | = 1 

X 


Answer: (B) 


94. If n is a fixed positive integer then 

lim (l sec2 - Y + 2 sec2 Y + 3 sec2 Y + + n sec2 Y )° 


(A) n 
(C) 00 


(B) +00 
(D) n 2 


Now, 


lim /(x) = 0 

X —>00 

lim C 1 ~ fl )~( fl + b)y + (l-b)y 2 
.v— y(y+ 1) 


= 0 


Since the denominator tends to zero as y —> 0, by Corollary 
1.2 the numerator must tend to zero as y —> 0. Therefore 


0= lim 

>-> 0 


1 — a = 0 or a = 1 
[-(a + b) + (l-b)y\ 


y + 1 
a = -b 


= -(a + b) 


Solution: It is known that K sec x < n sec x for £=1,2, 
3,Therefore 

a sec 2 x , o sec 2 x , , sec 2 x \cos 2 x ^ / sec 2 x \cos 2 x cc 

+ 2 H-1-77 J <(77 - 77 ) =77 - 77 

Again 

a sec 2 x , -.sec 2 x , , sec 2 a- scos 2 x \ / sec 2 a- \cos 2 x 

+ 2 -I-h 77 ) >(77 ) =77 

Therefore 

77= lim(77)< lim(l sec2 - Y +2 sec2Y + - + 77 sec2jc ) cos2t 
n n 

X—»— X—>— 

2 2 

< \im(n-n cos2x ) = n 

jt 

*—>— 

2 

By squeezing theorem, we have 


Hence (a, b ) = (1,-1). 


Answer: (B) 


Note: Under the given hypothesis, the function given in 
Problem 91 becomes 


lim(l sec Y + 2 sec Y + — + 77 sec Y ) cos Y =77 

Answer: (A) 


X —>— 
2 


x 2 +1 
x + 1 


— X +1 = - 


x + 1 


-+ 0 as x —> oo 


Try it out 


i- m /i cosec x . cosec x . . cosec x \sin x 

hm(l +2 -I-1-77 ) =77 
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Worked-Out Problems 


Limits of Sequences 

95. Let 

1 + 2 + 3 + •" + AZ 

*n = -2- 

n 

for n = 1,2,3,.... Then the value of lim is 
(B) 1 

(C) 2 (D) +oo 

Solution: We have 

n(n + 1) If 1 'i 1 


(A) - 
2 


” o ..2 


= —! + ——>— as n— 


96. If 


2 n z 2v n) 2 


l 2 + 2 2 + 3 2 + — + n 2 
y™ — 3 

n 


Answer: (A) 


then lim y n is equal to 


< a) i 

? 

(C) - 
3 


(B) 3 


(D) +°° 


Solution: We have 

^ = n(n + l)(2n + l) = l (1) f 1+ lY 2+ 1^2 = l 


6n 


6 


n; V n 


6 3 


as n —> oo. 


97. Let 


Answer: (B) 


A 


Then lim z„ is 


l 3 + 2 3 + 3 3 H-I- n 3 


(A) 1 
1 


(B)f 


(C) - (D) 0 

Solution: We have 

n 2 (n + l) 2 _l( lV 1 




4 n 4 4v n) 4 


= — 1+— —> — as n— 


Answer: (C) 


98. Let x be a real number and [■] denote the integral 
part function. Then 


lim [1*] + [2x] + [3x] + ■ ■ ■ + [nx] 


(A) f 


(B) * 

(C) 0 if 0 < x < 1 (D) +°° if x > 1 

Solution: By the definition of the integral part 

X - 1 < [x] < X 
2x — 1 < [2x] < 2x 
3x — 1 < [3x] < 3x 


nx — 1 < [nx] < nx 

Adding all the inequalities we have 

x(l + 2 + 3 h- 1 - n) — n< [lx] + [2x]-t-1- [nx] 

< x(1+2h -i-n) 

— n(n + 1) - n < [lx] + [2x] -t-t- [nx] < —1 

Dividing throughout by n 2 , we get 

X fli 1 1 1 ; M + ^ + '-' + M ^g/j | 1 


2 V nj n 


2 V n 


Taking limit as n —> °° and using squeezing theorem 
we have 


[1 x] + [2x]h - \-[nx] x 

lim itt —- = — 


Answer: (A) 


^ Try it out On similar lines (i.e., by using the con¬ 
cept of [x]) we can show that 

[l 2 x] + [2 2 x] + — + [n 2 x] x 

1. lim it- - --- - = — 

n -*» n 3 3 


2. lim 


[1 3 x]+[2 3 x]h -t-[n 3 x] x 


99. Let x be a real number and 

a n = — {[x +1] + [2x + 2] + [3x + 3] H- V [nx + n]} 

n 2 

then lim a n is equal to (where [•] denotes integral 
part) 


(A) i + l 


(B) 


x + 1 
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Chapter 1 I Functions, Limits, Continuity, Sequences and Series 


(C) 


x+ 2 
2 


(D) 


x — 2 
2 


Solution: We know that [x + y] = [x] + [y] if one of x 
or y is an integer. Therefore 

[x + 1] = [x] + 1 

[2x + 2 ] = [2x] + 2 


Hence 


or 


_ 4 + 3/ 

“ 3 + 27 

3/ + 2/ 2 = 4 + 3/ 

l 2 = 2 => / = V2 (■•■ x n > 0 V n) 

Answer: (A) 


[3x + 2] = [3x] + 3 


Note: It can be seen that V2 is the l.u.b. {xj (see Theo¬ 
rem 1.42). 


[nx + n] = \nx\ + n 

Adding all the equations and dividing by n 2 , we get 


1 


1 


lima,, = lim — {[x] + [2x] + — + [nx] + — n(n + l)} 


«->“ n 


HI+ ( 2 x 1-1 - \-\nx 1 n(n + 1) 

= lim ——-—Hr--—- + lim 7 


= ^ + l (by Problem 98) 


2 n z 


Answer: (B) 


100. Let 

, , 4 + 3x„ „ 

x 1 = 1 and x„ +1 =-for n > 1 

3 + 2x„ 

If lim x n exists finitely, then the limit is equal to 

(A) V2 (B) 1 

(C) 2 (D) J2 +1 

Solution: We have 

4 + 3 7 


x 1 —l,x 2 — 


3 + 2 5 


*3 = 


4 + 3x 2 
3 + 2x 9 


4 + 3 


41 


3 + 2 


„. = — > x 0 
7) 29 2 


We can easily verify that x n < x n+1 and hence {x /; } 
is strictly increasing sequence of positive terms. Let 
lim x„ - /. Therefore 


/ = lim. 


= lim 


' 77+1 


4 + 3x„ 


3 + 2x 


77 


4 + 3 lim x„ 


101. Let x Q = 0, Xj = 1 and x n+l = x n + ^1 + x 2 for n > 1. 
Then 


lim 




(A) ~4 

(C) - 
n 


(B) f 

(D) - 
n 


Solution: |x ;; } is an increasing sequence. Define 
0 n = Got" 1 (x„) or x„ = cot(9 n 

Now 


„ 7T . 7T 

Xn = 0 = COt —, Xi = 1 = cot —z- 
0 2 ’ 1 2 2 


and in general 


x„ +1 = cot 6 n + cosec0„ 
1 + COS0,, 


sin 9 n 


■(I) 


= cot 


n 


4x2" 


v Xp = 1 = cot^J. x 2 = co t[^J = c °t[^ 

Therefore 


cot 


K 


4x2' 


n—1 


2 77-t 2 77-l 


2" _1 tan 1 71 


4x2 


71-1 


etc. 


3 + 2 lim x„ 
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Worked-Out Problems 


tan 


n 


4x2 


n -1 


n 


4x2 


4 1 


n —1 


n 

4 


k I tan x 


where x = 


K 


+ 0 as n —> oo. Therefore 


4x2" _1 

4 4 

lim x n - — ■ 1 = — 

«-»“> K K 

Answer: (D) 

102. Let a 0 =l,a 1 = 2 and 

n(n + 1 )a n +1 = n(n -1) a n - (n - 2) a n 

for n > 1. Then lim a n is 

/!—»«> 

(A) 1 (B) 0 

(C) +°° 


(D) - 

e 


Solution: From the given relation we have 
1 ■ 2 ■ a 2 = 0 — (1 - 2)a 0 = 1 

1 1 

=> do - - 

- 2 [2 

and 6-a 3 = 2n 2 -0-a 1 = 2^j = 1 

1 1 

=>+= — = — 

3 6 [3 

Assume that a k = V\k for all k = 2,3,.. m. Now 

m(m +1) • a m+1 = m(m -1 )a m - (m - 2 )a m _ 1 
m(m -1) m - 2 


| m 

1 

1 

h->‘ 

1 

m — 2 

\m — 2 

1/77 — 1 


(m — 1 ) - (m — 2 ) 1 


1/77 — 1 


1/77 — 1 


Therefore 


a m +1 — 


m{m + 1) 1777 — 1 1/77 + 1 
Hence by complete induction, a k = l/[Ar for k>2. 


Therefore 


lim a„ = lim | — 

.Lily 


= 0 


Answer: (B) 


103. Let x > 1 and for each positive integer n, define 


s„(x) = 


x + 1 (x + l)(x" +1) (x + l)(x 2 + l)(x 4 +1) 

2"- 1 


(x + l)(x 2 + l)***(x +1) 


Then lim s n (x) is equal to 

n—>oo 

(A) 1 (B) 0 


(C) x 

Solution: We have 


(D) 


1 


x-1 


/ \ 2 4 2 

s n (x) XXX X 

= —r-+ —- +—TZ -+■■■+- 

X-1 X 2 -1 x 4 -l x 16 -l x 2 — 1 


1 1 14 1 


1 


X-1 X 2 -1 ) Vx 2 — 1 x 4 -l 

1 1 ^ 


n.n —1 -in 

x 2 -1 X 2 -1 
1 1 


x-1 X r -1 


Therefore 


, X , X-1 

s n\ x ) ~ 1 ^ 


-in 

x 2 -1 


-in 

Since x > 1, we have lim (x“ -1) = +°° so that 
1 


-in 

x 2 -1 


+ 0 as n . oo 


Therefore 


lim s n (x) =1-0 = 1 


Answer: (A) 


104. The sequence {nj is defined as a l = 1 and a n = 
n(a n -i + l) f° r n - 2- If 


(i 1 A 

( 1 1 

r i 4 

i+— 

l+ — 

... i+_ 

l <h) 

l ai) 

l a n) 


then lim P n equals 

ft— 

(A) 1 (B) e-l 



















































100 
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(C) e + 1 (D) e 

Solution: We have 


P„ = 


ci^ +1 
«i ) 


'a-, +1' 


V “2 


( 


2 a 


i y 


-*«+1 

77+1 


«3 


3 a 


2 / 


a„ +1 
(n + l)a„ 


: — = a k _ l +1 for k > 2 
k 


(1.64) 


Now 


fl„+l (n + l)(fl„ +1) 


177 + 1 

+ 1 


177 + 1 

1 


Therefore 


l +1 [/7 [h 


flo fli 1 

f “¥ = E 

a 3 i 

¥"¥ = ¥ 


‘n+l “n 


a„ 1 


177 +1 [77 [t? 

Adding all the above equations we get 

77,, i i 77i 1 1 1 

-L = — + — + ■■■ + — 


177 +1 [1 [1 [2 [77 

From Eq. (1.64) we have 

D _ 1 1 1 1 , _ 13 

- 1+ iT + iT + "' + P (•■■«1-1) 

HI2 Izi 

But the number e is the sum of the infinite series V — 

n k? 

(this is to be assumed). Note that Y,a n is defined as the 

limit of the sequence of the partial sums {.vj where 
s n =a 1 +a 2 + --- + a n (see Definition 1.38). Thus 


lim P„ = e 


105. Suppose x is real. Define 


f(x) = -+l 


Answer: (D) 


/ (2) M = /(/(*)) 
/ (3) W = /(/ (2, «) 

and in general 

f n+l W=/(/ (B) W) 

for 77 > 1 where 

/ (1) W = /W = f+1 

Then lim/^(x) is equal to 
(A) 1 (B) 2 


(C) x 

Solution: We have 


(D) 


1 —x 


/ (2) « = /(/ (1) W) = /(/(*)) = ^ + 1= ^T + ^ + 1 


/( 3 )(x) = /(/< 2 >(x)) = i|-V + i + l| + l = -V + -A + ^ + l 


1 ( x 1 


X 1 1 


2 (2 2 2 J 2 3 2 2 2 


By induction we can see that 

x 1 1 

-1-T- H- 

2 " 2” _1 2 

1 


/ (n) (x) = —+ —b- r + _L_+ ... + :! +1 

^ V 7 ^ /I r\Yl~2 ^ 


1- 

x 2" 


= — + 


2" !_I 


x 1 

= — + 2 - 


2 " 


n-1 


Now 


lim ¥ = o => lim / ?, ' ,) (x) = 0 + 2-0 = 2 
»->“ 2" 

Answer: (B) 

106. Define a = 72 2 + 20 for 77 = 1,2,3,.... Let d be the 

n 1 1 5 n 

greatest common divisor of a n and a n 1 and d be 
the least common multiple of d n for 77 = 1, 2 , 3, .... 
Then the infinite sum of the series 

, d d d 
d+—+-- + — +■■■ 

4 4 2 4 3 


is 

(A) 162 
(C) 108 


(B) 9 
(D) 54 
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Solution: We have 

a n + l- a n = 2,l + 1 

This implies d n divides 2n + 1 for all n = 1,2,3,.... Now 

3 a n + u n+1 = 4 n 2 + 2 n + 81 = 2 n (2 n + 1) + 81 

This implies d n divides 81 and 81 will be the L.C.M. of d n 
for n = 1,2,3,... so that d = 81. Now 


. d d d 

d + — + - T + -°° =— T 
4 4 2 t _l 


= (81)- = 108 


Answer: (C) 


107. Let a 1 = 1, a 2 = 1 + a x , « 3 = 1 + a x a 2 , ..., a n+1 = 1 + 
a x a 2 ... a n . Then V — = 

1 a n 

n =1 n 


(A) 1 
(C) 2 

Solution: Let 

11 1 

s n - — + — + ■■■+ — 

dy a 9 d„ 


(B) e 

(D) - 
2 


= 2 + 


= 2 + 


-i n i i , 

-1-H-h *•* H-( . dy — 1) 

^1 ^2 / ^3 flu 


Ai l 

——-+ — 


H-h-1-(*.* ZZ^ — ZZ 2 — —1) 


= 2 + 


= 2 + 


= 2 + 


-1 1 
-+ — 


+ — + ••• + - 


0^2 ~ U 3 1 


' 1 , 

H-1-(y a x a2 - a 3 = -1) 


-1 1 ' 
-+ — 


zqZZ 7 ZZ 2 Z?4 ^ 


+ •■■+- 

a„ 


Finally 


s ,, = 2 - - 


«i«2-fl n 


and a 1 a 2 -"fl n > 1 


Therefore 


lim ,v„ =2-0 = 2 


Answer: (C) 


108. For each positive integer n, let 

3 4 5 

—-1-1-!“•••+- 

" 1-2-4 2-3-5 3-4-6 

Then lim s n equals 


n + 2 


n(n +1 )(n + 3) 


29 

(a) t 


(C) o 


29 

(B) 36 

(D) “ 
v 2 18 


Solution: Let 

k + 2 

11 k = 


k(k+l)(k + 3) 

(k + 2) 2 

k(k +1 )(k + 2 )(k + 3) 

k 2 + 4k + 4 
k(k +1 )(k + 2 )(k + 3) 

= k(k + 1) + 3k + 4 
- + - 


1 


(k + 2)(k + 3) (k + l)(k + 2)(k + 3) 
4 


k(k + l)(k + 2)(k + 3) 

1 i 3 
k+2 k+3) 2 

1 


1 


1 


(k + 2)(k + 3) (k + l)(k + 2) 
1 


(fc + l)(fc + 2)(Jt + 3) Jt(Jfc + l)(fc + 2) 
(see Sec. 5.5, Vol. 1, p. 225) 

Now, put k= 1,2,3, ...,n and add. Thus 
s u =u 1 +u 2 +- + u n 

1 _ 1_ 

(n + 2)(n + 3)~Y3 

1 


fl 

1 1 


l 3 

77 + 3 > 

2 

4 


1 


3[(n + l)(n + 2)(n + 3) 1-2-3 


Therefore 


109 . lim 1 + 


n +COS7Z 


1 3 4 29 

lim s„ =- + — + — = — 
” 3 12 18 36 


is equal to 


Answer: (B) 


(A) 1 
(C) e 2 


(B) e 

(D) does not exist 


Solution: Put m =n 2 + cos n so that m —> °° = as n —> 
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Now 


/ = 1 or 4 


2 2 

n + n n + n 


m n +cos n 
1 


1 + 


n 


-+1 as n—> oo 


1 + 


COS II 


because 


Therefore 


lim 1 + 


lim — = 0 and lim cos n - o 

«->“ n n->°° n z 


n +cos n 


\n 2 +n 

[fi + ~rl 

= lim 

J n— 

A m J 


(n 2 +n)/m 


= e 


Answer: (B) 


110. V— equals 
7^i n - 
(A) e 
(C) 2e 

Solution: Let 


(B) e 2 
(D) oo 


n n n —1+1 1 1 

u„ = — = = —-— = + - 


" [n \n — l \n — 1 \n — 2 \n-l 
for n> 2. Therefore 


s n ~ T, Ll k - 1 + 


n =1 


. iwi n (l 1 

\lj [\1 \2) [\n^2 \n=l 


/ 


= 2 


1 1 


11 1 


Hence 


1 H-1-h h - 

v [1 [2 \n — l ) \n — 1 


lim ,v„ = 2e 


Answer: (C) 

111. Let x n = 2 + \j2 + \l2 + --- + \/2 (n square roots). 
Then lim x n is equal to 

(A) 8 (B) 16 

(C) e 2 (D) 4 

Solution: We have x n =2 + ^ n _ 1 . Suppose lim = /. 
Then 

/ = 2 + V7 

=> / 2 — 5/ + 4 = 0 
=>(/-!) (/ - 4) = 0 


But x n >2 and [xj is an increasing sequence and hence / 
^ 1. Thus 1 = 4. 

Answer: (D) 

112 . lim[21og(3n)-log(/7 2 +1)] is equal to 

(A) 0 (B) log 3 

(C) 2 log 3 (D) 4 log 6 

Solution: The given limit is 

o n 9n 2 

lim [log(9rT) - log(rr +1)] = lim log —- 


= lim log 


= log 


n + 1 
( 9 ^ 

1 + _ T 
V n J 


. 1 + 0 , 

= log 9 = 2 log 3 

Answer: (C) 


8/r 

113 . lim I n 


( n \ 
\2n) . 


(A) 4 
(C) 1 

Solution: We have 


Given limit = lim 


is equal to 

(B) e 4 

(D) oo 


1 + - 


{™Yn) 


n!2n 


4x1 4 

- e = e 


Answer: (B) 


114 . If V — . then 


6 ’ 

^t ( 2 « 

(A) — 
v 2 8 

(B) 

(C) — 

3 

(D) 

Solution: We have 


y 1 

-i? 

«=l 

s(2»-i ) 2 


is 


n 

~6~ 

24 


7T~ 1 ^ 1 


6 4 


n=1 


2 2 2 

n n n 

~6~ 24 ~~8 
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Worked-Out Problems 


115 . If 


a = lim 


^l 2 +2 2 +-- + n 2 ^ 


sin| a + /5 + ^j-sm^a + P~^ 


and 
p = lim 


(l 3 -1 2 ) + (2 3 - 2 2 ) + (3 3 - 3 2 ) + - + (ft 3 - ft 2 ) 


Then 

(A) a = 3/5 
(C) 4a = 3(5 

Solution: We have 


(B) 2a = 3(5 
(D) 3a = 4(5 


sin^a + (ft-l)/3 + ^- 

+ •■■ + 

-sinl a + (ft-l)/J-^ 


= sin| a + (2ft-l)^j-sin^a-^ 


a + (2«-l) — + a- — 1 n 
n V V 2 2 ■ np 

= 2cos-sin — 

2 2 


ft(ft + l)(2ft + l) 2 1 

a = lim —-^-- = — = - 

«->” 6ft 3 6 3 


Therefore 


f5= lim 


( l 3 +2 3 + 3 3 + •■■ + ft 


3 


. I 2 + 2 2 + 3 2 h -1- ft 2 


cos 


- lim 


s = 


\ ■ 1 

'n/1) 

) sm l 

tJ 




ft 2 (/7 +1) 2 ft(ft + l)(2ft + l) 

= lim —-—3-^— lim - 


• P 

sin — 
2 


4ft 4 

= 1-0 
4 

Therefore 3a = 4(5. 


6 « 


In the given problem, a= 0 and (5= 7il2n. Therefore 

/ (ft -l)?r ! 

A 2ft J 


= COS 0 + COS-+ COS-+-h COS 

” 2 ft 2ft 


Answer: (D) 


cos 


2 ft 


lim 1 

«->■» ft 

(A) 1 
2 

(C) - 
n 


n -1 


sin ft 


4/; 


/c=o 


(Kn\ 

— 

V 

7 

— ls 



. f /r 

V 2ft ) 



sin — 




v 4n i 


(B) 0 

(D) does not exist 


cos(ft-l) —-sin — 
v 4ft 4 


Solution: First we show that 

cos a + cos(a + (5) + cos (a + 2(5) + —t- cos(a + (ft - 1)(3) 

(a + a + (ft-l)/J) . 

cos----— sin — 

= _2_ l 2 J 

■ P 

sin — 

2 

Let 

s = cosa + cos(a + j3) + cos(a + 2j3)+- + cos(a + (ft-l)j3) 
Multiply both sides with 2 sin {(512). Therefore 

s^2sin^j = 2cosasin j l + 2cos(a + /l)sin j l 

+ ■■■ + 2 cos (a + (ft -1)/1) sin ^ 


/3 T . f p 
sm| a + — -sin a — 
2 ) \ 2 


sin 


n 

4ft 


1 (n n 

-^cos- 

V2 U 4ft 


sin 


Therefore 


lim 


( 1 n -1 /■ 

1 v ( m 

— > cos — 

ft , V 2 /7, 

V r=l y 


= —J= lim 
V2 


n n 

COS|-I . 

4 4ft J 4 


r. n \ 
sin — 
l 4ft ) 


n 


V2 


.cos 


(!) 


4 _ 2 
n n 

Answer: (C) 












































117 . Let 

P„ = 


Chapter 1 I Functions, Limits, Continuity, Sequences and Series 

Therefore 


2 3 -1 3 3 -1 


2 3 +1 3 3 +1 


+ ••■ + 


n 3 -l 

TF+l’ 


n = 2,3, 4,... 


a n ~-[(2 +s/2)" +(2-72)"] 


Then lim P n is equal to 

n—>o ° 

1 7 

(A) - (B) — 

v ' 2 11 

3 2 

(C) - (D) - 

v ' 4 v ' 3 

Solution: We have 


and = 

Therefore 


k 3 -1 _(k-l)(k 2 + k + l) 
k 3 + l~ {k + l){k 2 -k + 1) 


— = 72 


= 72 


[(2 + 72 )"-( 2 - 72 )"] 
2^2 

(2 + 72 )" + (2 - 72 )" 


(2 + 72 )"-( 2 - 72 )" 


1 + 

f 2-73 

/I 

^2 + 73 

1 - 

( 2-73 

n 

v 2 + 72 y 



k 2 +k + l 

{k + iJ 

{{k-\f + {k-\) + \) 


Hence 


for k = 2,3, ...,/ 7 . Therefore 

_ , 2-1 3-1 4-1 77-2 77-1 

* 77 


lim 


1 + 0 




^ = 72 , ... _ 

b n ) U-0 ) \ 2 + 72 

= 72 


2-72 3 
< 1 


( 


2 + 1 3+1 4 + 1 77 77 + 1 

7 13 21 77 2 +77+1 

3 7” 13 " ( 77 -I ) 2 +(t7-1) + 1 

( 


Answer: (B) 


119 . If 


1 2 3 77-2 /7-1 


3 4 5 77 77 + I 

2 


77“ +77 + 1 


7 13 21 


3 7 13 (77 -1)" + (77 -1) +1 


lim[l + xlog(l + h 2 )]^ 1 *’ = 2hsin 2 9,b> 0 

*->0 

and 9e (-x n\ then the value of 9 is 


77(77 + 1 ) 
1 + 


n + 77 + 3 


1 


77(77 +1) 


Therefore 


(A) ±f 

(C)± ? 


Solution: Let 


(B)±f 

(D)±f 


limP„=-|(l + 0) = -| 


/(x) = [l + xlog(l + h 2 )f JC 


Answer: (D) 


118. If a n and b n are positive integers and a n + \f2b n 
= (2 + 72)", then 


(IIT-JEE 2011) 


log(l+7> 2 ) 


Therefore 


lim 

n— 


V fc »7 


(A) 2 
(C) e' 12 

Solution: We have 


(B) 72 
(D) e 2 


„+V2h„=(2 + V2)" 
:„-V2h„=(2-V2)" 


Therefore 


[l + xlog(l+h 2 )f log,1+6 > 


lim/(x) = e log(1+fo2) =l + b 2 

x->0 

=> 1 + Z? 2 = 2Z? sin 2 9 

=> 2h sin 2 9 = l + b 2 >2b b> 0) 

<=> b = 1 and sin 2 #= 1 


0 = ±* 
2 


Answer: (D) 
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Worked-Out Problems 


Continuity 

120 . If the function (see Theorem 1.24 and Quick Look 6). Now 


/O) = 


x" - 2x + a 


smr 

b 


when x t- 0 
when x = 0 


is continuous at x = 0, then 

(A) a = 0, b = -2 (B) a = 1,6 = 0 

(C) a = 1,6 = 1 (D) a = 0,6 = 0 


Solution: 

fix) is continuous at x = 0 => lim /(x) = /(0) = b 

y->0 

Now 


lim f(x) = lim 

Y->0 Y—>0 


x 1 -2x + a 
sin x 


exists finitely and the denominator sin x —> 0 as x —> 0. 
Hence, by Corollary 1.3 


lim(x 2 -2x + a) = 0=>a = 0 

x ->0 

Therefore 


lim fix) = lim 

Y^>0 Y—>0 


= lim 

x —>0 



0-2 

~ Y ~ 


= -2 = f(0)=>b = -2 


Thus a = 0,6 = -2. 

121 . The function 


Answer: (A) 


/w=. 


1 - cos 4x 


A 


2x[x 


\jl6 + Jx -4 
is continuous at x = 0 for 


if x < 0 
if x = 0 
if x > 0 


(A) A = 16 (B) A = 8 

(C) A = 4 (D) no value of A 

Solution: /is continuous at x = 0 if 

lim f{x) = lim /(x) = /(0) = A 


lim f{x) = lim /(0 - h) 

Y^o-o /i->0 

h> 0 


= lim 

h^0 


1 - cos 4(0 - h) 

(0 ~hf 


2 sm~2 h 

= lim- - - 

h^> 0 b~ 


= 2 lim 

/ z —>0 


sin 2 h V 
2 h J 


x4 


=8x1=8 


Also 


lim fix) = lim /(0 + /i) 


x->0+0 


/ z —>0 
h>0 


= lim 


2 4h 


h ^° \J\6 + Jh -4 

2V/i(Yl6 + Vh+4) 


= lim 

/ z —>0 


16 + V/i —16 
= lim(2(Vl6+ Vh + 4)) 


/z—>0 

= 2(4 + 4) = 16 


Therefore 


lim fix) ± lim fix) 

x -> 0-0 y ^. 0+0 

So fix) is not continuous for any value of A. 

Answer: (D) 

122 . f:R —> R is a continuous function such that the 
equation/(x) =xhasno real solution. Let g : K. -+ R 
be defined by g (x) = /(/(x)). Then the number of 
real solutions of the equation g (x) = x is 
(A) only one (B) 0 

(C) only one in the (D) infinite 

interval (0,1) 

Solution: Let h(x) =/(x) - x. Since h(x) = 0 has no real 
solutions, by Corollary 1.10 either h(x) > 0 for all real x or 
hfx) < 0 for all real x. Therefore, 

g(x) - x = ififix)) -fix)) + (/(x)-x) 

keeps the same sign for all real x. That is the graph of 
g(x) - x can never cross the x-axis. Hence g(x) - x = 0 has 
no real solution. Thus /(/(x)) = x has no real solution. 

Answer: (B) 
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123 . Let a>0,b>0 and 


Therefore 


a x -b x .. . 

mp = f(qx) => f(x + x + ---q times) = f(x) + f(x) + ---q times 

X 

k if x = 0 

mp = qf{x) => /(x) = m — 1 = mx 


If/is continuous at x = 0, then the value of k is 

(A) (log a) (log b) (B) log a + log b 

(C) log a - log b (D) 1 

Solution: We have 


lim f(x) = lim' 
jc —>0 x—>ov x y 


= lim^- 1 >-( y - 1 ) 


x ->0 

= lim 

x —>0 


a x -1 


v x 


- lim 

jc->0 


b x -1 


= log a-log £> 

[using part (3) of Important Formulae.] 


Answer: (C) 


124 . Let / : R —> R be a continuous function such that 
f(x + y) = f(x) + f(y) Vx,ye R 
Then, there exists a constant m such that 

(A) /(x) = mx only for integer values of x 

(B) /(x) = mx only for positive integer values 
of x 

(C) f(x) = mx only for rational values of x 

(D) /(x) = mx for all real values of x 
Solution: We have 

f(x + y)=f(x)+f(y)^m = 0 
and /(—x) = —fix) for all x 

Let/(1) = m. Then 

/(2) = /( 1 + 1) = /( 1) +/(1) = 2m = m( 2) 

/(3) = /( 1 + 2) =/( 1) + /(2) = m + 2m = 3m = m( 3) 

Hence by induction, f(n) = mn for all positive integers n. 
If /z is a negative integer, then 

/(-«)=-/(») 

=> /(«) = -/(-«) = -m(-n) (••■ -n > 0) 

= 

That is,/(x) = mx for all integer values of x. Now suppose 
x=p/q is a rational number, q > 0 integer. Then 

f(qx) =f(p ) = mp (p is an integer) 


Hence /(x) = mx for all rational numbers x. 

We now suppose that x irrational. 

Let {xj be a sequence of rational numbers such that 
x n —> x as n —> °o. (This is possible due to Theorem 1.49 
and the note under it.) Now, by Theorem 1.52 we have 

/(*„)-»/(*) as n —> °o 

But/(x n ) = mx n (■.• x„ in rational) and mx n —> mx as n —»<». 
Therefore 

/(x) = mx 

Thus /(x) = mx for all irrational x. Hence /(x) = mx for 
all real numbers x where m =/(l). 

Answer: (D) 


S, QUICK LOOK 


All straight lines y = mx (except the y-axis) are 
the graphs of the function / : R —» R such that / is 
continuous and 

f( x + y)= f(x) + f(y) Vx,y e R 


125 . Let x ^ —1. For each positive integer n, let 


r , . X X X 

/« — - 1 -^- 1 -^ 1 - 

x + 1 (x + l)(x 2 + 1) (x+l)(x 2 + l)(x 4 + l) 

^n-l 

X 

+ ••• + — 


(x + l)(x 2 +1) — (x 2 +1) 

for each positive integers. Suppose /(x) = lim f(x). 
Then n ^°° 

(A) /is discontinuous at 0 

(B) /is discontinuous at 1 

(C) /is discontinuous at infinitely many values of x 

(D) /is continuous for all x ^ -1 

Solution: With reference to Problem 103, 
x —1 


/»(*) = 


1- 


x 2 -1 


if x ^ 1 


111 1 .. 

H-— H-— H-1-if X — 1 


2 2 2 


2 " 


ll . O n 

Case I: |x| > 1. That isx< -1 or x > 1. In this case x — 
as n —> oo. Therefore 


/(x)= lim /„ (x) = 1 


















107 


Worked-Out Problems 



Case II: 


X = 1 =>/(*) = lim /„(*) = 


111 

-1- W H-T 

2 2 2 2 2 


+ •••OO 


1 



Case III: |x| < 1 (-1 < x < 1). Therefore 


/(x)= lim/„(x)=l-^—J = x 
0 — 1 


1 


/ w=• 


X 


1 


if x < —1 
if -1 < x < 1 
if x > 1 


So /is continuous for all x ^ —1. See Fig. 1.28. 

Answer: (D) 


126 . Suppose /is continuous on the closed interval [0,2] 

and/(0)=/(2). Then 

(A) |y — x| = 1 and /(x) = f(y) for at least one pair x, 
ye [0,2] 

(B) |y-x| < 1 of/(x) =/(y) for same x, y e [0,2] 

(C) |y — x\ < 1 and/(x) ^/(y) for infinitely many x, y 
e [0,2] 

(D) |y-x| = 1 and/(x) =/(y) for no pair x, y e [0,2] 

Solution: Define g : [0,1] —> R. by 

g(x)=/(x + l)-/(x) 

Since / is continuous, g is continuous on [0,1]. Also 
g(0)=/(l)-/(0),g(l)=/(2)-/(l) 

and /(0) = /(2) => g(0) and g(l) are of opposite sign. 

Therefore, g(x) = 0 for some xe (0,1). That is 

/(x + 1) =/(x) for some x e (0,1) 


Take y = x + 1 so that 

|y-x| = l and /(y) = /(x) 

Answer: (A) 

127. Suppose / and g are continuous functions on the 
closed interval [a, 6] such that /(a) > g(a) and [(b) < 
g(b). Then 

(A) /(x Q ) = g(x Q ) for exactly one x () e [a, b ] 

(B) /(x 0 ) = g(x Q ) for at least one x Q e [a, b] 

(C) /(x 0 ) = g(x Q ) for no value of x Q e [a, b\ 

(D) /(x Q ) = g(x Q ) for infinitely many values of 
x Q e [a, b] 

Solution: Define Q(x) = g(x) - /(x) for x e [a, b\. 
Therefore Q is continuous on [a, b] and Q(a) = g(a) - 
f(a) < 0 and Q{b ) = g(b) - f(b ) > 0. If either Q(a) = 0 
or Q(b) = 0, we are through. Otherwise Q(a ) < 0 and 
Q(b) > 0 so that Q(x ) = 0 for some x e ( a, b). Thus 
/(x) = g(x) for some x e ( a, b). 


Answer: (B) 


128 . If the function 


/w=• 


2x 


for |x| < 1 


x~+ax + b for Ixl > 1 


is continuous, then 
(A) a = 2,6 = 1 
(C) a = 2,b = -l 

Solution: We have 


(B) a = -2,6 = 1 
(D) a = 2 = b 


/(*) = 


x z + ax + b for x < —1 


2x for -1 < x < 1 

x 2 + ax + b for x > 1 
Since /is continuous at x = -1, 


Therefore 


Again, 


lim f (x) = lim /(x) 

->(-l)-0 x—>(-l)+0 


1 — a + b = —2 
a — b = 3 


lim /(x)= lim /(x) => 2 = l + ci + b 

x^l-0 x-U+0 


(1.65) 


So 


a + b = 1 


( 1 . 66 ) 
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From Eqs. (1.65) and (1.66), a = 2, b = —1. 


Answer: (C) 


129 . If/is a real-valued function satisfying the relation 
/(x) + 2/Qj = 3x 

for all real x ^ 0, then lim(sinx)/(x) is equal to 

x->0 

(A) 1 (B) 2 

(C) 0 (D) oo 

Solution: We have 

f(x) + 2f^ = 3x 

Replacing x with 1/x, we have 

2 + = ~ 

\X J X 

From Eqs. (1.67) and (1.68), we get 


(1.67) 


f(x) = —x 

x 


Therefore 


( 2sm.r . A 

lim-xsmx 

x->0\ X J 


lim(sinx)/(x) = lim I ~ sln * _ isin x 

a—>0 x—»0v X 


130 . Let 


= 2(l)-0 = 2 


„ , 1 1 1 
• 4 “ = 1+ F + F + "' + F 


Answer: (B) 


and lim A„ = a. Then 


(A) a = 0 


(B) 0 <a< — 


19 7 

(C) 1.5 < a < 1.7 (D) -<a<- 

v ’ 12 4 

Solution: We have 


Clearly 


. 1 1 1 

• 4 “ = 1 + F + F + " + F 


1 


. .111 

> 1H—~ H-1-}-••• + - 

" 2 2 3-4 4-5 n(n + l) 


= 1 + - + 
4 


1_1 

3~4 


1_1 

4~5 


+ ■■■ + (- —] 

V n n + lj 


.11 1 
= 1 +- +- 


4 3 n +1 
19 1 


12 n + 1 


(1.69) 


Also 


. .111 1 

A n <1-1 —— -\ -1-1 1- 

" 2 2 2-3 3-4 (n-l)n 


= l + - + f---l + f---l + - + f—--) 

4 V 2 3 ) U 4) U-l n) 


.111 

= 1 +-+- 

4 2 n 

_ 7_ 1 
4 n 


(1.70) 


(1.68) Therefore from Eqs. (1.69) and (1.70), we have 


19 1 . 7 1 

-< A„ < -for n > 3 

12 n + 1 "4 n 


Taking limits we get 


19 .. 1 .. . 7 .. 1 

-lim-< lim A n < — lim — 

12 «->»■ n + 1 «-»“> 4 «->“ n 


Flence 


19 7 

— <a< — 
12 4 


Answer: (D) 


131 . P(x) is a polynomial such that P(x) + P{2x) = 5x 2 -18. 
Then 


IS)' 


lim 

x—>3 V X — 


(A) 6 
(C) 18 


(B) 9 

(D) 0 


Solution: Since 5x 2 - 18 is a quadratic polynomial and 
P(x) + P(2x) = 5x 2 - 18 it follows that P(x) must be a 
quadratic polynomial. Suppose 

P(x) = ax 2 + bx + c 

By hypothesis 

(ax 2 + bx + c) + (4 ax 2 + 2 bx + c) = 5x 2 — 18 
or Sax 2 + 3 bx +2 c = 5x 2 -18 

This gives 

a = 1, b = 0, c = -9 

















Worked-Out Problems 


So 


Therefore 


P(x ) = x 2 -9 


lim ——^ = lim(x + 3) 

x— >3 X — 3 Jr— >3 

= 6 


Answer: (A) 


132 . Let 


(A) f( X )=m+^x 2 

(B) /(x) = /(0)4x 2 

(C) /(x) = /(0) + ^x 3 

(D) /(x) = /(0) + ^x 2 

Solution: Given relation can be rewritten as 


/ 0) = lim 


for x > 0. Then 


log(2 + x) - x 2 " sin x 


1 + x 


2 n 


(A) /is continuous at x = 1 

(B) /is not continuous at x = 1 

(C) /has exactly two points of discontinuties in the 
open interval (0,1) 

(D) /is not defined at x = 1 

Solution: If 0 < x < 1, then x 2n —» 0 as n — > °o so that 
/(x) = log(2+x) 
log 3 - sin 1 


/(1) = 


If x > l.then 


/(x) = lim 


l°g(2 + x) 


2 n 


+ sinx 


.2 n 


+ 1 


= smx 


Therefore 


f(x) = 


log(2 + x) ifO<x<l 
^ [log 3 - sin 1] if x = 1 


smx 


if x > 1 


Since lim f(x) = log 3 ^ /(1) and lim /(x) = sin 1 ^ /(1), 

x -> l -0 je -> 1+0 

/is not continuous at x = 1. 

Answer: (B) 


/M-/i§>/m-/(fi+-c 


XXX X 

Replacing x with —, —, —,... ; on both sides and 
2 2 2 2 


1- 


rt + 1 


adding all the equations, we have 




(1.71) 

Since / is continuous, taking limits on both sides of 
Eq. (1.71) as n —> °° we get 

/(x)-/(0) = /(j)-/(0) + ^x 2 


Therefore 


x) 4 2 


fM-fhhr 


(1.72) 


In Eq. (1.72), again replace x with x/2, x/2 2 ,..., x/2" 
and add all of them. Then, we have 


/W-/I^r' = -^ 2 


l- 


l 


n +1 


l- 


Again taking limits on both sides as n —» °°, we get 
/(x)-/(0) = ^x 2 


133 . If / : R —> R is continuous such that 

/M-2/(fW(fW 


Therefore 


/(x) = /(0) + ^x 2 


for all x e R, then 


Answer: (D) 
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134. /: [0,1] —> R is continuous and assumes only rational 
values and /(0) = 3. Then, the roots of the equation 


•Q) 


/mi* 2 +l/l^ll*+/a)=o 


Equations (1.73) and (1.74) give 


n , n 
a= —, b = — 
3 12 


Answer: (A) 


are 

(A) rational and unequal (B) irrational 
(C) imaginary (D) equal 

Solution: Since / is continuous and in between any 
two real numbers, there are infinitely many rational and 
irrational numbers, / must be a constant function. Since 
/(0) = 3, we have 

/(*) = 3 Vre [0,1] 

Therefore the given quadratic equation is 3x 2 + 3x + 3 = 0 
which has imaginary roots. 

Answer: (C) 

135. The values of a and b so that the function 
x + aV2sinx, 


/ w=- 


0 < x < — 

4 


71 K 

2xcot x+b, — <x< — 


acos2x-bsinx, —<x<n 
2 


is continuous for 0 < x < ;rare, respectively, 


(A) 

v ' 3 12 
(C) 

w 4 12 


(B) 

v 3 12 
(D) 

V ; 6 4 


Solution: /is continuous at x = n!\ implies 
lim f(x)= lim f(x) 


— o 


n n , 
=> — + a = — + b 
4 2 


=> a - b = — 

4 


-+o 


Again/is continuous at /r/2 implies 

lim f(x)= lim f(x) 


jc ->—0 
2 

b = —a -b 
a + 2b = 0 


-+o 


(1.73) 


(1.74) 


136. Let 


/ w = 


sin(u + l)x + sin x 


{x + bx 2 ) V2 -X m 


bx 


.3/2 


for x < 0 
for jt = 0 

for x > 0 


If/is continuous at x = 0, then 

3 1 

(A) a = —, b ^ 0 is any real number, c = — 

(B) a = —,6^0, c= — 

2 2 

(Q a = -j,b*0,c = j 

(D) fl = |,b^0,c = -| 

Solution: /is continuous at x = 0. This implies 


lim fix) = lim f(x) = c 

jmO-O x -> 0+0 


Now 


lim f(x) = lim 
*->o-o 


sin(u + l);r sinx 


— (u + 1) + 1 — c 


=> a - c = — 2 

Again 

lim f(x)= lim —— 

x^ 0+0 x^ 0+0 bx 

l + bx-1 1 

= lim- , - = — = c 

bx[y/l+bx + 1] 2 

From Eqs. (1.75) and (1.76), we get 

3 1 

a = - — , c = — and b is any real ^ 0 


(1.75) 


(1.76) 


Answer: (B) 


137. Consider 


/(*) = 


1 + x if0<x<2 
3 —x if2<x<3 
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FIGURE 1.29 Single correct choice type question 137. 

Let g(x) = /(/(x)). Then the number of values of x 
at which /(x) is discontinuous is 
(A) 0 (B) 1 

(C) 2 (D) infinite 

Solution: We have (see Fig. 1.29) 


g(x) = /(/(*)) 


jl + /(*) if 0 < f{x) < 2 
[3 -f(x) if 2 < f(x) < 3 


Now 

0<x<l=>0<l+x<2l 
=> g(x) = /(x +1) = 1+(1+ x) = 2 + xj ^ ^ 

l<x<2=>2<l + x<3 

=> g(x) =/(/(*)) = 3-(l+x) = 2- x 

Therefore 

1 < x < 2 => g(x) = 2 -x (1-78) 


Therefore g is discontinuous at x = 1. Again 
lim g(x) = 2-2 = 0 

x—>2-0 

and lim g(x) = 4-2 = 2 

x—>2+0 

So g(x) is discontinuous at x = 2 and hence g is discon¬ 
tinuous at x = 1,2. 

Answer: (C) 

138 . Let f(x) = [x\+ |1-jc| for -1 < x < 3 where [x] is the 
integral part of x. Then, the number of values of x 
in [-1,3] at which / is not continuous is 

(A) 0 (B) 1 

(C) 2 (D) 3 



Solution: We have (see Fig. 1.30) 


Again 

2<x<3=$f(x) = 3-x 
and 0<3-x<lso that 

g(x)=f(3-x) = l + (3-x) = 4-x 
From Eqs. (1.77)-(1.79) we have 

2 + x if 0 < a: < 1 

g(x) = < 


Now 


2 — x if 1 < jc < 2 
4 — x if 2 < a: < 3 


lim g(x) = 2+1=3 

.r^l-0 


f(x) = 


(1.79) 


More clearly 


—1+1 — x = - x 
1 

1 — X 
1 

1 + X — 1 = X 

2+x—1=1+x 


if 0 < x < 1 
if x = 1 
if 1 < x < 2 
if 2 < x < 3 


f(x) = 


-x if -1 < x < 0 
1 — x if0<x<l 
x if 1 < x < 2 
1 + x if2<x<3 


lim 


g(x) = 2-1=1 


and 


Clearly/is discontinuous at x = 0,1,2. 


Answer: (D) 












112 


Chapter 1 I Functions, Limits, Continuity, Sequences and Series 


Multiple Correct Choice Type Questions 


1. Let 


/(■*) = [x] sin 


f n A 
v [x+l] y 


where [ ] denotes the greatest integer function. Then 

(A) domain of/is R— [—1,0) (B) lim /(x) = 0 

*->o+o 

(C) /is continuous on [0,1) (D) lim /(x) = 1 

.v—>1+0 

Solution: 

(A) /is not defined for all those values of x such that 

[x + l]=0<=>0<x + l<l 
- 1 < x < 0 

Therefore domain of/is R - [1,0). This implies (A) 
is true. 

(B) We have 

hm /(x)=lim(/(0 + /i)) 

x —>0+0 h— >0 

h> 0 


= lrm[0 + hl sin 

h —>0 
h> 0 


n 


[0 + h] + l 


= lim(Oxsin^) 

h —>0 

= 0 -/( 0 ) 

Therefore (B) is true. 

(C) Now 

0<x<l=>[x+l] = [x] + l= 0 + l = l 
Therefore 

/(x) = 0 x sin n= 0 

for 0 < x < 1 and /(0) = 0. So /is continuous on [0,1). 
This means that (C) is true. 

(D) Here 

lim fix) = lim f(l + h) 

.v—>1+0 /i—>0 

h> 0 


= lim [1+ hi sin 

h —>0 


= 1 x sin — = 1 
2 


n 


[l+h] + l 


So (D) is also true. 


Answers: (A), (B), (C), (D) 


2 . Let 


Then 


f(x) = 


xsin| — J forx^O 
for x = 0 


(A) lim /(x) does not exist (B) / is continuous at 

X->0 r\ 

X = {) 


(C) lim /(x) = 0 


(D) lim /(x) = 1 


Solution: Since x —» 0 and sin 1/x is a bounded function, 
by Corollary 1.4 

xsin— —> 0 as x —> 0 
x 


Therefore 


lim /(x) = 0 = /(0) 
*->o 


So (B) is true. Now put x = l/y so that y —¥ 0 as x —> °°. 
Therefore 

/(x) = —sin(y) = »1 as y —> 0 

y y 

So 

lim /(x) = 1 

Therefore (D) is also true. 


Answers: (B), (D) 


3 . Suppose 


/(*) = 


log(l + 2x) - 2 log(l + x) 


if x ^ 0 
if x = 0 


Then 

(A) lim /(x) exists and is equal to 1 

*->0 

(B) lim /(x) exists 

. v—>0 

(C) lim /(x) exists and is equal to -1 

x —>0 

(D) /is continuous at x = 0 

Solution: Note that /is defined for all x > -1/2. Now 
l + 2x 


108 l + 2x+r 2 , 

f(x ) =---^-— when x i=- 0 


/ 


log 


1 -. 

v l + X x 




log 1 - 


1 + x 


2 A 


(l+x) 2 

Therefore, by part (2) of Important Formulae 


x 

l+x 


-1 
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lim / (x) = (1) (—1) = -1 
x->o 


Answers: (B), (C) 


4 . Let 


f(x) = 


l + e 


Vx 


x ^ 0 
x = 0. 


Then 

(A) Um /(° — V -/(°) =1 

/i^O -/? 

(B) lim /(x) = 0 

x^0+0 

(C) lim /(x) = -1 

x->0-0 

(D) lim /(x) = 0 

x->0-0 

Solution: We have 


lim /(x) = lim f(0-h) = lim 

x—>0-0 J /i=> 0 ' " 

h> 0 


-A 


lim fix) = lim f(0 + /z) = lim 

x—>0+0 17 h-> 0 1 " 

h>0 


h^o V1 + e 
h 


0 


= 0 


~ llh i 1 + 0 
=0x0=0 


hm f(0-k)-m = lhn 


h^> 0 


—h 


V1 + e 
' -h 

h^> 0 


1 Ih 


\ 


l + e 


-1 lh 


-0 


v ~h 
1 


= lim 

h^0 


1 + 


J/L 


1+0 


= 1 


Answers: (A), (B), (D) 


5 . If f(x) = 1 + |sinx| then 

(A) lim —-- —does not exist 

/(-> o —h 

/(0 + / i )-/( 0 ) 

(B) lim —-- —does not exist 

/2—>0 /j 

(C) /is continuous for all real x 

(D) /is continuous for all x ^ 0 

Solution: 

(A) We have 

l im /(0-< | )-/(0) = „ m l + |sin(-t)|-l 
h->o —h />—>0 —h 


|sin/i| 


= lim J - 1 = lim 

h— >0 —h h— >0 


. ( sin h 1 

lm +- 

—+o V -h J 


= (+)! 


according as h -» 0 + 0 or h — » 0 - 0. So (A) is true. 
Similarly 

lim /(o+/ 0 -/( 0 ) = ±1 


/ i ->0 


h 


according as h —» 0 + 0 or h 0 - 0. So (B) is true. Since 
sin x is continuous for all real x, sin x| is also continuous 
for all real x and hence (C) is true. 

Answers: (A), (B), (C) 


6 . Let 


f(x) = 


x sin —, x it 0 
x 


0, 


x = 0 


and g(x) = x/(x). Then 

(A) /is continuous at x = 0 

(B) lim ^° + /7) ~^ exists finitely 

v /i—>o h 

(C) g is continuous at x = 0 

(D) ilm S(0+V-g(0) exists finitely 

h—>0 h 

Solution: 

(A) We have (by Corollary 1.4) 

limf xsin —1 = 0 

x—>0\ x) 

= /( 0 ) 

Therefore /is continuous at x = 0. So (A) is true. 

(B) We have 


i im /(o+/i)-/(0) = lim ^ sin l- 0 


h —>0 


h 


/i->0 


h 


= lim sin — 
/i—>o h 


This limit does not exist and so (B) is not true. 

(C) Since x is continuous at x = 0 and /is continuous at 
x = 0, it follows that g(x) is continuous at x = 0. So 
(C) is true. 

(D) We have 


lim g(0 + /0- S (0) = |im 

/?—>0 h A—>0 


h 2 sin —-0 
h 


Therefore (D) is true. 


= lim I h sin — 
A->0\. h 


= 0=g(0) 

Answers: (A), (C), (D) 


7 . Let 


/(*) = 


0 if x = 0 or x is irrational 

— if x = — rational, n > 0 
n n 

ffl 

and — is in lowest terms 
n 
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Then 

(A) /is continuous at x = 0 

(B) /is discontinuous at all non-zero rationals 

(C) /is continuous at all irrational numbers 

(D) /is continuous at x = 0 only 

Solution: 

Case I: a is irrational. Therefore f(a ) = 0. Suppose {x J 
is a sequence of irrational numbers such that x n —» a as 
n —> °o, then 

/(*„) = 0=/(a) 

so that /(x ) —> /(«) as n -> Now suppose {y n } is a se¬ 
quence of rational numbers such that y —> a as n —> °o. Let 
y n = mlq, q> 0 and m/q is in lowest terms. Therefore 

f(y n ) = -~>° asn-^oo 

q 

because q —» °° as n —> °°. So 

/O n )->0=/(«) as n —» oo 

Hence by Theorem 1.52,/is continuous at all irrational 
numbers because any sequence of reals tending to a con¬ 
tains subsequences of rationals and irrationals. So (C) is 
true. 

Case II: a is rational. Suppose a = 0. Let {x H j and {y } 
be sequences of rational and irrational numbers, respec¬ 
tively, such that 

lim x n = 0 = lim y n 

Let x n = {m/q} where m/q is in lowest terms so that 
f(x n ) = — 0 as n — 

q 

Therefore 

lim /(*„) = lim — = 0 = /(0) 

q^>oo q 

Also 


f(y n ) = ° V n => lim f(y n ) = 0 = /(0) 

Hence /is continuous at 0 because any sequence of reals 
contains subsequences of rationals as well as irrationals. 
Suppose a ^ 0 be a rational. Assume that/is continuous 
at a. Let {z n } be a sequence of irrational numbers such 
that lim z n = a. 

n — 

Since / is continuous at a, by Theorem 1.52 
lim /(z„) = /(«) = - 

q 

where a = mlq is in its lowest terms. But 


f(z n ) = o Vn=>- = 0 
q 

which is a contradiction. Therefore /is not continuous at 
any non-zero rational. Hence (A) and (B) are true. 

Note: The above function/is called Thomae’s function. 

Answers: (A), (B), (C) 


8 . Let 


/(*) 


3x 2 -1 if x < 0 
■ ax+ b if0<x<l 
\lx+ 3 if x > 1 


If/is continuous for all real x, then 
(A) a = 4 (B) b=-1 

(C) a = 3 (D) 6 = 1 


Solution: Since /is continuous for all real x, it must be 
continuous at 0 and 1 also. 


-1 = lim f(x ) = n(0) + b=> b = -l 

x —>0 


Also 

a(l) -1 = lim f(x) = yJl + 3 = 2 => a = 3 

X ->1 

Answers: (B), (C) 

9. Which of the following statement(s) is (are) true? 

(A) If \f\ is continuous at a , then/need not be con¬ 
tinuous at a. 

(B) If / and g are functions such that f+g is continu¬ 
ous in their common domain, then / and g may 
not be continuous. 

(C) Let / : R —> ffi. be a continuous function such that 
f(x) = 0 for all rational x. Then f(x) = 0 for all x. 

(D) Let / and g be two continuous functions from R 
to R and f(x) = g(x) for all rationals x. Then f(x) 
= g(x) for all x. 

Solution: 

(A) Let /: R —> R be defined by 

[1 if x is rational 
f{x) = \ 

[-1 if x is irrational 

Let a be any real number. Since in every neighbour¬ 
hood of “a”, there are infinitely many rational num¬ 
bers and infinitely many irrational numbers (See 
Theorems 0.14 and 0.17), it follows that/is not con¬ 
tinuous at a. But |/| (x) = 1 for all x is continuous at 
all real numbers. Hence (A) is true. 

(B) Define /: R —> R and g : R —» R by 

fix) = | 


1 if x is rational 
-1 if x is irrational 






115 


Worked-Out Problems 


and 


gW 


[-1 if x is rational 

| 1 if x is irrational 


Finally, / is discontinuous at x = -1 and -3 and at all 
other values of x, f is continuous implies the number val¬ 
ues of x at which/is discontinuous is two. Therefore (D) 
is true. 


Then both / and g are discontinuous at every real x 
whereas (/ + g)(x) = 0 Vr e R is continuous for all 
real x. So (B) is true. 

(C) Let aeR be irrational. Choose a sequence [x n ] of 
rational numbers (see Theorem 1.49 and the note 
under it) such that x n —> a as n —> °°. Since / is con¬ 
tinuous at x = a , by Theorem 1.52, we have 

/(*«)->/(«) as n —» 

But 


lim/(*„) = 0 =>/(</) = 0 

n— 

Flence f(a) = 0 for all irrational a. Therefore fix) = 0 
for all real x, because any sequence of reals tending to 
a contains subsequences of rationals and irrationals. 
Therefore (C) is true. 

(D ) Take h(x) =/(x) - g(x) so that by the above result [i.e., 
(C)] h(x) = 0 for all x. Therefore (D) is true. 

Answers: (A), (B), (C), (D) 


Answers: (A), (B), (C), (D) 


11. Let 


x —1 

if x < 1 

2 x-l 

if 1 < x < 2 

x +1 

if x > 2 


Then 

(A) /is discontinuous at x = 1 

(B) /is continuous at x = 2 

(C) /has intermediate value property on [0,2] 

(D) /has intermediate value property on [1,2] 
Solution: /is discontinuous at x = 1, because 

lim fix) = 0 and lim fix) = 1 

Y->l-0 Y->l+0 


So (A) is true. Now 

lim fix) = 2(2) -1 = 3 

x—>2-0 


10 . Let 


f(x) 


2x + 2 
x~ + 4.v + 3 
1 
2 
k 


for x ^ -1, -3 


for x — —1 


for x = -3 


Then 

(A) /is not continuous at x = -1 

(B) /is discontinuous at x = -3 for any value of k 

(C) / is continuous at x = -1, if / (-1) is defined 
to be 1 

(D) The number of values of x at which / is discon¬ 
tinuous is 2 


Solution: We have 


Now 


_ 2(x +1) 

(.r + l)(x + 3) 


2 

x+ 3 


if x ^ -1 


lim fix) = —-— = 1 
y^-L v ' -1 + 3 


and lim fix) = 2 + 1 = 3 

x—>2+0 

imply that / is continuous at x = 2. So (B) is true. 

Since / is discontinuous at x = 1,/cannot enjoy the 
intermediate value property on [0, 2] because [0, 1] is 
contained in [0,2]. As / (x) = 2x -1 is continuous on [1,2], 
it will have intermediate value property in [1,2]. Hence, 
(C) is not true whereas (D) is true. See Fig. 1.31. 



Hence / is discontinuous at + = -1 because /(—1) is 1/2. So 
(A) is true. 

Now if/(—1) is defined to be 1, then/is continuous at 
x = -1. So (C) is true. 

Again, since lim f(x) does not exist, it follows that / 

x —^—3 

is not continuous at x = -3, whatever value of k may be. 
So (B) is true. 


Answers: (A), (B), (D) 

12. Let f(x) = [x 2 ] - [x] 2 where [ ] is the greatest integer 
function. Then 

(A) /is discontinuous at all integer values of x 

(B) /is continuous at x = 1 
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(C) / is discontinuous at x = 0 

(D) /is discontinuous at all integer values of x ^ 1 
Solution: We have 

lim f(x)= lim([(l - h) 2 ] - [1 ■- hf ) 

X -> l -0 /!->0 

h> 0 

= lim([l -2h + h 2 ]- 1) 

/ z —>0 
/ z >0 

= lim(l + [/z 2 - 2h\ -1) 

/ z —>0 

= 1-1 = 0 (v[/z 2 -2/z] = 0) 
lim f(x) = lim([(l + /z) 2 ]-[l + /z] 2 ) 

/ i ->0 

h> 0 

= lim([l + 2h + /7 2 ]-l) 

/ 2—>0 
/ i >0 

= 1-1 (•.■ 1 < 1 + 2h + h 2 <2 

for very small positive 
values of h) 

= 0 

hrn /(x)= lim /(x) = 0 = /(l). 

- U -0 x -> l +0 

So/is continuous at x = l.This implies that (B) is true. 
Now 

lim f{x) = lim( [(0 - hf ] - [0 - hf ) 

x -> 0-0 0 

h> 0 

= 0-1 (v[0-/t] = -l) 

= -l 

lim /(x) = lim([(0 + /z) 2 ]-[0 + /i] 2 ) 

x —> 0+0 h —>0 

/ z —>0 

=0-0=0 

Therefore / is discontinuous at x = 0 and so (C) is true. 

Letn be an integer. Then for very small positive h, we 
have 

n 2 -1 < ( n - h) 1 < n 2 

so that 

[(« - h) 2 ] = n 1 — 1 

and [n - h] 2 = (n - l) 2 


x->l+0 


Therefore 


lim /(x) = lim([(n-/z) 2 ]-[n-/z] 2 ) 

x —> zz -0 / z —>0 

h> 0 


= (n 2 -l)-(n-l) 2 
= 2n - 2 ^ 0 for n ^ 1 


Again 

lim f(x)= lim([(n+/z) 2 ]-[n + /?] 2 ) 

x —» zz +0 / z —>0 

h> 0 

= n 2 -n 2 = 0 

Because 

n 2 < (n + h ) 2 < n 2 + 1 

for small positive values of /z implies that [(n + /z) 2 ] = zz 2 . 
Note that at n = 1, and so 

lim /(x) = 2(1) - 2 = 0 
x - U -0 

Therefore (D) is true. 

Answers: (B), (C), (D) 


QUICK LOOK 


The function f(x) = [x 2 ] - [x] 2 is discontinuous at all 
integer values of x ^ 1 and is continuous at x = 1. 


13 . Let 


f(x) = lim - 

*^“1+X 


2zz 


2n 


Then 

(A) /is continuous for all x < -1 

(B) /is discontinuous at x = -1,1 

(C) /is continuous for -1 < x < 1 

(D) /is continuous for all x > 1 
Solution: If |x| > 1, then lim x 2n =+=»so that 

n —>°° 


lim x = 0 

n^ X 2n 


Therefore f(x) = -1 for |x| > 1. By definition /(+1) = 0. If 
-1 < x < 1, then lim (x 2 ") = 0 so that /(x) = 1. Therefore 


-1 for x < -1 
0 for x = -1 
1 for -1 < x < 1 
0 for x = 1 
-1 for x > 1 


Hence 


fix) =' 
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So / is continuous at all x ^ -1,1. Figure 1.32 shows the 
graph of /(x). 



•y 




i 



-1 

0 


X 


-i 







FIGURE 1.32 Multiple correct choice type question 13. 

Answers: (A), (B), (C), (D) 

14. Let x x = 1 and 

x n+i — ^(2x H +3) 

for n > 1. Then 

(A) x n <2 for all n 

(B) {x ;| j is monotonic increasing 

(C) lim (x n ) = 2 

72— 

(D) lim(x n ) = 3/2 

Solution: We have x x = 1 < 2 and 

1 5 

x 7 = — (2xi + 3) = — < 2 
2 4 V 1 2 4 

Therefore x < 2 for n = 1 and 2. Assume that x <2 for 

n m 

same n = m. Now 

W=^(2x m +3)<^(2(2) + 3) = ^<2 

Flence by induction, x < 2 for all n and so (A) is true. 
Also 



Assume that x„, < x„ ±1 . Now 

m m +1 

■* 772+1 — ^ (^-*777 3 ) 

^ ^(^-*772+1 ( * •*'772 ^ -*772+1) 

— -* 722+2 

Therefore {x rt } is increasing and so (B) is true. Thus {x } 
is an increasing sequence and bounded above. Therefore 


by Theorem 1.43 the sequence {x } converges to a finite 
limit, say /. Therefore 

/ = lim (x„ +1 ) = lim j (2x„ + 3) = 1 (21 + 3) 

Flence / = 3/2 and so (D) is true. 

Answers: (A), (B), (D) 


15. Let Xj > 2 be a fixed number. Define x n+1 = 1 

+ \l x n ~!• 

(A) Then |x n } is a decreasing sequence 

(B) Then x n >2 for all n 

(C) If x x = 2, then lim x n = 2 

72 — 

(D) Ifx 1 >2,then limx n =2 

Solution: We have 

x 2 - Xj = (1 + ^jx 1 — 1) - Xj 
= - [(-^1 - !) - 
<0 

Therefore x 2 < x v Assume that x n + 1 < x n . Now 

-*'72 + 2 _ ■*' 72+1 _ V ^ I ) _ (1 

= yl x n + l- 1 -J x n- 1 <° (V X„ +1 <X„) 

Therefore 


*n + 2 <JC n + l 

So {xj is a decreasing sequence. This implies (A) is true. 
Now 

x 2 = 1 + ^/x x -1 and x 2 > 2 => x 2 > 2 
Assume x > 2. Now, 

72 7 

*«+l =l + V^«-l^l+^ 2 -l = 2 

Therefore x n > 2 for all n. So {x } is a decreasing sequence 
which is bounded below by 2. Hence {x j( } is convergent 
by Theorem 1.42. Suppose the limit is /. Then 

1= lim(x„ +1 ) 

72 —>°° 

= lim(l+^/x H -1) 

72 —^°° 

= i+V7^T 


So 


/ 2 -3/ + 2 = 0=>/=lor2 


But x n >2 for all n implies that 1 = 2. So (D) is true. Also 
when Xj = 2, then x n = 2 for all x so that lim x n = 2. Hence 

(C) is true. m_> °° 

Answers: (A), (B), (C), (D) 
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Matrix-Match Type Questions 

1. Match the items of Column I with those of Column II. 


Column I 


Column II 


2 X -1 

(A) lim , —is 


V l+2x-y/3x 

(B) m = H T7T^r Then 

lim/(x) equals 

x->l 

( 2sinx-sin2x' 

(C) lim -r-| is 

x 


(D) x 1 = 1 and x n+1 = ^2 + x n . 
Define y n = 


(P) 2 log 2 

(q) 1 

(r) 2 


(s) -(V3-V2) 


Then lim y n is 


(t) 


3V3 


Solution: 


(A) lim 


2 * -1 


-^WI + jc — 1 


= lim 

X=>0 


= lim 

*->o 


2*-l_ 

x )\41+x-l 

2 X -1~\ 1 


\/l + x — 1 


= (lo g 2)- 7TT 


= 2 log 2 


Answer: (A) (P) 


(B) /(*) = 


Vl + 2x-V3x 
>/3 + x —2y[x 

l + 2x-3xV V3 + x + 2a/x ^ 


3 + x 4x y y -\/l + 2x + \j3x 
1 f >/3 + x + 2^x ^ 


3 y y/l + 2x + V 3x 
Therefore 


r X 1(2 + 2) 2 

lim f(x) =-=- j= 

3 2 V 3 3 V 3 


Answer: (B) —> (t) 


2sinx-sin2x 2sinx(l-cosx 
(C) lim-;-= lim 


x—>o x 3 *->o a: l x 2 


= lim 


x->0 V x 


smx 


= lim 


smx 


*->0f x 


=1x1=1 


. . 2 AT 

4 sin — 


\ x J 

/ \2 

. X 

sin- 


x 

v 2 ; 


Answer: (C) —» (q) 

(D) x x = 1, x 2 = V3 => x 1 < x 2 . Assume that x n < x Y 
Therefore 


M+2 


= # 


+ X 


H+l 


%n +2 A+1 >/2 ^n+1 y/2 ^ -A 

which is positive, because x n < x n + r So {xj is an 
increasing sequence and bounded above by 2. By 
Theorem 1.42, {xj converges to a finite limit, say L. 
So 

L = lim (x„ +1 ) = lim 2 + x n = \/2 + L 

Now 

L 2 -L -2 = 0 
=>(L-2)(L + 1) = 0 
=> L = 2 (■.• x„<2 Vn) 

By Cauchy’s first theorem on limits (Theorem 1.45) 
lim y n = 2 

n — 

Answer: (D) —> (r) 

2. Match the items of Column I to those of Column II. 


Column I 


Column II 


, , sinx + cosx 

(A) lim - s -| is 


! + x 2x 


, then 


(B) If / = lim 

jc->0 

(48)/ is 


(C) If [ ] denotes greatest 
integer function, then 
lim([x - 2] + [2 — x] + x) = 

X —>2 

(D) lim ([x] + Ixl) ([x] is integral part 

x->l-0 

of x) is equal to 


(P) 1 

(q) 0 

(r) -1 

(s) 2 
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Solution: 

(A) -V2 < sinx + cosx < V2 (i.e., sin x + cos x is bound¬ 
ed) and 1/x 2 —> 0 as x —> °o. This implies 


sinx + cosx 

lim- ■= - 

x 


= 0 


Answer: (A) —> (q) 


(B) We have 


/ = lim 


2 -- 


; + x 


*->2 2xx%/8 + 3 

f 3, 


= -—lim 

2 x — >2 


— X 


1 1 o-3/3 1 

=--x-8 x- 

2 3 2 


1111 
= —x-x-x — 
2 3 4 2 

_ 1 
~ ~48 



Column I 


Column II 


(C) /(*) = 


2 x for 0 < x < 1 


x -1 for x > 1 
Then/is not continuous at x 
equal to 


(D) /(x) = 


2 2 

x -tf 


if x ^ u 


x-a 

0 if x = a 

Then /is continuous at x = a, if 
the value of a is 


(r) [-1,3] 


(s) 1 


(t) -3 


Solution: 

(A) /(l) = 2(1) - 4(1) + 5(1) - 4 = - 1 

/(2)= 2(8)-4(4)+ 5(2)-4 = 6 

/(1) /(2) < 0 and / is continuous on [1, 2], This 
implies/(x) has a zero in (1,2). 

Answer: (A) (q) 


Therefore (48) / = -1. 

Answer: (B) —> (r) 

(C) In a neighbourhood (very small) of 2, 

[x — 2] + [2 - x] = — 1 
=> [x - 2] + [2 — x] + x = —1 + x 

Therefore 


(B) f = \l\6-x 2 is continuous on [-4, 0] and /(0) = 4, 
/(—4) = 0. Since 0 < V7 < 4, by intermediate value 
theorem for continuous functions on a closed in¬ 
terval, 

/(x) = V7 for some x e (-4,0) 

=> Vl6-x 2 = V7 for some x e (-4,0) 

=> x = ± 3 


lim([x-2] + [2-x] + x) = -1 + 2=1 

x->2 

Answer: (C) —> (P) 


Therefore x = -3. 


Answer: (B) —> (t) 


(D) [1 - h] = 0 when h > 0 is very small. This implies 
lim ([x] + |x|) = 0+1 = 1 

x->l-0 

Answer: (D) —> (P) 

3. Match the items of Column I to those of Column II. 


Column I 

Column II 

(A) /(x) = 2x 3 - 4x 2 + 5x - 4 has a 

(p) 0 

zero in the interval 


(B) If f(x) = >J 16-x 2 then/(x) 

(q) [i, 2 ] 

assumes the value -Jl at x 


equals to 



(C) For 



if 0 < x < 1 
if x > 1 


lim /(x) = 2 

j:—>1-0 J 


and lim /(x) = 1 — 1 = 0 
*-> 1+0 


implies that /(x) is not continuous at x = 1. 

Answer: (C) -> (s) 


(D) lim/(x) = 2u and f{a) = 0 =>/is continuous at x = a, 

x—>a 


only when a = 0. 


Answer: (D) -» (P) 


{Continued) 
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4. Match the items of Column I to those of Column II. 


Column I 

Column II 

(A) lim(l + sinx) cosecY is 

(p) o 

x—>0 

(B) lim 

f^Tis 

(q) e 

X— 

vx + ly 


(C) lim | 

x->0' 

1 + tan x | 
v 1+sinx ) 

(r) 1 



(D) /(*) = 


- COS X, 


x — l, 
log X, 


— — < x < 0 
2 

0 < x < 1 
x > 1 


(s) e 2 


Then the number of points at (t) -e 
which /is not continuous is 


(IIT-JEE 2011) 


Solution: 

(A) lim(l+sinx) cosec * = lim(l + sinx) 1/sm,: =e 

x->0 x->0 

Answer: (A) —> (q) 



Therefore 


lim 

X— 


x+ 2 
x + 1 


X 



Answer: (B) —> (q) 


(C) Let 


/(*) 


Therefore 


(1 + tanx) 
1 + sin x 


cosec x 


[(1 + tan x) 1/tanx ] S6C 
(l + sinx) 1/sinv 


lim/(x) = - = 1 
x->o e 

Answer: (C) —> (r) 


(D) We have 



/O) 



n 

~2 


= 0 = - cos 



= lim /(x) 

x—>-—+0 
2 

Therefore /is continuous at x = -jiI2. Now 
lim f(x) = —c osO = —1 = 0 — 1= lim f(x) 

x—>0-0 x—>0+0 


Therefore / is continuous at x = 0. Again 
lim /(x) = 1-1 = 0 = logl = lim /(x) 

x->l-0 x->l+0 


Therefore /is continuous at x = 1. This implies that/ 
is continuous for all x. 

Answer: (D) —» (P) 


5. Match the items of Column I to those of Column II. 


Column I 



Column II 


1 

tanx 1 


( A ) Let /(x) = 

-tanx 

1 tanx 

(P) 2 


-1 

-tanx 1 


Then the number of values of x 
such that 0 < x < jd 2 at which/is 


not continuous is 




. 9x 

sin — 

2 

if x ^ 0 


(B) Let /(x) = 

. X 

sin — 

2 

(q) 3 


k 

if x = 0 


If k is the value such that /is 
continuous at x = 0, then 2k/9 is 



{Continued) 
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Column I 

Column II 

(C) Let f(x) = 3x - 5. Then lim/ _1 (x) 

(r) 1 

. *->1 

is equal to 

(D) If/(x) = [x] + |1 - x| where [x] 

(s) -1 

is the integral part of x, then 

lim fix) is 

*->2-0 

(t) 0 


Solution: 

(A) Add R 3 to R r Then 

0 0 2 
/(x) = -tanx 1 tanx 
-1 - tan x 1 

= 2(tan 2 x + 1) = 2 sec 2 x 

which is continuous for all x in [0, tt/2]. 

Answer: (A) -+ (t) 


(B) We have 


lim fix') = lim 

*->0 x—>0 



( . 9x) 
sin — 

2 

9x 

■S’ 

* | <N 

'V_ 

2 


9x 

2 

. X 

sin — 

X 


l 2 J 


1 2 ) 



= 9 = k 


Therefore 


— (k) = 2 

9 v 


Answer: (B) -+ (P) 


(C) We have 


f(x) = 3x-5 

r -1 r \ X + 5 

=>/ (x) = — r- 


Worked-Out Problems 

6 . Match the items of Column I to those of Column II. 


Column I 


Column II 


(A) lim-(l + ^ + i + --- + —!—-] equals (p) 1 

n\ 3 5 2n -1J 

(B) Let s„ = —-—^ H -"— T H - 1 -“—T ^ 1/2 

(« + l) 2 (« + 2) 2 (« + «) 2 


Then lim^,,) is equal to 

n—>oo 

4 + 3x„ 


(C) Let x -1 and 


*•«+! 


3 + 2x n 
Then lim x n is equal to 


for n > 1 


,1™, I is 


(r) 0 

(s) 2 

(t) V2 


Solution: 

(A) Let ,s„ = —-— so that lim s n = 0. Therefore by 
2 n — 1 «-»“> 

Cauchy’s first theorem on limits (Theorem 1.45) 


.11 1 

It-1-h-1- 

s 1 +s 2 + - + s„ 3 5 2n — l 


0 as n —» oo 


Answer: (A) —»(r) 


(B) We have 


s„ = 


1 1 
- + - 


- + ■■■ + - 


(n + 1) 2 {n + 2y (n + n) 1 


1 1 

<—+ — + ■■■ /7 times 

77“ 77“ 


77 1 


77“ 77 


Therefore 


Therefore 

lint / 1 (x) = = 2 

x-»t 3 

Answer: (C) —> (P) 

(D) In the left neighbourhood 2, [2 - h] = 1. Therefore 
lim /(x) = lim([2-/7] + |l-(2-/7.)|) 

. i -> 2-0 / i ->0 

h>0 


= 1 + 1=2 


Answer: (D) —> (P) 


S n < — V 77 
77 


Also 


V„ > ■ 


1 


1 


That is 


(77 + 77)“ (77 + 77)“ 

77 1 

4 / 7 2 4 77 


1 1 
— <5 < — 
4/7 ” 77 


- + ■■•77 times 
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Hence by squeezing theorem lim s n = 0 because 

lim - = 0. 

n ->°° n 

Answer: (B) —> (r) 


(C) x x = 1, x 2 = — => Xj < x 2 < 2. By induction we can see 
that x < x n _ j so that \x n } is an increasing sequence 
and also x < 2 V n. That is {x n \ is an increasing se¬ 
quence and bounded above. Hence by Theorem 1.42 
{x n } converges to a finite limit say /. So 


/ = lim x, 


= lim 


n+1 


^4 + 3x ^ 


3 + 2x 


n y 


4 + 3/ 
3 + 2/ 


This gives 

3/ + 2/ 2 = 4 + 3/ 

2/ 2 = 4 or / = +V2 
Hence x„ > 1 V rc => / = V2. 

Answer: (C) -+ (t) 

(D) Let x n = n/2". Then 

x„ +1 lfn + U If, 11 
" +1 - 1 = -!+--» 1/2 as n->< 


x n 2 \ n ) 2 \ n, 

Therefore by Ratio test (Theorem 1.47) 
x —» 0 as « —» oo 

n 

Answer: (D) (r) 


Comprehension-Type Questions 

1. Passage: It is known that 


/smx\ . tanx 
lim - = 1 = lim- 

X ) *->0 X 


=lxi=i 
2 2 


Answer: (C) 


Based on this information, answer the following 
questions. 

... .. 1-cosx . 

(i) lim- s — is 


x->0 x 

(A) 1 

(C) 1 


(B) 2 
(D) 0 


.... .. sin 3 2x . 

(n) lim--— is equal to 

*->o xsin 2 3x 


(A, | 

(Q | 


(B) - 
y 9 

(D) * 
’ 9 


(ii) lim Sin ? 2X = lim 

-r^0xsin“3x *->o 


5+^i 8+ 

2x 


XI 5+^ I 9x 2 


3x 


8 

9 

Answer: (D) 


,"l-2cosx + cos2xl 2cos z x-2cosx 

(in) lim -^-| = lim - 


*-»0( x 2 ) x^O x 2 


2cosx(cosx-l) 
= lim-^-- 


*->0 


sin 


x 
.2 X 


= -4 lim - 


*->0 x “ 


..... .. . l-2cosx + cos2x' 

(ui) lim ---| is 


jc->0( 

(A) 1 

(C) 1 
2 

Solution: 

(i) lim 1 -”” 


(B) -1 

(D)-i 


. v ->0 


= lim 

x->0 


r 

0 • 2 x 
2sm — 


V x- 


= lim 

>o 


sm 


2 


1 

2 


= - lim 


sin- 


= -l 


Answer: (B) 


2. Passage: Using lim 


( x n -a n ^ 


v x ~ a J 


= na" \ answer the fol¬ 


lowing questions. 

/x V3 +x^ + x j “-3 

(i) lim 

X —>1 


x 3 -l 


IS 


(A) f 


(B) 2 
9 








































Worked-Out Problems 


< c > I 


(D) - 
’ 9 


(x n -l) + (x n ~ 1 -l) + - + (x z -l) + (x-l) 


x-1 


(ii) If n is a positive integer then 

r x n+1 — (n + l)x + n 3 


lim 

*-»* 


(x-1) 2 


x"-1 x" -1 x-1 x-1 

- + - + ■■■ + - + - 


x-1 x—1 

Therefore 


x — 1 x-1 


(C) 


(iii) lim 

x ->0 


n 

(B) 

lim/(x) = n + (n-l) + (n-2)-i-l-2 + l 

2 

2 

JC— >1 

n(n + Y) 

(D) "(" + 1 )( 2 " -1 ) 

n(n +1) 

2 

2 

2 

Vl + 2x— l) . 


Answer: (C) 


IS 


(A) 0 


< c > 


Solution: 
(i) Let 


/(*) = 




(D) 1 


x V3 +x U2 +x *2_ 3 

x 3 -l 


Therefore 
/« = 


x V3 +x V 2 +x ™^ 3 
(x-l)(x 2 +X+1) 

V 3 -! ^ 

x — 1 


\ - - y 

Taking limit we get 


V 2 -! ^ 

v X ~ 1 j 


+ 


^ x 3/2 -l ^ 
x — 1 


1 


1 


X + X + 1 


r « x 1 3' 

*-»i 2 U 2 2^1+1+1 

_ 14 1 _ 7 

~~6 X 3~9 


Answer: (B) 


(ii) Let 


/(*) = 


x" +1 —(n + l)x + n 

U-l) 2 

x(x" -1) - n(x — 1) 

(x-lf 

x(x n -\) 


x-1 


— n 


x-1 

n -1 . «-2 


x(x n ~ 1 +x n - z +- + x + l )-n 
x — 1 

( x" +x" _1 +x"“ 2 + —+ x)-n 


(iii) We have 


Vl + 2x — 1 r 0 

lim-= lim 2 

x—>0 X x —>0 


VI+2x-l 


= 2 lim 

y->i 


(1 + 2x) -1 

r s -^ 


y-1 


= 2x — = 1 
2 


, where y = l + 2x 


Answer: (D) 


3. Passage: A function / is continuous at a point a if and 
only if 

lim /(x) = lim /(x) = f(a) 

x—>a-0 x —>«+0 

Equivalently lim/(x) = f(a). Based on this informa- 

x—>a 

tion, answer the following questions. 

(i) Let 


/(*) = 


1 + x 2 (1+x 2 ) 2 (1 + x 2 ) 3 (1 + x 2 ) 4 


-J- ... OO 


Then lim f(x) 

x^O 

(A) isO 

(B) is 1 

(C) is continuous at x = 0 

(D) is discontinuous at x = 0 

(ii) Let 

(l+x ifx<2 


f(x) = 


g(*) = ■ 


5 - x if x > 2 

x 2 if \x\ > 2 
4 if I x I < 2 


Then 

(A) / is discontinuous at x = 2 and g is continu¬ 
ous at x = 2 

(B) /is continuous at 2 and g is discontinuous at 2 


x — 1 
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(C) both / and g gave continuous at + 2 

(D) both/and g are discontinuous at + 2 

(iii) Let 


/ 0 ) = • 


-1 

o 

l 


if x < 0 
if x = 0 
if x > 0 


and g(x) = l + x-[x] 


where [x] is the integral part of x. Define /z(x) = 
/(£'(*))■ Then 

(A) /z(x) is not continuous at integer values of x 

(B) h(x) is continuous at x = 0 only 

(C) /z(x) is continuous for all real x ^ 0, ± 1 

(D) /z(x) is continuous for all real x 


Solution: 


(i) /(x) is a geometric series with common ratio 1/(1 + 
x 2 ) which is positive and less then unity when x ^ 0. 
Thus 


/o) 


X 

1 + x 2 , 


1- 


1 

1 + x 2 


= 1 


So 


[l whenx^O 
[0 when x = 0 


Therefore / is not continuous at x = 0. 

Answer: (D) 


(ii) We have 

lim f(x) = 1+2 

.v—>2-0 J 

and lim f (x) = 5-2 = 3 

x->2+0 

Also 

lim g(x) = 2 2 = 4 = lim g(x) 

x->2-0 x->2+0 


Thus both /(x) and g(x) are continuous at x = 2. 
Also both / and g are continuous at x = -2. There¬ 
fore both /and g are continuous at x = +2. 

Answer: (C) 


(iii) Since 

x - [x] > 0 => h(x) =/(g(x)) = 1 

for all x, therefore h is continuous for all real x. 

Answer: (D) 


4. 


Passage: Let /: R —> K. be such that 

(a) /(x + y) = /(x) + /(y) Vx,yeR 

(b) /(1)=2 

(c) /is continuous at origin. 

Answer the following questions. 

(i) Which of the following statements is true? 

(A) /is discontinuous at all rational values of x 

(B) /is discontinuous at all irrational values of x 

(C) /is continuous for all real x 

(D) /(x) = 2 X 


(ii) 


lim 

x—>0 


2 /w -l" 


is equal to 


(A) log 4 
(C) log 2 

(iii) lim(l+/(x)) Ui: is 

X—>oo 

(A) e 2 
(C) 4e 


(B) ^ log 2 
(D) ^ log 4 


(B) e 
(D) 


(IIT-JEE 2011) 


Solution: 

(i) We shall prove that / is continuous at all real x. Let 
a g R. Now 


f( x +y) =/(x) + f(y) for all xjet 
=> 0=/(0 + 0 )=/( 0 )+/( 0 ) 

Therefore 

/(0) = 0 (1.80) 

Also, 

0 =/( 0 ) 

= /(x + (-x))=/(x) +/(-x) 

=>/(-*) =-/(*) ( 1 - 81 ) 

Now 

lim /(x) = lim f(a - h) 

x^>a -0 h —>0 

= lim f(a + (-/z)) 

/i->0 

= lim(/(a) + /(-/z)) 

/ i ->0 

= lim (f(a)-f(h)) 

/;—>0 

= /(fl)-lim/(/z) 

/i-> o 

= /(«)-/( o) [By( c )] 

= /(fl)-0 [By Eq. (1.80)] 
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Thus lim /(x) = f{a). Similarly lim /(x) = /(a). 

x—>a-0 x—>a+0 

Therefore 

lim f(x) = f(a) 

x—>a 

so that / is continuous at a e R. 

Answer: (C) 

Now, we prove that f(x) = 2x. 

Case I: Suppose x is a positive integer. Then 

f(x) = /(I +1H-hi times) 

= /(1) + /(1) -t-Kr times 

= 2 + 2-1 -1-2 (x times) [v /(1) = 2] 

= 2x 

Case II: x is a negative integer, say x = —y where y is 
a positive integer. Then 

f(x) = f(-y) 


is continuous on R will be determined by the value 
of /(l). In fact if /(l) = k, then /(x) = kx. 

(ii) We have 


lim- 

x->0 x 


= lim 

x->0 


( 2 lx -1^ 


(■•■ /(*) = 2x) 


= lim 

x—>0 


V-l' 


v x 


= log 4 = 2 log 2 


Answer: (A) 


(iii) We have 


lim (1 + f(x)) Vx = lim (1 + 2x) Vx 


= lim (1 + 2x) (l/2x) ' 2 

Answer: (A) 


X— 

2 


= e 


= ~f(y) [By Eq. (1.81)] 

= ~(2y) (By Case I) 

= 2x (v x = —y) 

Case III: Suppose x = min where m is an integer and 
n is a positive integer. Then 

/(m) = f(nx) = f(x + x + ■ ■ ■ upto n times) 

= /(x) + /(x) + • • • upto n times 

= nf(x) 

But f{m) = 2m (by Cases I and II). Therefore 
2m = nf(x) 

=>/(*) = 2 [~] = 2x 

Case IV: Suppose x is irrational. According to Theo¬ 
rem 1.49 together with the Note under it, we can al¬ 
ways construct a sequence {xj of rational numbers 
such that x n -txas n —> °°. Since /is continuous at x, 
by Theorem 1.52 

/(-O ->f( x ) asn^oo 

But f(x n ) = 2x n (by Case III). Therefore 

/(x)= lim f(x n ) 

n—>oo 

= lim(2x„) 

n—>°° 

= 2 lim x n 


= 2x 

Thus /(x) = 2x V x e R. Note that all the functions 
satisfying the conditions /(x + y) = /(x) + f(y) and / 


5. Passage: The function y = /(x) is defined by the para¬ 
metric equations 

x = 2t-\t-l\ 
and y=2t 2 +t\t\ 

Answer the following questions. 

(i) The value of/(2) is 

(A) 3 (B) 6 

(C) 9 (D) 0 

(ii) /(x) consumes the value 1/2 at x equal to 


(A) 


(C) 


V2-1 

"VT 

V 2 + 1 


(B) 


(D) 


V3-V2 

V2 

V3+1 


(iii) The number of values of x at which / is discon¬ 
tinuous is 


(A) 0 
(C) 2 


(B) 1 
(D) 4 


Solution: First, we express /explicitly which will help 
us in answering the questions. 

Case I: t < 0. In such case for the given equations we 
have 


x = 2t— (1 —t) = 3t— 1 


and 


y = 2t Z -t Z =t Z = 


X + 1 


Also t < 0 => x < -1. 

Case II: 0 < t < 1. In this case we have 


x — 2t — (1 —t) = 3t -1 
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and y = 2t 2 + t 2 = 3t 2 = 3 (— 

Also 0<f<l=>-l<x<2. 

Case III: t > 1. In this case we have 


x = 2t- (t- 1) = t + 1 


and 


y = 2t 2 + t 2 = 

3 1 2 = 3(x - l) 2 

Also v 

> 2. Therefore 




-(x + 1) 2 

9 V 2 

for x < -1 


fix) =' 

-(x + 1) 2 

3 V ’ 

for -1 < x < 2 



3(x-l) 2 

for x > 2 


(i) We have 

/(2) = i(2 + l) 2 =3 

Answer: (A) 

(ii) Since/is continuous on [-1,2] and 

/(-l) = 0<±<3 = /(2) 

by the intermediate value theorem for continuous 
functions, we have f(x ) = 1/2 for some x e [-1, 2], 
Therefore 


(i) If h(x) is continuous for all real x, then 
(A) a = -l,b = l (B) a = -l,6 = 0 

(C) a = 0,6 = 1 (D) a = 1,6 = 0 

(H) If h(x) is continuous for all x, then the number 
of solutions of the equation h(x) = 0 is 
(A) 3 (B) 2 

(C) 4 (D) 0 

(iii) The number of values of x at while / is discon- 


tinuous is 


(A) infinite 

(B) 2 

(C) 0 


(D) 4 

Solution: 

(i) We will first find g°f. 

(IIT-JEE 2002 mains) 

Q ?°f)(x) = g(f(x)) 



X + CI+ 1 

for x<-a 


(x + a-1) 2 +6 

for - a < x < 0 


(|x —1| —l) 2 +6 = x 2 + b for0<x<l 

(x-2) 2 +b for x>l 

Since g ° / is continuous at x = - a , we have that 
left limit at x = -a is same as right limit at x = -a. 
Therefore 

l = l + 6=>6 = 0 


-(x + l) 2 =- 
3 2 

_ V3-V2 , 

=$> X — G ( 1, 2) 

Answer: (B) 

(iii) Clearly / is continuous at x = -1 and 2 and hence / 
is continuous for all x. 

Answer: (A) 

Note: Draw the graph of y = f(x) of the above function 
to have a clear picture. 


6. Passage: Let 

f(x) = 

and 

<?(-*) = 


x + a 
x — l\ 


if x < 0 
if x > 0 


x +1 if x < 0 

(x + 1) 2 +6 if jc > 0 

where a and b are non-negative real constants. For 
the function h(x) = (g°f)(x), answer the following 
questions. 


Also at x = 0, g o / is continuous. Therefore left 
and right limits at x = 0 are equal. So 

(u - l) 2 + 6 = 0 + b 


=> a = 1 

Thus a = 1, b = 0. 

(ii) For these values of a and 6, 

x + 2 if x < -1 
h = g° f = • x 2 if -1 < x < 1 

(x - 2) 2 if x > 1 


Answer: (D) 











127 


Worked-Out Problems 


Now h{—2) = 0, h{ 0) = 0 and h{ 2) = 0 implies that 
the equation h( jc) = 0 has three solutions. 

Answer: (A) 


(iii) Since there is no break in the curve (see Fig. 1.33) h 
is continuous for all real x. 


Answer: (C) 


Assertion-Reasoning Type Questions 

In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 

(A) Both Statements I and II are true and Statement II 
is a correct explanation for Statement I. 

(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I. 

(C) Statement I is true and Statement II is false. 

(D) Statement I is false and Statement II is true. 

1. Statement I: The sum of the infinite series 

1111 

-1-1-1-b • • • 

2-3 3-4 4-5 5-6 

is 1/2. 

Statement II: The nth term of the series is equal to 
1 1 


n +1 n+2 

Solution: The nth term of the series is 
1 11 


(n + l)(n + 2) n + 1 77 + 2 

Thus, Statement II is true. Now let 

1 11 


Ui- = 


(k + l)(k + 2) k +1 k + 2 

Put k= 1,2,..., n and add. Then 

1 1 


s n = 7q + u 2 + u 3 H- 1 - ll n = 


2 77 + 2 


Thus 


lim s„ = — -0 = — 
h—>°° H 2 2 

Therefore Statement I is also true and Statement II is a 
correct explanation of Statement I. 

Answer: (A) 


2. Statement I: lim | ——^ ] is equal to e 5 


Statement II: lim 1 + — | = e 


Clearly Statement II is true [see part (1) of Important 
Formulae]. Now 

3 yl 


lim | —| = lim 
x + 2 


lim 


1 -- 
_ x 

1+ 2 
V x) 


nrr 


lim 

X—>oo 


1 +- 


x/2 


e -^ = e~ 5 


Statement I is also true and Statement II is a correct 
explanation of Statement I. 


Answer: (A) 


3. Let [x] denote the integral part of x. 

Statement I: Let 


/(*) = 


sin[jc] 


if [x\ i=- 0 
[x] 

0 if [jc] = 0 


Then lim f(x) does not exist. 


Statement II: lim f SmX | = 1 


Solution: Statement II is true (see Theorem 1.27). Now 

lira /w=lim !!ita 

x— >0-0 h— >0 [0 — h] 

h>0 


= lim 


sin(-l) 


h —>0 (- 1 ) 

= sin 1 

Also lim f(x) = 0 because [0 + h] = 0. Therefore 
*->0+0 

lim f(x) ^ lim fix) does not exist 

*->0-0 *—>o+o 17 

=> lim f(x) does not exist 
*->o 
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Statement I is also true. That is, both statements are true and 
Statement II is not a correct explanation of Statement I. 

Answer: (B) 


6. Statement I: Let 


4. Statement I: Let 


/(*) = 


smx 


if x < 0 


ax + b if x > 0 


If lim /(x) exists, then a = 1 and b = 0. 

x—>0 


Statement II: lim (px + q) = q where p and q are any 

x->0 

real constants. 

Solution: Statement II is clearly true. Since lim f(x) 

x->0 

exists, the left and right limits of /(x) at x = 0 must be 
equal. So 

limf^| = l 

=> lim f(x) = 1 

x^0-0 


Now 


lim /(x) = lim (ax + b) = b 

x->0+0 x—>0+0 


Therefore b = 1 whereas a may be any real number. 
Hence Statement I is false. 

Answer: (D) 


5. Statement I: If lim { S * n —* ° S ' P X ) exists finitely, 

x 3 ) 

then the value of a is -2. 

f(x) 

Statement II: If lim—— exists finitely and 

x^a g(x) 

lim g(x) = 0 then lim f(x) = 0. 

x—>a x—>a 

Solution: According to Corollary 1.3, Statement II is 
true. Now 

/sin2x + usinx N \ (sinx V2cosx + u) 

lim |-;-| = lim — 1 

x—>0 v X 


x->0 


Therefore 


So a = -2. 


2cos.r + u . 

= lim-r- exists finitely 

x—>0 x l 


lim(2cosx + u) = 0 

x^0 


Answer: (A) 


/(*) = 


1-sin 3 x 

n 

--- 

if x < — 

3 cos 2 x 

2 

a 

.* n 

11 x = — 


2 

b(l-sinx) 

., n 

if x > — 
1 


(n- 2x) 

If/is continuous at x = 7ri2 then the values of a and 
b are, respectively, 1/2 and 4. 

Statement II: A function / is continuous at x = c, if 
and only if 

lim /(x)= lim f(x) = f(c) 

x— »c—0 x— >c+0 

Solution: Statement II is true (Theorem 1.24). So 


1-sin 3 --/z 


lim f(x) = lim 

. n h—>0 


h>o 3 cos 2 1 ^ - h 


= lim 


1 - cos h 


3sin 2 h 

(1 — cos/z)(l + cos h + cos 2 h) 


= lim 

a—» o 3(l-cos/z)(l + cos/i) 

1+cos/z + cos 2 h 

= lim- 

a—» o 3(1 + cos h) 

= J- = k = f(*) = a 

3(2) 2 \2J 


Therefore a = 1/2. Also 


lim f(x) = lim 

x—>0+0 A—>0 

h> 0 


1 — sin | — + h 


n- 2| ^ + ^ 


b(l-cosh) 

= lim—- 

/<-> o (-2/7) 2 


2b sin' 


h 


= lim 


= lim 



Ah 1 

, • 2 h 
b sin — 


2 


2 h 2 


f . h) 

b 

sin — 

2 


A-»0 8 


h 

2 j 
































129 


Worked-Out Problems 


Now 


6 

8 



-=>6 = 4 
2 


Therefore 

a = — and 6 = 4 
2 

Hence Statement I is also correct and Statement II is a 
correct explanation of Statement I. 

Answer: (A) 


Integer Answer Type Questions 

1. Let / : R —> R be a function and 0 < a < 1. If 

|/(x)-/(y)|<a|x-y| VrjcK 

Then the number of points of reR such that the 
graph of y = f(x) intersects the line y = x is_. 

Solution: Let x 0 e R. Now define 


*1 = /(* 0 )’ *2 = /(* 1 )>•■•» X n +\ = /(*„)••• 

Consider the sequence {xj. By the construction of the 
sequence jx ;( ) and the property that/is satisfying, we get 
that 

k-*#,+i|^a ,, |*o-*i| (l- 82 ) 


Therefore for m> n, we have 

| x n — X m | — \ x n ~ x n +11 \ x n +1 — x n+2 \ 

+ h |jC„ +m _(„+l) ~' X n+m-n 
< a n |x 0 - x 1 1 + a n+1 \x 0 -x 1 


+- + a 


n+m-(n+ 1 ) 


X 0 -Xi| 
2 


= a!' \x Q - x 1 \{l + a + a 2 + ■■■ + a" 1 < -" +1) ) 
1 


<a x 0 —xd 


1 -a 


1 2 1 
1 + a + a h— i-oo = - 


1 -a 


Since 0 < a< 1, a n —>0 as n —> Hence [xj is a Cauchy 
sequence so that lim x n exists. Suppose lim x n = x. Also 
for any two y and z in R 

I f{y) ~ f(z) | <a\y-z\<\y-z\ (v 0 < a < 1) 
implies that/is continuous on R. Therefore 

x n —» x => f(x n ) —> /(x) (By Corollary 1.12) 

But /(*„) =x n + i => {/(A,)! is a subsequence of (x,j. 
Hence (by Theorem 1.44) 

x —> x as n —> °o => /(x ) -) x as n “ 

Therefore f(x) = x. To prove that the point is unique, 
suppose /(x) = x and /(y) = y. Therefore 

|* - T| = |/(*) - /(T)| < a l-t - 
=> (l-a)|x-y| < 0 


■ x = y (•.• 1 - a > 0 and |x - y| > 0) 

Answer: 1 


2. Let 


/(-*) = 


3x+ 4tanx 


x 

k 


if x ^ 0 
if x = 0 


If/is continuous at x = 0, then the value of k is. 

Solution: We have 

lim /(x) = lim f 3 + 


J£->0 


x->0 


=3+4=7 


Therefore 6 = 7. 


Answer: 7 


3. Let /: (-1,1) —> (-1,1) be continuous and/(x) = /(x 2 ) 
for all x e (-1, 1) and /(0) = —, then the value of 


4/| - | is. 


Solution: By hypothesis 


/<0 > = 2 


16 


/k =/ T =/ 77 =- = / 717 for«>l 


2" 


Since /is continuous at x = 0, by Theorem 1.52 we have 


1 




Therefore 




4/ 4 “ 2 


Answer: 2 
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4. Forxe (0,1), define 

x(l - x) if x is rational 
/(x)=• 1 

— x(l-x) if x is not rational 
[4 v ' 

Then, the number of points in (0,1) at which/is con¬ 
tinuous is_. 

Solution: Let 0 < a < 1. Then /is continuous at a if and 
only if, 

a( 1 — a) — — — a( 1 - a) 

2±yj2 

a = -e (0,1) 


lim f(x) = lim 

x ->0 x^0 


2 X -1 


v r J 


(log 2) 


sin(xlog2) 

xlog2 


log(l + x" log 4) 


x l log4 


log 4 


(log2) 3 


(log 2) (2 log 2) 

= bog2 


Therefore /(0) is defined to be (l/2)log 2 so that 

[f(0)] = 0. 


Answer: 0 


because in every neighbourhood of a , there are infinitely 
many rationals tending to a and infinitely many irratio¬ 
nals tending to a. 

Answer: 2 

5. If m and n stand for the number of positive and nega¬ 
tive roots, respectively, of the equation e* = x, then m 
+ n is equal to_. 


7. Let 


/(*) = 


X 

if x 

1-x 

X 

if x 

1+ X 


The number of points at which / is not continuous is 


Solution: We have 


Solution: We have e x > 0 V x e R. Also e x —> 0 as x —» 
and e x —> +oo as x —> +°o. The function /(x) = x is the graph 
of the line v = x (see Hg. 1.34). Also e x > x for x > 0. Hence 


m = 0 and n = 0. 


Answer: 0 



FIGURE 1.34 Integer type question 5. 


Clearly 


/(*) 


X 


1-x 

X 

1 + X 

X 


1-x 

X 

1 + X 


if jc< — 1 
if -1 < x < 0 
if 0 < x < 1 
if x>l 


lim /(x)= lim /(x) = 0 = /(0) 

jr->0-0 jc->0+0 


Hence / is continuous at x = 0. Also 


lim /(x) = - 

but lim f(x) does not exist and 

*-K-i)+o 


1 

2 


lim /(x) 

x->l+0 


2 


6 . If 


/(*) = 


( 2 X - 1) 3 


sin(x log 2) log(l + x 2 log 4) 


is continuous everywhere, then the integral part of 

m is_. 


but lim /(x) does not exist. Therefore at x = +1, / is not 

x—>1-0 

continuous. 

Answer: 2 


Solution: We have 


8 . If / : R —» R is continuous and satisfies the relation 
f(x + y)+f(x-y) = 2 /(x) + 2 f(y) 






























131 


Worked-Out Problems 


and /(l) = 1, then/(3) is equal to. 


Solution: Given relation is 


Solution: In the given relation, taking x = y = 0, we 
have /(0) = 0. Also x = 0 implies 

f(y)+f(-y) = o + 2f(y) 

=>/(-y)=/(y) 

Again if we put y=x in the given relation we get 

/(2x) = 4/(x)=2 2 /(x) (1.83) 

Now replacing y with 2x in the given relation we obtain 
/(3*) + f(~x) = 2 /(x) + 2 /( 2x) 

Therefore [•.■ f(-x) = /(x)] 

f(3x)=f(x) + 2f(2x) 

= /(x) + 2-2 2 /(x) [By Eq. (1.83)] 
= 3 2 f{x) 

Therefore by induction, we have f(nx ) = n 2 f(x) for all 
positive integers n. Replacing n with —n and observing 
that/(-x) = f(x) Vx, we have 

f(-nx) =/(nx) = n 2 /(x) = {-nf f(x) 

Therefore f(nx ) = n 2 /(x) for all integers x. Also 

fin) = n 2 (■•• /(1) = 1) 

If x = plq is rational, then 

q 2 f(*) = fU/x) = f(p ) = p 2 fi i) = p 2 (••■ /(i) = i) 

Therefore 

p 2 , 

/(x) = —z - = x for all rational 


If x is irrational, then let [x ; J be a sequence of rational 
numbers such that x n -> x as n —» ». Since /is continuous, 
by Theorem 1.52 we have 

f(x n ) fix) asn^“ 

But 

lim /(x„)= hm(x^) = x 2 

Therefore /(x) = x 2 when x is irrational. Also /(x) = x 2 for 
all real x. Hence 

/(3) = 3 2 = 9 

Answer: 9 


9. If /is a real-valued function defined for all x ^ 0,1 and 
satisfying the relation 


/w+/ (rb) 


2 2 
x 1 —x 


Then lim/(x) is 

x —>2 


f(x) + f 


1 —X / X 1— X 


(1.84) 


Replacing x with -in Eq. (1.84) we have 

1 — x 


1 —x 


+ / 


x -1 


= 2 ( 1 - x )+ 2(1 ( 1 . 85 ) 


Again replacing x with -in Eq. (1.84), we get 

1 — x 


/ 


x-1 


+ f(x) = -2x- 


2x 
1 — x 


( 1 . 86 ) 


Now adding Eqs. (1.84) and (1.86) and subtracting 
Eq. (1.85) gives 


'2 2 2r 

2/(x) = I — 2x— f— 

,x 1 — x 1 — x 


- 2(1 - x) - 


2(l-x) 


2 2(1-x) 

X X 

2x 2(1+ x) 
x (1 x) 


—2 2x 


1 — X 1 — x 


-2x-2(l-x) 


-2 


= 2 + ^-2 
x-1 

_ 2(x +1) 
x-1 


Therefore 


/w 


x+ 1 


x-1 


Taking limit we get 


lim 

x —>2 



2+1 


2-1 


= 3 


Answer: 3 


10. The number of solutions of the equation cos x = x in 
the interval [/r/6, n! 4] is_. 


Solution: Let /(x) cos x - x Clearly/(x) is continuous 
on [^r/6, 7ilA\. Also 


and 



V3 

2 

1 

V2 




Hence by Corollary 1.10, /(x) = 0 for same x s (^r/6, 
tt/ 4). Since x - cos x is strictly increasing in [ 0, tt/ 2] , it fol¬ 
lows that the equation x - cos x = 0 has unique solution. 

Answer: 1 
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EXERCISES 


Single Correct Choice Type Questions 

1. Let f(x) = log 10 ( 3x 2 - 4x + 5) where x is real. Then, 
the domain and range of /are, respectively 

(A) R-{0] and R + 

(B) R and [log 10 (11/3), +oo) 

(C) R - {0,1} and [log 10 (13/3), + °°) 

(D) R and R + 


x >1V x — 1 


(A) 6 
(C) 8 


(B) 7 
(D) 9 


2 . Let /(x) = X 2 

x — 2x+ 3 


. Then the range of/is 


(A) 

(C) 


1 1 

V2’V2 

o,^cl 


(B) 

-1 1 
_V3’ 73_ 

f(x) = • 

(x-10 

X 

10 [ iogio ^] + / 

’xT 





_10_ 

/ 

Joi 


3. The range of /(x) = 

(A) [l,oo) 

(C) [1,7/5) 


(D) 


x~ +x + 2 . 


X 2 +X + 1 


IS 


(B) [-1,-) 
(D) [1,7/3) 


4. The domain and range of /(x) = log(v/x 2 +6x + 10) 
are respectively 

(A) R and [0,°o) (B) R + and [0,1] 

(C) R and R - {0} (D) R + andR + -[l} 


5. The domain of the function f(x) = + [ s 

x 2 +3x+2 


(A) R- [-1,-21 
(C) R- [-1,-2, -3} 


(B) (-2,-) 

(D) (-3, oo)-{_1,_21 


6 . Let 


and 


Then lim 


/(*) = 

2010 

If 


k =1 
x"-l 


9* +3 
k 


-,XEl 


= n 


x-»lV x —1 
(A) 2010 
(C) 1005 


2011, 

is equal to 


(B) 1004 
(D) 1006 


7. Let p(x) be a polynomial satisfying the relation 
p(x) + p(2x) = 5x 2 - 18. If n = p{ 4), then 


8 . Let A be the set of all non-negative integer and for 
real number t, [f] denotes the greatest integer not 
exceeding t. Define / : A —> R by 

if x = 0 


if x > 0 


If a = fill52), then is 

(A) 2577 (B) 7572 

(C) 7275 (D) 2757 

9. Let/be a real-valued function satisfying the relation 

f(x) + 2f^— j = 3x for all real x ^ 0 

If n is the number of real solutions of the equation 
/(*)=/(-*)> then 

V-2"' 


(A) 4 
(C) 8 


lim. 

x—>2 \ X — 2 / 

(B) 6 
(D) 16 


10. The range of the function /(x) = 
(A) [0,1] (B) 

(C) ~j=,l (D)[1,V7] 


1 


/4 + 3cosx 
J_ 1 
V7’2 


is 


11. If [/] denotes the greatest integer not exceeding t, 
then the range of the function Sin -1 


1 2 
—+ x 
2 


(A) [0.1] 


(Q 


(B) jOlf 


(D) , — 

U 3 2 











































12. Let 


(B) 6x-l 
(D) 6x 
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/(*) 


- if x & 1 

1 —x 

0 if x = 0 

1 if x = 1 


g(x) = (f°f°f)(x) 

Then limg(x) is equal to 

Jt->1 

(A) 4 (B) 3 

(C) does not exist (D) 1 


13. Let 


/(*) = 


and g(x) = 


sinx if x^nn, n = 0, +1, ±2,. 
2 if x = nn 

x 2 +1 if x ^ 2 
3 if x = 2 


Then lim(g°/)(x) is 

x —>0 

(A) 0 
(C) 3 


(B) 1 

(D) does not exist 


(A) 3x — 1 
(C) 9x — 1 


19. 


lim 

- t_> ” V 


x 4 +100x 2 " 
X 6 +2x j 


(A) 0 
(C) oo 


(B) —oo 
(D) 50 


20. Let /(x) = 17x 7 - 19x 5 -1. Let P and 0 be the follow¬ 
ing statements. 

P:f is continuous for all real x. 

Q:f(x) = 0 has a solution in the interval (-1,0). 
Then 

(A) both P and Q are true 

(B) P is true whereas Q is false 

(C) P is false and Q is true 

(D) both P and Q are false 


21. Let / : R —> R be defined by 


/(*) 


J2 ifxcl 
[5 ifx > 1 


14. Let/(x) =2x 4 -x 2 + x-5.Then lim /(x)is 

X— 

(A) +°° (B) —oo 

(C) 2 (D) 0 


15. For real x, let {x} denote the fractional part of x. 
Then 


lim 

X->1 


xsin({x}) 
x — 1 


(A) 0 

(C) does not exist 


16. 


lim 

X— 


3x 3 +1 " 

k xJx A - X 2 j 


(A) 1 

(C) oo 


( 

17. lim 

x —>2 ^ 


Vx 2 + 5-3" 

x 2 -2x j 


(A) 1/2 
(C) 2 


(B) -1 

(D) 1 


(B) 0 
(D) —oo 


(B) 1/3 
(D) 3 


18. Let /(x) = 3x 2 - x. Then 


lim 

A->0 


f{x + h)-f(x) \ 

h J 


Consider the following two statements and S^ 

Syf is continuous on the closed interval [0,2]. 
S 2 'f assumes the value 4 in [0,2]. 

Then 

(A) both and S 2 are true 

(B) is false and 5, is true 

(C) />! is true and S 2 is false 

(D) both .S', and S 7 are false 


22. Consider the following two functions defined on the 
closed interval [0,1]: 


/W 


2x + 3. 
2x-5’ 




x 2 + 4 

^4 


Then 

(A) both / and g are continuous 

(B) /is continuous whereas g is not continuous 

(C) /is not continuous whereas g is continuous 

(D) both / and g are not continuous 

23. Consider the function /(x) = si25-x 2 on the inter¬ 
val [-5,0]. 

(A) / is continuous on [-5, 0] and /(x) = ~Jl for 
some x e (-5,0) 

(B) /is continuous on [-5,0] and /(x) ^ ~Jl for any 
x g [-5,0] 
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(C) /is not continuous on [-5,0] 

(D) /(x) = 7 for some x e [0,5] 


(A) e 

(C) 1 


(B) e 5 
(D) +°° 


24. lim 


V2x + l-3 

x ~>4 -\Jx — 2 — a /2 

(A)f 

< C > 7 T 


32 


. If lim (Vx 2 -x + l-ax-h) = 0 then 


(B) 


2V2 


(D > I 


(A) a = l,b = - 


(C) a = -,b = 1 


(B) a = l,b=-~ 


(D) a = -l,& = - 


33. If x ^ ( 71 12) + n7T, then lim (sin 2 " x) is equal to 


25. lim 

x—>a 




x — a 


(A)* 

ma 

(C) ma ( 1 ~ m ) /m 


(B) ma llm 
(D) rna (m ~ r '> lm 


(A) 1 
(C) 00 


(B) 0 

(D) does not exist 


26. lim - 


e ax -e Px 


*->o sin ax - sin fix 


34. Let 

/(x) = (l + x)(l + x 2 )(l + x 4 )-(l + x 2 ") 
where |x|<l, the lim/(x) is 

1 


a + p 

(B) 0 

(A) 

(B) 

(C) 1 

(D) “ + (! 
a-p 

(C) 

1-x 

(D) 

The number of points of discontinuity of the func¬ 
tion tan (1/x) in the interval [0,100] is 

35. Let 

( 1 

(A) 100 

(B) 101 

fix) = ■ 

- -U 

(x +1)2 

(C) 50 

(D) 51 

0 


1+ x 

X 

1+ X 


28. The number of points of discontinuities of 


f(x) = 


l+2 Vx ifx^O 


0 


IS 

(A) 0 
(C) 2 


if x = 0 
(B) 1 

(D) infinite 


if x ^ 0 
if x = 0 

Then, the number of points of discontinuities of /in 
the interval [-2,2] is 

(A) 1 (B) 0 

(C) 2 (D) infinite 


36. \ik is a positive integer, then 
lim 


29. lim 


l-2cosx 


x->- V sin[x - (tt/3)] 
3 


l*+2*+3 k +- + n k ^ 


- IS 


(A) vf 

(C) V3 


30. lim(l + 3tan 2 x) cot x 
*->0 

(A) e 2 

(C) e -3 


(B) 1 

(°)^ 


(B) c 3 
(D) 1 


n k+1 

(A) Ilk (B) l/(Jfc + l) 

(C) k/(k + 1) (D) 1 

Hint: Use part (i) of Theorem 1.21 and show that 

k +1 

1 11. r 1 

< - ; - < 


k + 1 n k+1 \k +1 

and take limit as n —> 00 . 


1 + - 
n 


1 


fc+1 


37. {n } is a sequence of non-zero real numbers which 
are in AP with common difference d. Then 


31. lim | 1+- 

n 


n +5 


lim 


1 1 

-1-1-h - 


1 


^^2 ^2^3 


a n a n+l 7 
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(A) lid (B) ajd 

(C) d!a x (D) Vda x 


38. lim(n 1/n ) = 

n —>°o 

(A) 1 

(C) does not exist 


(B) 0 

(D) finite positive number 
less than 1 



(A) 1 (B) 1/e 

(C) e (D) +oo 

Hint: Use Cauchy’s second theorem on limits. 


40. /:R —> R is a function satisfying the relation 
f(f(x )) - f(x) =flx+bVxeM where 0. Then the 
number of solutions of the equation f(x ) = x is 
(B) 0 


(A) 1 
(C) 2 

41. lim (n\)~ Vn = 

X— 

(A) 0 

(C) +oo 

42 

(A) 1 
(C) 1/4 


(D) infinite 


(B) 1 

(D) cannot be determined 
then lim(s n )is 

X— 

(B) 1/2 
(D) +°° 


Hint: X < \jl + x-l < — for x > -1. Put x = -^r 

2 + x 2 n 2 

and use squeezing theorem. 




43. lim sec | — |logx = 


(A) 

1 

(B) 

2 

;rlog2 

7Tlog2 

(C) 

log 2 

(D) 

n 

2 n 

2 log 2 


44. Let p be a real number and 


= e i(2ncot- p) 


/ pi + 1 x 


pi-lj 

where i = v-l.Then lim( a n ) is equal to 


(A) p (B) p 2 

(C) p/2 (D) 1 

Hint: Put Cot" 1 p = 9 and use De Moivre’s theorem. 


45. Let 


/ 0 ) 


x 2 tan(l/x) 
\l8x 2 +lx + l 


for x > 0 


Then lim f(x) is 

JC— 


(A) 1/2 
(C) 1/2 V2 


(B) 1/V2 
(D) 2V2 


46. Let 


f(x) = • 


-1 

0 

1 


if x < 0 
if x = 0 
if x > 0 


g(x) = V/0) + l 

Then the number of values of x at which g(x) is dis¬ 
continuous is 

(A) 0 (B) 1 

(C) 2 (D) 3 


47. Let A and B be real constants and 


/(*) = • 


Ax- B 
3x + 2 
Bx 2 - A 


if jc < 1 
if 1 < x < 2 
if x > 2 


If / is continuous at x = 1 and 2 then 
(A) A=6,B = 3 (B) A = 3,B = 6 

(C) A = -3,5 = -6 (D) A = -3,B = 6 


48. Let 


f(x) = 


1 


-sin 


x — a 
0 



if x^a 


if x = a 


Then 

(A) left limit at a exists and is equal to zero 

(B) right limit at a exists and is equal to 1 

(C) at a, left limit exists finitely, but right limit does 
not exist 

(D) both left and right limits at a do not exist 


49. Let 


/w=< 

Then 

(A) / is discontinuous in the open interval 


2 n+1 ’ 2 " 


— if 
2 " 2 


^-j- < x < — for n > 0 integer 


0 if x = 0 
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(B) /is not continuous at x =1 

(C) /is discontinuous at x = 1/2 

(D) /is continuous exactly at x = — for n = 1,2,3 

50. Function/is defined on [0,1] by 

[x if x is rational 


/(*) = 


1 - x if x is irrational 


Then 

(A) / assumes every value in [0,1] and is also con¬ 
tinuous on [0,1] 

(B) /is continuous exactly at x = 1/2 and assumes 
every value in [0,1] 

(C) /is not continuous at x = 1/2, but assumes every 
value between 0 and 1 

(D) /is not continuous on [0,1] and hence it cannot 
assume all the values between 0 and 1 


51. If 


/w= 


— \x —1| + x\x —1| + 2 — — 


x — 2 + - 


then lim /(x) is equal to 

x— >1/2 


(A) 2V2 
(c) 3V2 

f ^ 

52. lim = 

W °V \X + y]x+4x 


(B) " 

2V2 

(°) -3V2 


IS 


(A) 00 
(C) 1 

53. Let /(x) = ■ 


(B) 0 
(D) 1/2 

: —1| —1| ifxcl 
[x] if x > 1 


where [ ] is the greatest integer function. Then the 
set of points of discontinuities of/consists precisely 

(A) all integers > 1 

(B) the integer 1 

(C) all integers greater than 1 

(D) all negative integers 

54. Let /:ffi. —> R be a function satisfying f{x) + 2/(1 - x) 
= x 2 + 2 for all x e R. Then lim /(x) is 


(A) 1/3 
(C) 2/3 


x— >3 

(B) 1/2 
(D) 3/2 


55. lim 


x 4 sin(l/x) + x 2 


V 

(A) 0 
(C) 1/2 


l+|x|‘ 


(2 + x) 40 {4 + xf 


56. lim 


(2-x) 


45 


(A) 1 
(C) +00 


(B) -1 

(D) does not exist 


(B) -1 
(D) —00 


57. lim 


xlO* —x 


58. lim 


*^0 1-cosx 
(A) log 10 
(C) 3 log 10 

( a /1+3x- a /1+2x 


(B) 2 log 10 
(D) 4 log 10 


(A) 1 
(C) 1/2 

59. Let /(x) = 
Then 


x + 2x 


(B) 2 
(D) -1/2 


(e^+l) -1 ifx^O 


1 -t 


1 


if x = 0 


(A) lim /(x) = 1 

x^0+0 

(B) lim /(x) = l 

x->0-0 

(C) lim/(x) = l 

x ->0 

(D) lim/(x) = 0 

x->0 


60. Let s n =^Tan 1 

k = 1 

Then lim(x„) is 


1 


(A) f 


l + k + k 2 


(B) ~4 


(C) 0 (D) 1 

n 

61. Let s n = ^'Cot^ 1 (2/: 2 ). Then lim(5„)i 

n—± 00 


IS 


k = 1 


(A) - 

2 

(C) 1 


(B) 0 

(D) ? 


62. Let s n — sin 0 + sin 20 + sin 3(9 + —t sin(/7(9). Then 


lim 


s 1 +s 2 + s 3 +- + s n 
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(A) 



(C) 1 


(B) — tan — 
2 2 

(D) — tan — 
v 4 2 


sin* 


64. 


lim 

x^>0 


Sinx Ix-sinx 


(A) e 
(C) -e 


(B) 1/e 
(D) 4e 


63. lim cos —.cos^-.cos^--cos— = 
2 2 2 2 3 2 " 


(A) (sin x)/x 
(C) sin x 


(B) 0 

(D) does not exist 


65. lim 

*->o 


1 — cos(l — cosx) 


(A) 1/4 (B) 4 

(C) 8 (D) 1/8 


Multiple Correct Choice Type Questions 

1. Let 


/(*) = 


Cos 1 (cot(x-[;c])) forx< — 


for x > — 
2 


n[x\ -1 

where [x] is the integer part of x. Then 

(A) lim f(x) = ^ (B) lim /(x) = ^- 1 

*-^-o 2 x—>——0 2 

2 2 

(C) lim f(x) = ^ +1 (D) lim /(x) = ^-l 

x^*+o 2 x —-+o 2 

2 2 


4. Let 


f(x) = 


-1 if x < 0 
0 if x = 0 
1 if x > 0 


Then 

(A) lim f(x) does not exist 

(B) lim(/(x)) 2 =0 

x->0 

(C) lim(/(x)) 2 =l 

x->0 

(D) lim(/(x)) 2 does not exist 
*->0 


2. Let 


f(x) = 
g(x) = 


x if x is rational 

0 if x is irrational 

0 if x is rational 

x if x is irrational 


Then the function/- g is 

(A) continuous for all real x 

(B) is one-one 

(C) is onto 

(D) is continuous exactly at x = 0 


3. Let 


/(*) = 


(cosjc-sinx) 
a 


cosec* ir _^ <r< () 
2 

if x = 0 


e l/x +e 2lx +e 3/x 


ae 2lx +be 3lx 


if 0 < x < — 
2 


Then 

(A) a = He 
(C) a = e 


(B) 6 = 1/e 
(D) b = e 


5. /:ExR->R is a function satisfying the relation 
f(x + 2y,x-2y)=xy 
for all xjeR. Then 


(A) f{x,y) = 


2 2 
x -y 


(B) f(x,y) = 


2 2 

x +y 


(C) /(2V2,0) = 1 

(D) /(3>/2,0) = ! 


6 . Let 




and 


f(x) = log, 


x 2 + 2x-3 A 


Then / is defined as x belongs to 

(A) A (B) B 

(C) 5uC (D) UuCuD 


ro | u> 
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7. Let 


0 


/(*) = • 



x 


2 


if x = 0 
if | x | < 1 
if I x I > 1 


Then 

(A) /is even for x > 1 

(B) /is odd in (-1,1) 

(C) /is continuous in (-1,1) 

(D) /is discontinuous at x = +1 


8 . Which of the following are true? 

\X+4 

17 


(A) lim 


x + 6 


(B) lim 


i—>“U —11, 

tan 3 x — 3 tan x 


cos x + 


= -24 


Jl-cos2(x-l) 

(C) lim —-does not exist 

x —>1 X —1 


(D) If / : R -> R is continuous at origin and satis¬ 
fies the relation 

f(x + y)=f(x)+f(y) 

for all x, y in R and /(1) = 2, then /(x) = 2x for 
x e R 

9. For each x e [0,1], let 

/(x) = Max {x 2 , (x - l) 2 ,2x(l - x) j 

Then 

(A) /is continuous at x = 1/3 

(B) /is continuous at x = 2/3 

(C) /is discontinuous at x = 1/2 

(D) /is continuous on [0,1] 

10. Let /: R —»R be defined by /(x) = x - [x] where [x] is 
the integral part of x. Then 

(A) /is discontinuous at all integer values of x 

(B) /is continuous at all non-integer values of x 

(C) 0 < /(x) < 1 Vx e R 

(D) /(x) assumes 0 but never 1 


Matrix-Match Type Questions 

In each of the following questions, statements are given 
in two columns, which have to be matched. The state¬ 
ments in column I are labeled as (A), (B), (C) and (D), 
while those in column II are labeled as (p), (q), (r), (s) 
and (t). Any given statement in column I can have cor¬ 
rect matching with one or more statements in column II. 
The appropriate bubbles corresponding to the answers 
to these questions have to be darkened as illustrated in 
the following example. 

Example: If the correct matches are (A) —> (p), (s), 

(B) (q), (s), (t),(C) -> (r), (D) -> (r), (t), that is if the 
matches are (A) —> (p) and (s); (B) —> (q), (s) and (t); 

(C) —> (r); and (D) —> (r), (t), then the correct darkening 
of bubbles will look as follows: 


p q r s t 


I 

0 

0 

Tm 

O 

0 

I 

0 


I 

0 

0 


O 

O 

0 

0 

rwh 

O 

I 


1. Match the items of Column I with those of Col¬ 
umn II. 


Column I 


Column II 


(A) 

(B) 


lim 

K 

X —>— 
2 


2 \ 

tan x + tanx-2 


sin x - cos x 


lim (1 - sin x) tan x 

K 

X —>— 

2 


(P) 2 

(q) 1 


(C) 


\cx-b if x < 2 

/(*) = ii i , a .. 0 

[|x -5x + 6| ifx>2 

If/is to be continuous on R 
then bla is equal to 


(D) f{x) 


12 1 v if x < 1 

[ax 2 +bx +1 if x > 1 


If/is continuous at x = 1 then 
the value of a + b is 


(r) 3V2 

(s) 2V2 

(t) 0 
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2. In Column I, functions are given and against them val¬ 
ues of x are mentioned at which/is to be defined such 
that / becomes continuous at the mentioned points. 
In Column II, the values of/at these points are given. 
Match these. 


Column I 


(A) f(x) = 


(B) /(*) = 


x — 3 


yjx 2 -1-2 


atx = 3 


cos 2 x-sin 2 x — 1 
v/x 2 +1—1 


at x = 0 


(C) /(x) = —tan| — | at x = 0 


‘(f) 


(D) /(*) = 


tan x - 2 tan x - 3 

tan 2 x - 4 tan x + 3 

-t 


at x = Tan 1 (3) 


3. Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) lim 

*->o 


/ X 

tan 3x — tan x 
. tanx 

( 


is 


(B) lim 4 

x —>3 


v/x 2 +7-4 
v x 2 - 5x + 6 


is 


(C) lim 

x —>2 


( 2 X+1 - 16 ^ 
4*-16 > 


is 


(D) lim 

n 

x > 

4 


(sin x - cos x) tan | —+ x 




is 


(P) 1/2 

(q) -V2 

(r) 3 

(s) V2 

(t) -1/2 


Exercises 

4. In Column I, nth terms of a sequence are given. In 
Column II, their respective limits as n —> °° are given. 
Match them. 


Column I 


Column II 


Column II 

(A) 

3/ 2 , 

<Jn +n 

(p) i 


n + 1 

(P) 2 

(B) 

tin 5 + 2-yin 2 +1 

(q) 4/3 

(q) 1/2 

yjn 4 +2 - V yV* +1 

(r) 3/4 


(C) 

(n + 2)! + (n +1)! 

(r) -1/2 

(n + 3)! 

(s) 0 

(s) -4 


11 1 



1+- + —+■■■ + — 

(t) 2/3 

(D) 

2 2 2 2 n 


,11 1 


(t) 0 


3 3 2 3 n 



5. Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) 

lim 

*->o 

e - cos x 


(P) 1 

, x 2 J 


(B) 

lim 

x->0 

( ^sin2x ^sinx \ 

e -e j _ 

(q) 3 

l X 



(C) 

\\m(x(e Vx -1)) 


(r) 2 





(s) e 

(D) 

lim 

x->0 

Vl + sinx - Vcos2x 

(t) 3/2 

tan 2 (x/2) 


Comprehension-Type Questions 

1. Passage: f:R-+R is a function satisfying the follow¬ 
ing three conditions: 

( a ) /(-*) = -/(*) VxeR 

(b) f(x + 1) = /(x) + l Vxeffi. 

(c) /Q)=^ v -° 

Answer the following questions. 

9 f( x+1 ) _2-fW 

(i) lim-is 

x—>2 X 

(A) 2 (B) log 2 

(C) 2 log 2 (D) 2/(log2) 


(ii) lim(/ x (x)) is 

(A) 1 (B) 0 

(C) does not exist (D) e 

(iii) The number of common points of the graph of 
y =/(x) with the line y = (x) is 

(A) 2 (B) 4 

(C) 8 (D) infinite 

Hint: /(x) = x V xe R. 

2. Passage: Let /(x) be a function defined in a neigh¬ 
bourhood of aeR . Then lim/(x) exists finitely if 


















































Chapter 1 I Functions, Limits, Continuity, Sequences and Series 


and only if lim f(x), lim f(x) exist finitely and are 

x—>a-0 x—>a+0 

equal. Further if f(a) is defined and lim f(x) = f (a), 

x—>a 

then / is said to be continuous at x = a. Answer the 
following questions. 


(i) Let f(x) = 


1 + — for 0 < x < 1 
a 


ax 


for l<x<2 where a > 0. 


If lim f(x) exist, then a is equal to 

X->1 


(A) -1 

(C) -2 

(ii) Let 


/(*) = 


(B) 1 
(D) 2 

x 2 + x +1 if x > -1 


[sin(n - \)n if x<— 1 
If /is to be continuous at x = -1, then 


(A) a = — + 2n 

(C) a = — + 2nn 
2 


(B) a = ^ + 2n 

(D) a = — + 2nn 
2 


(iii) Let 


/(*) = 


ax + 1, 


n 

x<- 
2 

, n 
sin x + b, x > — 
2 


If/is continuous at x = n/2 then the a:b is equal to 
(A) n\2 (B) 2\n 

(C) 1 :n (D) n:\ 

3. f(x) is real-valued function satisfying the functional 
relation 


/(*) + / 


(£> 


1-x 


for all x ^ 0 and 1. g(x) is a polynomial of degree n 
satisfying the relation 

<?(*) + g(y) + g(xy) = 2 + g(x)g(y) 

for all real x and y and g(4) = 17. Answer the following 
questions. 

(i) lim f(x) - 

X —>1 

(A) 0 (B) 1 

(C) does not exist (D) 2 

(H) The number of real solutions of the equation 

(g°/)(*) = 2 is 

(A) 1 (B) 2 

(C) 0 (D) infinite 

(iii) Number of discontinuities of g ° / is 
(A) 2 (B) 4 

(C) 3 (D) 1 

Hint: Show that f(x) = X+ and g(x) = x 2 + 1 
x-1 


Assertion-Reasoning Type Questions 

In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 

(A) Both Statements I and II are true and Statement II 
is a correct explanation Statement I. 

(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I. 

(C) Statement I is true and Statement II is false. 

(D) Statement I is false and Statement II is true. 

1. Statement I: / : (0,1) —> R defined by f(x) = — is a 
bounded function. x 

Statement II: Every continuous function defined on a 
closed interval is bounded. 


2. Statement I: If -1 < x 1 , than lim x" = 0. 


3. Statement I: Let f(x) = 


xsin —, x ^ 0 
x 


0, x = 0 

Then / is continuous at x = 0. 

Statement II: Let a e R. In a neighbourhood of a two 
functions / and g are defined such that lim f(x) = 0 

x—>a 

and g(x ) is bounded. Then lim f(x)g(x) = 0. 

X— 

Hint: See Corollary 1.3. 

4. Statement I: If n is a positive integer, then 
= n{n + \) 

k =1 ^ 

Statement II: 


sin 0 + sin 2d + sin 30 + ■ ■ ■ + sin n9 = 


n + l'i. . nd 
sm|- #sm — 

2 J 2 


and lim I 5^1 = 1 


0 —29 


Statement II: For n > 3, -x 2 < x" < x 2 where -1<x<1. 


sin (0/2) 
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Exercises 


5. Statement I: If / and g are continuous at x = a, then 
h(x ) = Max (/(x), g(x)) is also continuous at x = a. 

Statement II: Max(/, g) = ^ (/ + g) +1 \f ~ g\ 


Statement II: If g is continuous on a closed interval 
[a, b] and g(a)g(b) < 0, then g(x) varies for some value 
in [a, b\. 

Hint: Consider g(x) = f(x + 1) -fix) on [0,1] to prove 
Statement I. 


6. Statement I: Let f(x) = 


. 1 
sin- 
x 

0 


for ^ 0 
for x = 0 


Then / is discontinuous at x = 0. 

Statement II: / assumes all values between -1 and 1 
both inclusive. 


7. Statement I: Suppose / is continuous on the closed 
interval [0,2] and that /(0) = /(2). Then there exist x, 
y in [0,2] such that f(x) = f(y) and |y-x| = l. 


8. Statement I: Let /(x) 


[x if x is rational 
[0 if x is irrational. 


Then f is continuous at x = 0 and discontinuous at all 

x = 0. 


Statement II: A function g is continuous at x Q e [a, b] 
if and only if for any sequence {xj of real numbers 
in [a, b], x n —> x Q as n —> °° implies f(x n ) —> /(x Q ) as 
n —> 


Hint: If x 0 e R, then there exist sequences of rational 
and irrationals tending to x 0 . 


Integer Answer Type Questions 

The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2,4,6 are to be darkened. 


3. If f:(a, oo) — > R is a function such that lim(x/(x) 

X— 

= 1,1 e IR), then lim /(x) is equal to_. 

4. Let / (x) = 2~ x and g(x) = e x for all x e IR. Then 

lim(/°g)(x) equals_. 

X —>°° 


X Y Z W 



© 

© 

© 

© 

© 

© 

© 

© 

0 

© 

© 

© 

© 

© 

© 

© 

0 

© 

© 

© 

© 

© 

© 

© 

0 

© 

© 

® 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 


1. lim(2 - xf a < nxrr > = e k where k is 

X ->1 


, ( 1 

5. lim 2x 1-cos — 

V X 

Hint: Put x = —. 

e 

6 . If a = lim(cosx +sinx) Uv ,then integer part of a is 

x —>0 


is equal to. 


Hint: Show that a = e. 

7. Let /(x) = a Q + aqx + aqx 3 + n 4 x 4 + a 5 x 5 + a 6 x 6 where a Q , 
a,,..., a , are real and a, ^ 0. If lim - =e 2 , 

4 -v->0y x 3 J 

then ^fl, is equal to_. 

i=0 


2. If 


lim f 1 - —1 lim f 1 - —1 

X^oo\ X J X^™\ xj 



- lim 

x— 



+ 2 


= /, then -is 
/ ' 


8 . lim 

x —>2 


^ 2 X + 2?~ x — 6 ^ 


V2 17 - 


/- )1-X 

* y 


is equal to. 
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9. Let x, = 3 and x n+l = J2 + x n for n > 1. Then lim x n 

X — 

exists and is equal to_. 


f / ry\VX 

2 llx +‘ 3 


11. lim 


v 3x 


+ 3 


Vx 


IS 


10. lim 


r 3e x +2e x ^ 
e x + 3e“ 


is 


12. Let f(x ) = Maxjx, x 2 }. Then the number of points at 
which / is not continuous is_. 


ANSWERS 


Single Correct Choice Type Questions 


1. (B) 

34. 

(A) 

2. (D) 

35. 

(A) 

3. (D) 

36. 

(B) 

4. (A) 

37. 

(D) 

5. (D) 

38. 

(A) 

6. (C) 

39. 

(C) 

7. (B) 

40. 

(A) 

8. (A) 

41. 

(A) 

9. (A) 

42. 

(C) 

10. (C) 

43. 

(B) 

11. (B) 

44. 

(D) 

12. (D) 

45. 

(C) 

13. (B) 

46. 

(B) 

14. (A) 

47. 

(A) 

15. (C) 

48. 

(D) 

16. (D) 

49. 

(C) 

17. (B) 

50. 

(B) 

18. (B) 

51. 

(A) 

19. (A) 

52. 

(C) 

20. (A) 

53. 

(C) 

21. (D) 

54. 

(A) 

22. (A) 

55. 

(B) 

23. (A) 

56. 

(B) 

24. (B) 

57. 

(B) 

25. (A) 

58. 

(C) 

26. (C) 

59. 

(B) 

27. (D) 

60. 

(B) 

28. (B) 

61. 

(D) 

29. (C) 

62. 

(A) 

30. (B) 

63. 

(A) 

31. (A) 

64. 

(B) 

32. (B) 

65. 

(D) 

33. (B) 



Multiple Correct Choice Type Questions 



1. (A), (D) 

6. 

(B),(C),(D) 

2. (B), (C), (D) 

7. 

(A), (B), (C) 

3. (A), (D) 

8. 

(A), (B), (C), (D) 

4. (A), (C) 

9. 

(A), (B), (D) 

5. (A), (C), (D) 

10. 

(A), (B), (C), (D) 
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Matrix-Match Type Questions 

1- (A) -> (0; (B) -> (t); (C) -► (p); (D) -> (p) 

2. (A) -> (p); (B) (s); (C) —> (q); (D) -> (p) 

3. (A) (r); (B) -> (r); (C) -> (p); (D) -> (q) 

4. (A) (s); (B) (s); (C) (s); (D) (q) 

5. (A) -> (t); (B) -> (p); (C) -> (p); (D) (q) 

Comprehension Type Questions 

1. (i) (A); (ii) (A); (iii) (D) 

2. (i) (D); (ii) (A); (iii) (B) 

3. (i) (C); (ii) (A); (iii) (D) 

Assertion-Reasoning Type Questions 

1. (D) 

2. (A) 

3. (A) 

4. (A) 

5. (A) 

6. (B) 

7. (A) 

8. (A) 

Integer Answer Type Questions 

1. 2 

2. 2 

3. 0 

4. 0 

5. 1 

6. 2 

7. 2 

8. 8 

9. 2 

10. 3 

11. 9 

12. 0 




Derivative and 
Differentiability 




Contents 

2.1 Derivatives: An 
Introduction 

2.2 Derivatives of Some 
Standard Functions 

2.3 Special Methods of 
Differentiation 

2.4 Successive Derivatives 
of a Function 

Worked-Out Problems 

Summary 

Exercises 

Answers 


The derivative is a measure 
of how a function changes as 
its input changes. In other 
words, a derivative can be 
thought of as how much one 
quantity is changing in 
response to changes in some 
other quantity. The process 
of finding a derivative is 
called differentiation. 
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2.1 Derivatives: An Introduction 


Until the 17th century, a curve was described as a locus of points satisfying certain geometric conditions. It seems that 
mathematicians realized that all the curves cannot be described using geometrical conditions. To overcome this, Ana¬ 
lytical Geometry was created and developed by Rene’ Descartes (1596-1650) and Pierre De Fermat (1601-1665). In 
this new found idea, geometric problems were re-described in terms of algebraic equations and new class of curves 
defined algebraically rather than using geometric conditions. The concept of derivative evolved in this new context 
which led to its geometrical interpretation as a slope of a tangent to a curve, velocity of a particle and rate measure. 
The notion of derivate of a function was initiated by Newton and Leibniz in 1680s. Wherever we consider rate of 
change of a function, naturally differentiation steps in. Let us begin with the formal definition of derivative. 


DEFINITION 2.1 Suppose/is a function defined in a neighbourhood of a point c (i.e., there exist real numbers 
a, b such that a < c <b and f : [a, b] —> R). If 

l im l7W-/« 


V x-c 

exists then we say that/is differentiable at c and then the limit, 


lim 


x-c 


denoted by f'(c), is called the derivative of/at c. 


We also say that /'(c) is the differential coefficient of / at c. Usually if we write y = f(x) , we denote f\c) by 
(i dfldx) x=c or (dy/dx) xc . If /is differentiable at every point c of (cl b), then we say that /is differentiable in the open 
interval (a, b). If /is differentiable at each point in its domain, we obtain a new function on the domain of/called the 
derived function which is denoted by f'(x ) or df/dx or dyldx, where y =f(x). 

DEFINITION 2.2 Left and Right Derivatives Suppose f is a function defined in a neighbourhood of c as 
described in Definition 2.1. If 

lim (MzM\ 

X-C ) 

exists, then it is denoted by f'(c - 0) and is called the left derivative of/at c. Similarly, if 

hm ( fW-m 

-t->c + 0 ^ x-c J 

exists, then it is denoted by f'(c + 0) and is called the right derivative of / at c. 


O 


QUICK LOOK 1 


1. /'(c-0)=lim 

/ z —>0 
h>0 

2. f'(c + 0)=lim( 

h— >0 y 

h> 0 



3. /'(c) = lim ( f( c + h )-f( c ) 

ol. h 


Example 


2.1 


Let f(x) = x 2 in (0, 2). Show that / is differentiable at 1 Solution: Take c = 1. Then 
and find /'(1). 
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lim 

*-»i 




x — 1 


= lim 

X->1 


A-l 


2.1 I Derivatives: An Introduction 


Hence/is differentiable at 1 and /'(1) = 2. 


= lim(x +1) = 2 

X—>1 


Example 


Let f(x) = a' 3 in (-1,1). Show that/is differentiable at 0 
and find /'(0). 

Solution: Take c = 0. Then 


lim | 7W-/(°) |=lim 


x — 0 


^ A 3 - 0 


V A 
2> 


= lim (a ) = 0 


Hence/is differentiable at 0 and /'(0) = 0. 


Example 


Let / ( x ) = \x\ in (-1,1). Is /differentiable at 0? 
Solution: Take c = 0. Then 


i im . 7W-/ff» | = i im |B 


A — 0 


*->0 k A 


Hence 


lim 

x^0 


Rx)-m 

A-0 


does not exist. Therefore /(a) = |a| is not differentiable 
at 0. Note that |a| is continuous at 0. 


Example 


Let /(a) = K for all x e I a, h \ (i.e.,/is a constant function 
on [ a, b]). Show that/is differentiable at 0 and find f'(c) 
where c e ( a, b). 

Solution: Let c e (a, b ). Then 


lim I = Jim ( I = o 


A - C ) x^>c V A - C 

Hence,/in differentiable at c and /'(c) = 0. 


More usually, if/is a constant function on an interval./, then /'(a) = 0 V a e J. 


Example 


Let 


f(x) = - 


a sin —, a A 0 

A 


0, A = 0 

Show that /is not differentiable at 0. 

Solution: For the given function we have that 


lim I lim 


*—>0\ A-0 


x —>0 


= lim sin— 

*->0 ( A 


does not exist. Therefore /is not differentiable at 0. Also, 
we know that/is continuous at 0. 


In the following theorem, we prove that a necessary condition for a function to be differentiable at a point is that 
the function is continuous at that point. Theorem 2.1 gives a more precise description. 
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Theorem 2.1 
Proof 


If / : \a, b\ —> E is differentiable at c e (a, b), then / is continuous at c. 
By hypothesis 

li m fM-fWi,/'(c) 


■Hp x—c 


Let e > 0. Then there exists S such that 

e 


0 < 8 < 


\f'(c)\ + e 


, (c - 8 , c + 5) c (a, b) and x e (c - 8 , c + 8) 




< e 


x ^ c implies 


Now, 

xe(c-5,c + 5)=> |/(x) - /(c) | < ([/' (c)| + e) |x - c| 

< |/'(c) + e|5< e 

Hence / is continuous at c. ■ 

Note: The converse of the above theorem is not true. See Example 2.3. However, there are functions which are every¬ 
where continuous on R but nowhere differentiable. One such example is as follows. 


Example 


Define /: R -» R by 


= X T77 cos ( 3 "t)> 

n =0 2 


Then / is continuous on M but not differentiable at 
any point of M. The proof of this result is beyond the 
scope of this book. 


In the following theorem, we discuss the differentiability of sum, the product, and the quotient of two differentiable 
functions. 


Theorem 2.2 


Proof 


Suppose/and g are differentiable at c and A,ju are any two real numbers. Then 

(i) A/ + /ug is differentiable at c and (A/ + jug)'{c) = Af'(c) + jug\c). 

(ii) fg is differentiable at c and 

(fg)'(c) = f (c)g(c) + f(c)g' (c) (Product Rule) 

(iii) If g(c) 7 ^ 0, then fig is differentiable at c and 
'/V (c) , /'(c)g(c)-s'(c)/(c) (Quot . eM Rule) 


g 


(g(c)Y 


(i) We write, when x^c, 


pix) - MzM and 


X-c 


x-c 


By hypothesis p(x) —> /' (c) and q(x) —> g' (c) as x —> c. Hence 
(Ap + juq) (x) —> Af\c) + jug' (c) as x —> c 
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That is 

w+yg)(x)-uf+iug){c) = j gw~g(c) "| 

x-c v x-c ) V x-c ) 

= Xp{x) + fxq(x) 

—> A/'(c) + fig' (c) as x — > c 
Therefore (A/ + /zg) is differentiable at c and 

W + jUg)'(c) = A/'(c) + /ig'(c) 

(ii) We have 

(/g) W - (/g)(c) = /(^)g(^) -/(c)g(c) 

= (/(*) - /(c))g(jc) + /(c)(g(jc) - g(c)) 

Therefore 


lim 

X—>C 


(fg)(x)-(fg)(c)) = lim (f(x)-f(c))g(x) + Um f( c) (g(*)-g( c )) 

X — >C X — C X — >C X — C 

= /'(c)g(c) + /(c)g'(c) [ g'(c) exists => lim g(x) = g(c)] 


Therefore, fg is differentiable at c and 

(fg)' (c) = /'(c)g(c) + /(c)g'(c) 

(iii) Now /is continuous at c implies that g is continuous at c. Also since g is continuous and 
g(c) A 0, by Theorem 1.8 g(x) A 0 in a neighbourhood (c - 8, c + 8) of c. Hence fig is well 
defined in (c-S, c + S). Now 


x-c 


-l«- 


-1(c) 

g 


1 f f(x)g(c)-f(c)g(x) 


x-c 


g(x)g(c) 


1 [{/W-/(c)}g(c)-/(c){g(x)-g(c)}] 


x — c 

g{x)g{c) 

f\c)g{c)-f\c)g\c) 

g(c)g(c) 


g(*)g(c) 

gW-g(c) 


(g(c) A 0 and g is differentiable at c implies g(x) —> g(c) as x —> c). Therefore //g is dif¬ 
ferentiable at c and 

'£ (c) = /'(c)g(c)-/(c)g'(c) 

UJ (g(c)) 2 ■ 


The following theorem is on differentiability of composite function and is also called chain rule. 

Theorem 2.3 If /is differentiable at c and g is differentiable at /(c), then g ° / is differentiable at c and (g°/)'(c) 

(Chain Rule) is equal to g'(/(c))-/'(c). 
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Proof 


Write u =/(c) and y = /(x). Let 


R(x) = f(x) f(c) -f'(c ) 


for x * c so that R(x) -tO asi->c. Now, let 

y-u 

for y^uso that S(y) —> 0 asy —> w. [Since gis differentiable at u = /(c).] Now, 
(g°/)(*)~(g°/)(c) = g(/(*))~g(/(c)) 

X-C X-c 

g(y)-g(«) 

X -c 


< " g(y)-g(») "l f y- 

y-u 


= lg'(“) + S(y)] 


= [g'(n) + ^(y)] 


x — c 
y-u 


x — c 
f(x)-f(c) 


Therefore 


x-c 

—»[g'(w) + 0]/'(c) asx—>c 


lim = g . (u)r(c) 

x—>c X — c 


= g'(/(c))/'(c) 

Hence go/ is differentiable at c and (go/)' (c) = g'(/(c))• /'(c). ■ 

Note: The chain rule is also called as differentiation by substitution. 

The following theorem, known as Caratheodory Theorem (asked in IIT-JEE 2001 mains), gives us a necessary and suf¬ 
ficient condition for the differentiability of a function at a point. 


Theorem 2.4 
(Caratheodory 
Theorem) 


Suppose / : [a, b] -» R is a function and c e (a, b ).Then /is differentiable at c if and only if 

(i) /is continuous at c. 

(ii) There exists a function g : [a, b] —» R such that g is continuous at c and f(x) -/(c) = g(x)(x-c) 
for all x e [a, b \.In this case, g(c) = /'(c). 


Proof 


Suppose / is differentiable at c. Then by Theorem 2.1,/is continuous at c. Thus (i) holds. 
Now define 


gO) 


/(x)-/(c) 

x-c 

/'(c) 


if x ^ c, x 6 [a, £>] 
if x = c 


( 2 . 1 ) 


Then 


lim g(x) = lim ( ^ 


= /'(c) (v / is differentiable at c) 

= g(c) 
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Hence g is continuous at c. Further, by Eq. (2.1) 

/(*) - /(c) = g{x) (x - c) Vx g [a, b] 

Hence (ii) holds and by definition g(c) = /'(c). 

Conversely, suppose that both (i) and (ii) hold. Then 

, im ('/W z M) =limgW 

x —\ x x — C ) x—>c 

= g(c) (g is continuous at c) 

Hence /is differentiable at c and /' (c) = g(c). H 

Here is an example to illustrate the above theorem. 

Example 

Let f(x) = x 3 for x e R and a e R. We know that Here g(x) = x 2 + ax + a 2 satisfies the conditions of 

X 3 -u 3 = (x-fl)(x 2 +ax + a 2 ) Caratheodory’s theorem and /'(«) = g(a) = 3a 2 . 


Theorem 2.5 
(Differentia¬ 
bility of THE 
Reciprocal 
of A 
Function) 


Let / : [«. b] R be a function and /(x) A 0 V x e [ a,b\. Let c e (a, b) and /be differentiable at c. 
Then the function 


■ = — (1 


i.e, g(x) = 




f 


\J / 


(■*) = TT-T v x e [a, b]) 
f(x) 


is differentiable at c and 


&\c) 


-f\c) 

(. f(c )) 2 


Proof 


We can consider g as a quotient of two functions by considering 

g W = 77 ^ V x e [a, b] 

fix) 

where h(x) = 1 is the constant function on [a, hj.Then by Quotient Rule 

_ h'{c)f(c)-h{c)f'(c) 

S{) ~ (/(c)) 2 

0 -/(c)-l-/'(c) 

-f'jc) 

(. fie )) 2 

In the second step we have used the fact that since h is a constant function, by Example 2.4, 

h\c ) = 0. I 


Advice: It is better for the reader to prove Theorem 2.5 using the concept of the differentiable coefficient and the 
property that if/is differentiable at c, then/is continuous at c. 
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Theorem 2.6 


Proof 


Let / : [a, b] —»[c, d] be a bijection and g be the inverse of/. If /is differentiable at x 0 e (a, b) and 
/'(x q) ^ 0 and g is continuous at /(x 0 ), then g is differentiable at /(x 0 ) and 

1 


g'ifix o)) = 77/ , 

/ (*o) 

Write y = f(x) and y 0 = /(x Q ). Let k be a non-zero real number such that y 0 +k e [c, d\. Write 


so that 


and hence 


Since /'(x 0 ) ^ 0 and 


we have 


g{y 0 +k)-g(y Q ) = h 
g(y Q +k) = g(y 0 ) + h = x 0 +h 
fix 0 + A) = /'(gOo + k)) = y 0 +k (v g = / _1 ) 


/(x 0 + <,)-A Jo ) ^ 

h 


lim 


/z 


1 


^°/Oo+^)-/Oo) /'On) 

Now, by Eqs. (2.2) and (2.3) we obtain 

gCvo + ^-gCvo) _ * 


/Oo + ^) ~ 
h 


f(X()+h)-f(x Q ) /'On) 

Since h 0 implies » 0, we have that 

lim g(Jo+fr)-g(Jo) = 1 

k /' Oo) 

Hence g = f 1 is differentiable at /(x 0 ) and 


> —-— as h —> 0 


g'(/(*o)) = T7 


f'i x o) 


( 2 . 2 ) 

(2.3) 


Nole: In the lines immediately succeeding Definition 2.1, we mentioned that if y = f(x) is differentiable at each point 
of its domain then we denote /'(x) by dyldx. Accordingly, if y = /(x) admits / -1 , then x = f~ l (y) so that 


which we write as dxldy and hence 


(rVw 


i 

dyldx 


It is in this sense, we write 


dy dx 
dx dy 


roxr'yo) 


fix) 

fix) 


dx 1 
dy dyldx 


We now recall the concepts of increasing and decreasing functions (see Definition 1.40, p. 52, Vol. 1). 
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DEFINITION 2.3 Let A be a subset of R. and f:A —* M be a function. Then 

1. /is called increasing or monotonically increasing if f(x) < f(y) whenever x <y belong to A. 
If f(x) < f(y) whenever x < y, then /is called strictly increasing function or strictly mono- 
tonic increasing. 

2 . f is called decreasing or monotonically decreasing if f(x) > f(y) whenever x <y. 

If f(x) > f(y) whenever x < y, then / is called strictly decreasing or strictly monotonic 
decreasing. 

The following is a corollary to Theorem 2.6. 


Corollary 2.1 


Proof 


Suppose / : [a, b\ —> R is continuous and strictly monotonic increasing. Write a = f(a) and /i = 
f(b) so that / 1 exists, is continuous and strictly monotonic increasing on [a, /ij. If a < c < b 
and /is differentiable at c and/ -1 (c) * 0, then/ -1 is differentiable at/(c) and 


(f- l Y(c) 


l 

W) 


Since/is strictly increasing on [a, b],f is bijection from [a, b] to [a, /3] and hence / 1 exists on 
[a, /3]. Since /'(c) A0, by Theorem 2.6, / 1 is differentiable at c and 


(f-y(c) 


i 

/'(c) 


The following proof is based on Caratheodory’s theorem and hence we can say that this is 
also corollary to Caratheodory’s theorem. 


Aliter 


Since / is differentiable at c, by Caratheodory’s theorem there exists a function h : [n, b] —> R 
such that h is continuous at c and h(c) = f'(c) and f(x) - f(c) = h(x)(x - c) for all xe\a,b\. 
Since/ziscontinuousatcand h(c) A 0,thereexists 8 > 0 such that (c - 8, c + 8) c (a, b) and h(x) A 0 
in (c-5, c + <5). Write I=(c-8, c + 8). If y e / (I), then 


nr 1 (y)) - /(c)= Kr 1 ooxr 1 (y) - C ) 

= Kf-\y))(f-\y)-f-\f(c))) 

Hence 


r\y)-r\fic)) 


fif (v))-/(c) 
h(f-\y)) 


y-fjc) 

Kr\y)) 

y-fjc) 

ihvf-'Xy) 

By Caratheodory’s theorem, f~ l is differentiable at /(c) and 


(/ _1 )'(/(c)) 


1 


jhof- l )(f(c)) 

1 


h(c) 

1 

7v) 


i 

Tv) 


Hence 


(/■^'(/(c)) 
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Note: 

1. The theorem is equally valid if /is continuous and strictly decreasing on [ a , b], 

2. If /'(c) = 0,the above result is not valid. For, let /(x) = x 3 , then / is continuous and strictly increasing on M and / is 
differentiable at 0. But / _1 (x) = x U3 is not differentiable at 0 because / _1 (0) = 0, l//'(0) is not defined. 


2.2 Derivatives of Some Standard Functions 

In this section we derive the derivatives of the standard functions like x“, logx, e x , sin x, cosx, etc. and later we will 
use them in solving problems. 


Example 


2.6 


Let a > 0 and a is real. Then show that the function 
/(x) = x a , x > 0 is differentiable at a and f'(a) = a a a ~ l . 
In particular, if n is rational and x > 0, then fix) = n x n ~ l . 


Solution: We have (by Theorem 1.23) 


lim MzM ., , im 


V x — a 


= aa 


u-1 


Therefore 

f'(a) = a 

If we replace a by x and a by n, then f'(x ) = nx' 1-1 


Example 

If a > 0, show that the function /(x) = log x (with base e ) 
is differentiable at a and f'(a) = lla. In general,/'(x) = 1/x 
where x > 0. 

Solution: We have 

lim t( x )~f( a ) _ i im Oogx-togti 
X^>a X — a X^>a V x — a 

= i im OogW) 

x^a \ x-a J 


= lim 

x—>a 



1 

a 


= lim 108(1+ r) f where _v = — -1) 

y^o ay y a J 

- — ■ 1 [By (3) of Important Formulae in Chapter 1] 
a 

_ 1 
a 

Therefore 

/>) = - 


Example 


2.8 


Let u>0 and f{x) = a x for xeR. Then show that/is 
differentiable at any cel and f\c) = a c log a. In gen¬ 
eral, /'(x) = a x log a. In particular, if f(x) = e x , then 
f\x) = e x . 

Solution: We have 


lim 


/(x)-/(c) 


= lim 


a -a 


x—>c X — C 


= lim a c 

X—>C 


(a X ' C - 1 ) 

x-c 


■ a c lim 

y->0 


/ y ^ \ 

a y -1 


(where y = x - c —» 0 as x —» c) 


= « e logu [By (3) of Important Formulae in Chapter 1] 


X —>C 


x — c 
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Example 


2.9 


Show that the function /(x) = sin x is differentiable at 
any aeR and f'(a ) = cos a. In general, f'(x ) = cos x for 
reK. 


Solution: We have 


i im /W-/M = i im 

x—>a X — Cl x—>a 


= lim 

x—>a 


( sin x -sin a\ 

V x-a ) 

(x + a\ . (x — a\ 

l 2 J 


2 cos 


x-a 


2.2 I Derivatives of Some Standard Functions 


= lim 

X—Hl 


sin 


cos 


x + a 




= 1 x cos a (v cos x is continuous) 
= cos a 


Example 


2.10 


Show that the function g(x) = cosx is differentiable at 
any ae K and g\a) = - sin a. In general, g'(x ) = -sinx. 

Solution: We have 

lim g(*)~g( fl ) = lim ( cos x-cos a 
x^a X—a x^>a\ x — a 

/ • (X + L 

(-2)sml —— 

= lim- 

x->a x — a 




= -(l)sina 
= - sine/ 



Example 


2.11 


Show that the function h(x) = tan x is differentiable at 
any a el and a is not an odd multiple of n!2 and 
/'(a) = sec 2 a. In general, if x is not an odd multiple of 
k!2 , then h'(x ) = sec 2 x. 

Solution: We have 


limiim 


/ tan x - tan a x 


x-a 


sin(x-u) 

= lim- 

jc—>u (x — u) cos x cos a 


= lim 


sinfx-a)^ 1 1 

v 7 'x-x- 


x^>u\ x-a 

A 1 1 
= lx-X- 


COSX COSfl 


cosa cos a 


= sec a 


Example 


2.12 


If a e K and is not a multiple of k, then show that the 
function /(x) = cotx is differentiable at a and f(a) = 
-cosec 2 a. In general, /'(x) = -cosec 2 x for all real xitnn, 
raeZ. 


Solution: We have 


f(x)-f(a) cotx-cot« 
lim = i im - 


x — a 


= lim 


- sin(x - a) ' 
v (x - a) sin x sin a J 


= - lim 

x-^a 


sin(x-u) 1 1 

—- -x x 


x — a 


sin x sin a 


= -1 x —— x —— 
sin a sin a 

= -cosec 2 u 
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Example 


2.13 


If a is not a multiple of n. then show that the function 
g(x) = cosec x is differentiable at a and g'(a ) = - cosec a 
cot a. In general, g'(x) = -cosec x cot x for all x ^ nn, 
neZ. 

Solution: We have 

g(x)-g(a) cosecx-coseca 

lim —-= lim- 

x — a x — a 

sin a- sin x 

= lim- 

x^>u (x - a) sin x sin a 


2 cos 


= - lim 


x + a 
2 


sin 


x — a 
2 


x—>u (x-a)sinxsinn 


= lim 


sm 


x — a 


f x-a} 


cos 


x + a 


sinxsmn 


( 1 ) cos a 
sin 2 a 


= -cosec acotu 


Example 


2.14 


If a ^ (2n + 1)(tt/2), n e Z, then show that the function 
h(x) = secx is differentiable at a and h'(a ) = sec a tan a. 
In general, h'(x ) = secx tan x for all x ^ (2 n + 1) (tt/2), 
n e Z. 


Solution: We have 


lim 


h(x) - h(a ) 


x —x — a 


secx-sec a 
lim- 

x^>a x — a 


COSfl-COSX 

= lim- 

x->a (x-fl)cosxcosfl 


2 sin 


= lim 


fl + X 


sm 


x — a 


X->a (x-a)cosxcosn 

. f • f fl + x'i 

Sin l^J S ' n | 2 J 


= lim 


x — a 


cos x cos a 


= 1 . 


v 2 j 
sinn 


cos 2 a 


= sec a tan u 


In the coming set of examples, we find the derivatives of inverse trigonometric functions, hyperbolic functions and 
inverse hyperbolic functions. Here afterwards we write y = f(x) (function) and write dy/dx for f{x). 


Example 


2.15 


Let y = 
n n 


2 ’ 2 ^ 


Sin -1 x whose domain is [-1, 1] and range is 
. Find its derivative. 


Solution: We have 

y = Sin~'x <=> x = siny 

Therefore 


dx 

— = cos y 
dy 

Also -n/2 < y < n!2 for -1 < x < 1 => cos y > 0. So 


— = cosy = Jl -sin 2 y = V 1 -x 2 
dy 


Using the Note under Theorem 2.6 we get 


dy 1 

dx Vl-x 2 

Hence 

J(Sin _ 1 x) 1 

dx Vl-x 2 


for -1 < x < 1 
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Example 


Let y = Cos 'x. whose domain is [-1,1] and range is [0, n\. 
Find its derivative. 

Solution: We have 

y = Cos _1 x « x = cosy 

Therefore 

dx 


dx 

dy 


= - sin y 


= - V 1-cos 2 x = -V1-; 


Hence 


dy -1 


dx Vl-x 2 


for -1 < x < 1 


This implies 


dy 


= - sin y 


where y e (0, n) whenever —1 < x < 1 and siny > 0. So 


“ 7 “ (Cos 1 x) = - r =L= 

dx VI-x 2 


Note: The derivative of Cos 1 x can also be realized from the relation 

_1 _1 7T 

Sin x + Cos x = - for -1 < x < 1 

2 


Example 


2.17 


Let y = Tan l x where xeK and the range is (—zr/2, nil). 
Find its derivative. 


Solution: We have 

y = Tan'x x = tany 

Therefore 


(IX 2 ^ 9 -i 2 

— = sec y = l + tany = l + x 

d y 


So 

dy 1 
dx 1 + x 2 

This implies 

— (Tan~'x) = — — r- Vxel 
rfx 1 + x 


Example I 

Find the derivative of Cot _1 x for all x e 1 

Solution: We know that 

Tan _1 x + Cot _1 x = -VxeI 
2 


Therefore 

— (Cot _1 x) = 0- —(Tan _1 x) = —VxeR 
dx dx 1 + x z 

Observe that Cot^x e (0, n). 


Example 


Let y = Sec x x, x e K - [-1,1] and yejo, — ) u (—, 7 T 
Find out dy/dx. ^ ^^ 


Solution: We have 

dx y 

x = sec y=> — = secy tany = sec" ysmy > 0 

dy 


Now 

1 . x < —1 => sec y < 0 and hence tan y < 0. 

2 . x > 1 => sec y > 0 and hence tan y > 0. 
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Therefore 


tany = 


So 

-<J sec 2 y-1 = -\lx 2 -1 if x < 1 
\lx 2 -1 if x > 1 


Example 


Let y = Cosec 1 x, x e R - [-1,1] and y e | - —, 0 


u| o, — ]. Find out dy/dx. 


Solution: Working along the same lines as in Example 
2.19, we get 


-1 

dy xx/x 2 — 1 

dx 1 

xx/x 2 -1 


if x < -1 


if x > 1 



for -1 < x < 1 


— (Cosec 2 x) 
dx 


— / - if x < -1 

^ x-v/x 2 -1 

— . = if x > 1 

xyx 2 -1 



When x is real, then 


e +e 


is called cosine hyperbolic and is denoted by coshx. Also 


is called sine hyperbolic 


2 2 2 2 
and is denoted by sinhx. Also observe that cosh 2 x - sinh 2 x = 1. The functions tanhx, cothx,cosechx and sechx are defined 

similar to tan x, cot x, cosec x and sec x. 


Example 


Let y = sinh x = 


-. Find dy/dx. 


Solution: By part (i) of Theorems 2.2 and 2.3 we have 


dy e x -e~ x (-l) 
dx 2 

e x +e~ x 

2 

= cosh x 


Example 


2.22 


_|_£ 

Let y = coshx =---. Find dy/dx. 

Solution: We have 


dy e x +(-l)e~ x 
dx 2 

2 

= sinh x 


Example 


2.23 


Let y = tanhx = 


sinhx 

coshx 


Find dy/dx. 


Solution: We have 


dy 

dx 


(cosh x)cosh x - (sinh x)(sinh x) 
cosh 2 x 


(Quotient Rule) 


cosh 2 x-sinh 2 x 

cosh 2 x 

1 

cosh 2 x 


= sech 2 x 


1 \ 

v sech x is defined as - 

cosh x 
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Try it out 


Show that 


Cl 9 

— (coth xl = -cosech x 
dx 




Example 

Let y = cosech x, x e R - {Oj. Find dy/dx. 


Solution: We have 


dy 

dx 


d f 
dx 


sinh; 


(-1) — (sin h x) 
dx _ 

(sinhx) 2 


-coshx 


sinh x 
= -cosech x coth x 
Therefore 


(y The derivative of sinhx is 
coshx and by Quotient Rule) 


— (cosech x) = -cosech x coth x 
dx 


Example 


Let y = sechx,xeR. Find dy/dx. 


Solution: We have 


dy d 
dx dx 


( 


1 


coshx 


(-1) — (coshx) 
dx _ 

cosh 2 x 


(By Quotient Rule) 


(-1) sinhx 
cosh 2 x 

= -sechxtanhx 


(v The derivative 
of cosh x is sinh x) 


Therefore 


— (sechxi = -sechxtanhx 
dx 


The following are the derivatives of inverse hyperbolic functions. 


Example 


2.26 


Let y = Sinh 1 x for all xel. Find its derivative. 


Solution: We have 

y = Sinh^x => x = sinhy 
dx 

=>- -= cosh y 
dy 

dy 1 

=> — =- 

dx cosh y 


■yj 1 + sinh 2 


(y cosh 2 y - sinh 2 y = 1) 


1 

v/l + X 2 


Therefore 


— (Sinh l x) 
dx 


1 

Vl + x 2 


Example 


2.27 


y = Cosh l x <=> x = cosh y, x e (1, °°). Find its derivative. 


y = Cosh^x 

=> x = cosh y 

dx . , 

=> — - smh y 
dy 


Solution: We have 
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= ^/cosh 2 y-l 

= v/7~L 


For x > 1, 


— (Cosh x x) 
dx 


1 

777 


Example 


2.28 


Find the derivative of y = Tanh 2 x, x e (—1,1). 

Solution: We have 


Therefore 


y = Tanh 1 x <=> x = tanh y 


dx 

dy 


sech 2 y 



{e y +e y ) 2 



< e y +e y , 

= l-tanh 2 y 

= 1-x 2 >0 (y-1<x<1) 


Therefore 

dy 1 
dx 1-x 1 

and hence 

-j~(T anh -1 x) = 
dx 1-x 


Example 


Find the derivative of y - Coth 1 x, x e M- (-1,1). 

Solution: We have 

y = Coth 'x <=> x = coth y 

Therefore 


— = -cosech 2 y 
dy 

-1 


sinh 2 y 


Therefore 


So 


(cosh 2 y- sinh 2 y) 
sinh 2 y 

= -coth 2 y+1 
= l-x 2 

dy 1 
dx 1-x 2 


~T~ (Coth 1 x) = — 
dx 1-x- 


\ QUICK LOOK 2 


Though the domains of Tanh 1 x and Coth 1 x are, respectively, (-1,1) and R-(-l, 1), but their derivatives are 
same. 


Example I 

Find the derivative of y = Sech^x, x e (0,1) 


Solution: We have 

y = Sech _1 x 4=> x = sech y 


Therefore 

— = -sech v tanhy 
dy 
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= -sechyJl-sech 2 y 
= -x\/l-x 2 


So 


dy —1 
d x X'Jl - x 1 


Example I 

Find the derivative of y = Cosech^x, x 1=0. 

Solution: We have 

y = Cosech^x <=> x = cosechy 

Now 


— = -cosechy cothy 
dy 

= -cosechy (i-^/l + cosech 2 y) 


because for any real x, cosech x > 0 (< 0) according as 
x > 0(< 0). Therefore 

= -x{±d 1 + x 2 ) 
dy 

and hence 


dy 1 

d x \x\yjl + x 2 



QUICK LOOK 3 


1. Sinh 1 x = log(x + six 2 + 1) 

2. Cosh^x = log(x + =Jx 2 -1) 


3. Tanh 1 x = ^log|^i^j (|x| < 1) 


The following are illustrative examples of the rules of differential of sum of two functions, product of two functions, 
quotient rule, chain rule using the derivative of standard functions, derivatives of inverse trigonometric functions, 
hyperbolic functions and their inverses. 


Example 


2.32 


Find the derivate of xeh 

Solution: Let y = x 2 e x . Take f(x) = x 2 and g(x) = e x . 
Therefore 

y=f( x )g( x ) 

Therefore by product rule [see (ii) of Theorem 2.2] 


~r = f'( x )g( x ) + f( x ) g'i x ) 
ax 

= (2x)e x + x 2 ( e x ) (See Examples 2.6 and 2.8) 
= e x (2x + x 2 ) 


Example 


2.33 


Find the derivative of xlogx + sinx. 

Solution: Let y = xlogx +sinx. Take /(x) = x, g(x) = 
logx and h(x) = sinx. Therefore using parts (i), (ii) of 
Theorem 2.2 and referring to the derivatives of standard 
functions (Examples 2.6-2.14) we get 


= ——(fg)(x) + — ( h(x )) 
dx 7 dx 

= f'( x )gi x ) + f( x )g\ x ) + h'(x) 
= 1 logx + xj — j + cosx 


dy 

dx 


(fg + h )( x ) 


= logx+ 1 +cos x 
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Example 


2.34 


Find the derivative of y = log 7 (tan x ) whenever defined. 


Solution: We have 

y = log7 ( tan x ) = l °ge ( tan x ) ■ lo g7 e 
Therefore using chain rule, we get 


Example 


2.35 


Find the derivative of y = 5 X +logx + xsin;r. 


Solution: We have 

dy d(5 x ) d(\ogx) + rf(xsinx) 
dx dx dx dx 

[■■■(f+gy=r+8'] 


dy 

dx 


(log? 

(logy 



= 5 X log 5 + — + (sin x + x cos x) 
x 


d(a x ) 
, dx 


logrz, a > 0 


Example 


2.36 


Find the derivative of the function y 


(x + \] 1 + x ^)“. 


Solution: If y = ( f(x)) n then we know that by chain 
rule 

^=«(/wrV'w 

dx 


Therefore 


y = (x + \l 1 + x 2 ) 2 


So 


— = 2(x + \/l + x 2 ) 
dx 


1 + 


2Vl 


<2x) 


+ X 


r -f^(x + Vl + x 2 ) 

= 2(x + \ll + x 2 )-— - 

2(x + Jl + x 2 ) 2 
y}\ + x 2 

2 y 

Vw 


dy 2 y 

dx yjl + x 2 


Example 


2.37 


If y = log(Sin : x), then find dyldx. 


Solution: Note that Sin 1 x must belong to (0, kH) so 
that x g (0,1). Therefore, using chain rule we get 


dy 

dx 


v Sin 1 x j 


dx 


(Sin 1 x) 


1 1 
- il— x 1 - - 

Sm x x yh - x 2 


Example 


2.38 


Find the derivative of e x x e . 



Solution: Let y = e x x e . Then 
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Example 


2.39 


Find the derivative of 


x Sin 1 x 



Solution: Let f(x) = xSin 1 x, g(x) = V 1-x 2 . 
Therefore 



Flence 

dy = f'(x)g(x)-f(x)g'(x) 
dx (g( x )) 2 

Now 


f'(x) = -^-(xS in x x) 
dx 


= Sin l x + ’ (Product Rule) 

VI-x 2 


= l-x 1 ) 

ax 

= |x(l-x 2 )- 1/2 (0-2x) 


v/T^ 


Therefore 
( 


dy_ 

dx 


Sin x x + - = yll-x 2 -(xSin l x)[ , -= 

l Vl -x ) \yjl-x ) 


yj 1-x 2 Sin 1 


x + x+ ■ 


(Vr ^ 7 ) 2 

x 2 skVx 


l-x z 

(1 - x 2 )Sin 1 x + xyjl-x 2 + x 2 SkT 


(1-V) 


2 \3/2 


Sin l x + xyjl-. 


(1-V) 


2 x 3/2 


Example 


2.40 


Find the derivative of y = log (cosh 3x). 


Now 


Solution: Put u = cosh 3x so that y = log u. Therefore 

— = (sinh 3x)(3) 
dx 


dy 1 du 
dx u dx 

- ---x (3 sinh 3x) 

cosh 3x 

= 3tanh3x 


Example 


2.41 


If y = log|x|, then show that - - = - 

dx x 

Solution: Since |x| > 0 for all x ? 0, the domain of the 
function is R-jO}. 

Case I: Suppose x > 0. Therefore 

y = l°gM — log* 

Taking derivative we get 

dy 1 
dx x 


Case II: Suppose x < 0. Then 

y = log |x| — iog(—x) 

Taking derivative and using chain rule we get 
dx (-x) x 

Therefore 


dy 

dx 


1 


for x ^ 0 


x 

d( logjxj) _ 1 


or 


dx 


x 
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Example 


2.42 


Find the derivative of y = Sin 1 (e x ). 


Solution: We have y = Sin 1 u where u = e x . Therefore 
(using chain rule or substitution) we have 


Example 


2.43 


If y = log(logx), then find 


dy 

dx 


Solution: Put logx = n. Then y = logn so that 


Example 


2.44 


Tr _i, . . , . . dy cosx 

It y = Sin (sinx), then show that — =-. 

dx |cosx| 

Solution: Put u = sin x so that -1 < u < 1 and duldx = 
cos x. Now 


dy dy du 1 x e x 
dx du dx 7l-« 2 Vl-e 2jc 


dy dy du 11 1 

dx du dx u x x log x 


dy 1 

—= cosx 

dx yjl-u 2 

COSX 

J l-sin 2 x 
COS X 

= -= ±1 (Justify the signs) 

Icosx| 


Example I 

Find dyldx where y- Tanh -1 (e*). 

Solution: Put a = e x so that duldx = e\ Now, 
y =Tanh 1 u 

Therefore 


dy 

dx 


dy du 
du dx 


1 

1-u 2 


■e 



X 


(see Example 2.28) 


Example 


2.46 


If y = log (sec x +tan x), then show that — = secx. 

dx 


Now 


Solution: Put u = sec x + tan x so that 

du 2 

— = sec x tan x + sec x 
dx 


= secx(secx + tanx) 


y - log M 

dy dy du 
dx du dx 

- — ■ sec x (sec x + tan x) 
u 

= —-(sec x)u 
u 

= sec x 
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2.3 Special Methods of Differentiation 

Sometimes the usual rules of differentiation may be a cumbersome process for finding derivatives of some typical 
functions. In such cases we need special methods which we are going to discuss in this section. 

2 . 3.1 Substitution Methods 

The chain rule (Theorem 2.3) is also called substitution method. However, some functions need a suitable substitution 
to compute the derivative elegantly. This is illustrated in the following examples. 


Example 


If 


y = Tan 1 


1 — x 
1 + x 


where IjcI < 1 , then find dy/dx. 


Solution: Put x = cos 9,9 e (0, n). Then 


This implies 


1-x 1 — cos 0 7 9 

-=-= tan - 

1 + x 1 + cos 9 2 


1 — x 9 

-= tan — 

1 + x 2 


so that 


rp -II 9\ 9 

y = Tan |tan-J = - 


Therefore 

dy dy d9 
dx d9 dx 
dy dx 
d9 d9 
1 1 
2 (- sin 9) 

1 1 
2 Vl - cos 2 9 
-1 

2sjl-x 2 


Example 


If y = Tan 


-l 


3 a 2 x - x 
a(a 2 -3x 2 )y 

dy 


, then show that 
3 a 


dx a 2 + x 2 


Solution: Put x - a tan 9 so that 

dx 2 n 

— = a sec 9 
d9 

- L x 2 ) 

— Q 1H —— 

\ a ; 

1 2 
«“ +x 


Now 

-if 3tan0-tan 3 0 
y = Tan - 

, l-3tan 2 0 7 
= Tan -1 (tan 30) = 30 

Therefore 

dy d9 

dx dx 

3 

dxldd 

3 

(a 2 + x 2 )la 
3 a 
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Example 


if y = log 


Vx ? +1 - X 

^ X~ + 1 + X 


, then show that 


dy -2 
dx v/l+x 2 


Solution: Put x = tan 0 so that 

dx 2n i 2 

— = sec 0 = 1 + x 
dO 


Now 


y = log 


r sec0 - tan0' 
^sec0 + tan0^ 


= log(sec 0 - tan 0) 2 
= 2 log(sec 0 - tan 0) (v sec0 > tan0) 

Therefore 

dy dy dx 

dx d6 dO 

2(sec0tan0-sec 2 0) o 

= —--_ sec “0 

(sec 0-tan 0) 

-2 
sec 0 
-2 

Vl + x 2 


2 . 3.2 Logarithmic Differentiation 

Use of logarithms will be advantageous in computing the derivatives of functions of the form {f(x)) g ^ x \ More precisely, 
let/and g be defined and differentiable on an interval I. Let h(x) = (/(x))" (jr| so that 

log(/z(x)) = g(x) log(/(x)) 

Differentiating both sides with respect to x, we get 

^M = g'(x)log(/(x)) + g(x)^ 
h(x) /(x) 


Hence 


Now replace h(x) with (/(x))^. 


h'(x) = h(x) 


g'(x)log(/(x)) + 


g(x)f'(x) \ 

/(*) J 


Note: If y = (f(x)) 8 ^ x \ then 


dy 

dx 


= y 


g'(x)log(f(x)) + 


We illustrate the above-stated theory with some examples now. 


MM] 

f(x) J 


Example 


2.50 


If y = x x , find dy/dx where x > 0. 

Solution: Taking logarithm on both sides of y = x x 
we get 

logy = xlogx 

Differentiating both sides w.r.t. x we obtain 


l dy x 

-- = log x + — = log x +1 

y dx x 

Therefore 

~ = x* (log x +1) 
dx 
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Example 


2.51 


If y = (tan) smx , x e (0, n/2), then find dy/dx. 

Solution: Taking logarithm on both sides we get 
log y = (sin x) log (tan x) 

Note that both tan x and sin x are positive for x e (0, n/2). 
Differentiating both sides w.r.t. jt we get 


1 dy 
y dx 


(cos x) log (tan x) + sin x 

V 


sec 2 x 

tarur 


\ 


7 


(cos x) log (tan x) + sec x 


Therefore 

— = y (cos x log (tan x) + sec x) 
dx 


Example 


Let y = (x+ l) 2/x for r^0,x> -1. Then find dyldx. 

Solution: Taking logarithm on both sides we get 

2 

log y-~ i°g(* +1) 

X 

Differentiating both sides w.r.t. x we get 



Therefore 


y dx 


dx x v x + 1 


2.3.3 Parametric Differentiation 

Suppose x and y are functions of a parameter t, say x = f(t ) and y = g(t) in any interval. Further assume that /is inver¬ 
tible and f, g, f 1 are differentiable in the relevant intervals. Then to find dyldx , we proceed as follows: 

Flence 


dy 

dx 




dy dx 
dt dt 



g'(0 

AO 

This process is called parametric differentiation or differentiation of one function g w.r.t. another function / We 
illustrate the above-stated theory with some examples now. 


Example 


2.53 


If x = acos t and y = asin t, for 0 < t < nil and a 7= 0, find 
dy/dx. 

Solution: Write x = f{t) and y = g(t) in (0, n/2) and note 
that / g are differentiable in (0, n/2 ) and / ~ 1 exists in 
(0,1) and is differentiable. Hence using parametric dif¬ 
ferentiation, we get 


dy = g'(0 

dx f\t) 

a cost 
-a sinf 

x -x 

-y y 
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Note: In Example 2.53, x and y are functions of t and we computed the derivative of the function y w.r.t. another 
function x. 


Example 


If /(f) = log t + sin t and g(t) = e‘ + cos t in (0, tt/ 2), then 
find dgldf. 


we have 


Solution: Since 


df 1 . 

— = - + sin t 
dt t 

df? t 

— = e — sin t 
dt 


and 


dt 


df dt dt 

e f - sin t 
(l/f) + cosf 

t(e‘ - sin t ) 
1 + fcosf 


Example 


2.55 


If x = sec9-cos9 and y = sec"9-cos"9, then show 
that 



n 2 (y 2 + 4) 


n tan 0(sec "9+ cos" 9) 
tan0(sec0+cos 9) 

n(sec"9 + cos"9) 
sec 9+cos 9 


Solution: We have 
dx 

— = sec0tan0 + sin0 
d9 

an( j — = n sec" “ 1 0(sec 0 tan 0) - n cos" _ 1 0( - sin 0) 
d9 

= n(sec" 0tan0+ncos"“ 1 0sin0) 

Therefore 

dy dy dx 
dx d9 d9 


From this we have 

dy ^ _ n 2 [sec"0 + cos"0] 2 
dx) (sec 9 + cos 9) 2 

n 2 [(sec"0-cos"0) 2 +4] 
(sec 9- cos 9) 1 +4 

_ n 2 (y 2 + 4) 
a: 2 +4 

Hence 

(, 2 + 4 )(£) 2 =„ 2 (/ + 4 ) 


2.3.4 Differentiation of Implicit Functions 

Suppose y is a function of x, y is not explicitly in terms of x, but x and y are connected through a relation F. Write 
F(x, y) = 0. Here y is a function of x, say, y = f(x), but x and y are connected through the relation F(x, y) = 0, that is 
F(x, /(x)) = 0. If this be the case, we say that y is an implicit function of x. The following are illustrative examples. 


Example 

Suppose y = /(x), x e [a, b] and x 2 + y 2 = 1 V x e [a, b\. x 2 + (/(x)) 2 = 1 

In this case /(x) may not be known explicitly, but we may Then 

compute /(x) using the relation 

/(x) = Vl-x 2 or /(x) = -Vl-x 2 
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If y is an implicit function of x and x and y are con- 2x + 2yy' = 0 

nected through a relation F(x, y) = 0, it is possible, Here/ = /'(*) Hence 
sometimes,to find y' = /'(x), by differentiating F(x, y) = 0 

on both sides w.r.t.x. Here, x 2 + y 2 = 1. On differentiating y> _ Z^L = 

both sides w.r.t. x , since y is a function of x, say y = /(x), y f( x ) 

we get 


Example 


2.56 


If y is an implicit function of x, and x and y are connected 
through the relation x 3 + y 3 - 3 xy = 0, find y' or dy/dx. 

Solution: On differentiating x 3 + y 3 -3xv = 0 w.r.t.x 
we get 


3x z + 3 y 2 y' - 3 (y + xy') = 0 
=> (y 2 —x)y' = y-x 2 


■y = 


y-x 

y 2 -x 


Example 


2.57 


If ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 0, then find dy/dx 
where all the coefficients are constants and at least one 
of a , h, b is not zero. 


Solution: Differentiating the given equation w.r.t. x 
we get 


2ax + 2h[ y + x — \ + 2by — 

V dx) dx 

+ 2g + 2f^ r = 0 
dx 

=> (hx + by + /) - - + ax + hy + g = 0 
dx 

dy (ax + hy + g) 
dx hx + by+ c 


Finally, we conclude this theory part of differentiation with the derivatives of second order, third order, etc. 

2.4 Successive Derivatives of a Function 

DEFINITION 2.4 Suppose/: (a, b) —> R is a function and is differentiable in (a, b). Then the derived function 
/' can be regarded as a function on (a, b). That is, /': (a, b) —¥ R is also a function. Suppose 
/' is differentiable in (a, b ) with derived function (/')'(x). then this function is denoted by 
/"(x) and is called the second derivative of/in (a, b). 

If further f" is differentiable in (a, b), then its derived function (/'')'(x) is denoted by 
/'"(x) and is called the third derivative of/in (a, b). In general, the (n + l)th derivative of/is 
the derivative of/ 1 "- 1 (x) (if exists ),n = 1,2,3,.... 

Note: Even though the nth derivative of a function is explained, as per the scope of the syllabus, we restrict to second- 

and third-order derivatives. If _y = /(x), then f (n) (x) is also denoted by d n yidx". 

The following are some illustrative examples. 
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Examples 

1. Let /(x) = x 2 in (0,1). For the given function 

/' (x) = 2x 

f"(x) = 2 

and f ( ' n \x) = 0 for n > 3 

2. Let /(x) = x n where n is a positive integer. Then 

f\x ) = nx n -\ /"(x) = n(n- l)x n ~ 2 
f"'(x) = n(n-l)(n-2)x"- 3 
and in general 

f n \x) = n\ 

In this case/^ n+1) (x) = 0, f ( - n+2 \x ) = 0,.... 

3. If /(x) = sinx in (0, nil), then 

/'(x) = cosx, /"(x) = - sinx 


f"\x) = - cos x,f i4 \x) = sinx 
and in general 

cos x if n is of the form 4k +1 

/ \ - sin x if n is of the form 4k + 2 

f\x) = \ 

- cos x if n is of the form 4k + 3 
sin x if n is of the form 4k 

Note: One can see that if /(x) = sin x, then its nth 
derivative is 

f (n \x) = sin^^ + xj for n= 1, 2 , 3, ... 

4. If /(x) = e Xx , then f (n \x) = l n e Xx = Vf(x). 

5- If /(x) = logx, then f^ n \x) = ^— ^ . 


Example 


2.58 


If x = cos0+0sin0, y = sin 9-dcosd, then find d 2 yidx 2 . 

Solution: From the given equations, 
dx 

= -sm0 + sm0 + 0cos0 = 0cos0 
de 

— = cos 0-(cos#-0sin0) = 0sin0 
dd 


Now 

dy dy dx 0sin0 

- = — =-= tan0 

dx d0 dO OcosO 


Therefore 

d 2 y / ? d0 sec 2 0 sec J 0 

— = ( sec - 0' — =-=- 

dx 2 v ' dx 0cos0 0 


Example 


2.59 


If y = sin(sinx), then show that 

d 2 y , ,dy 2 

— T + (tanxl — + ycos x = 0 
dx 2 ' ' dx - 


Solution: Differentiating y = sin(sin x) we get 


— = cos(sinxlfcosx) 
dx 


Again 


= - sin (sin x) cos 2 x + cos (sin x)(- sinx) 
dx 

-sinx N 


cosx 

? , ,dy 

= -ycos x-(tanx) — 
dx 


( 

= —y cos 2 x + cos (sin x) cos x 

V 


Therefore 

d 2 y , ,dy 2 

—j + (tan x)- 1 - y cos“x = 0 

dx dx 
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WORKED-OUT PROBLEMS 


Note: Before going to Worked-Out Problems, we recall 
the concepts of continuity and differentiability of a 
function at x = a. 

1. Left limit at x = a is denoted by f(a - 0) and is given 
by 

f(a - 0) = lim f(a - h) 

/i —> o 
h>0 


2. Right limit at x = a is denoted by f(a + 0) and is 
given by 

f(a + 0) = lim f(a + h) 
o 

h>0 


3. / is continuous at x = a if and only if f(a - 0) and 
f (a + 0) exist finitely and are equal to f(a). 

4. Left derivative at x = a is denoted by f'(a — 0) and 
is given by 


f'(a-0) = lim 

h —>0 
h> 0 


f(a-h) - fja) 
-h 


5. Right derivative atx = nis denotedby/'(fl + 0) andis 
given by 


f (a + 0) = lim 

/!-> 0 
h>0 


f(a + h) - f(a ) 
h 


6 . Derivative at x = a is denoted by f\a) and is given by 


f\a) = lim 


f(a + h) - f(a) 
h 


7. f(x) is differentiable at x = a if and only if both 
f'(a- 0) and f'(a- 0) exist finitely and are equal. 
The common value is f'{a). 

8 . / is continuous on a set of real numbers (interval) 
implies that there are no breaks on the graph of 
y=f(x). 

9. / is not differentiable at a point x = x Q implies that 
there is sharp bend like “ a ” or “v” at (x fl , y 0 ) where 

y 0 =f( x o) on the s ra P h of y =/(*)• 

10. If f is discontinuous at x = a, then / is not differen¬ 
tiable at jc = a. 


Single Correct Choice Type Questions 

1. Let / and g be differentiable functions such that 
/(3) = 5, g(3) = 7, /'(3) = 13, g’(3) = 6, f\l) = 2 and 
g'{l) = 0. If h(x) = (f ° g)(x), then h\ 3) is equal to 
(A) 14 (B) 6 

(C) 12 (D) 10 

Solution: By chain rule 

h'(x) = f'(g{x))-g'(x) 

Therefore 


A'(3) = /'(g(3))-g'(3) 

= A 7)-6 
= 2-6 
= 12 

Answer: (C) 


2. Let f(x ) = 2/(jc +1) and g(x) = 3x. It is given that 
(/°£)(Ao) = (g°/)Oo)- Then (go/)'(*„) equals 


(A) -32 


(C) 


-32 

~9~ 


(B) 


32 

y 


(D) 


-32 

3 


(f ° g)(x) = ig ° f)ix) 


2 _ 6 
3x + l x + l 


Therefore 


Now, 


=> x = - 


1 

4 


1 

4 


Therefore, using chain rule we have 

(g 0 f)\ x 0 ) = g'ifix (,)) ■ f'ix 0 ) 



3x(-2)(16) 

9 


-32 

~Y 


Solution: We have 


Answer: (D) 
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3. If f(x) and g(x) are two functions from I to K such 
that (/og)(x) = ( x 3 -x 2 +2) 8 , then /'(l)g'(l)is 

(A) 8 (B) 16 

(C) 12 (D) 24 

Solution: We have 

(f°g)(x) = (x 3 -x 2 + 2) 8 

=>/(x) = x 8 and g(x) = x 3 -x 2 +2 
Therefore 

/'(I) = 8 and g'(l) = 3(l)-2(l) = l 
=>/WO) = 8x1 = 8 

Answer: (A) 

4. If f\x) = 7x (x > 0) and g(x) = 1 + x 2 , then (/°g)'(l) 
is equal to 

(A) 1 (B) 1 

(C) j= (D) V2 

Solution: We have 

{f°g){x) = \l 1 + x 2 

7l + x 2 

and hence 

Answer: (C) 


5. The number of points at which the function f(x) = 
\x +1 j + \x —1| is not differentiable is 

(A) 2 (B) 1 

(C) 0 (D) infinite 

Solution: We have 


[ -(x +1) +1 - x = -2x if x < -1 
/(x) = | (x + l) + (l-x) = 2 if -1 < x < 1 
(x +1) + (x -1) = 2x if x > 1 


Now 


/'(-1-0)= lim 

h> 0 


/(-l-/»)-/(-!) 
-h 


= lim 

/z—>0 


—2 (—1 — / i ) — 2 

-h 


= lim f —1 = -2 
h^0\-h) 


/'(-1 + 0 ) = 0 


Therefore 


/'(-i-o)*/'(-i+o) 

Hence / is not differentiable at x = -1. Similarly, 
/'(l - 0) = 0 and /'(l + 0) = 2. Therefore / is not differ¬ 
entiable at x = 1. Thus,/is not differentiable at x = -1,1. 

Answer: (A) 


6 . If x = 2cost-cos2t,y = 2sinf-sin2t, then dyldx at 
t = 7t/ 6 is 

(A) 73 (B) 

(C) 72-1 (D) 1 

Solution: We have 


— = -2 sin t + 2 sin 2r 
dt 


and 

Therefore 


— = 2cost-2cos2t 
dt 


dy dy dx 
dx dt dt 

2 (cost-cos 2f) 
2(sin2f-sint) 


2 sin 


2 cos 


3 1 


-sm 


3 1 


sin 


t 

2 

t 


2 



Hence 



Answer: (D) 


7. If 7l-x 2 +yjl-y 2 = 
to 

(A) V(!-x 2 )(l-y 2 ) 


(C) 


7i-x 2 

yll-y 2 


73(x-y), then riy/dx is equal 


(B) 


£7 

7i-x 2 


(D) 


y](l-x 2 )(l-y 2 ) 


Solution: The given relation is 

7l-x 2 + yjl-y 2 = 73 (x - y) 

(This is differentiation of implicit function.) Put x = sin a 
and y = sin fi. Then 

cos a + cos (3= 73 (sin a - sin /3) 
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Worked-Out Problems 


2 cos 


• tan 


a + /A ( a-j3 
'cos 1 


2 ) \ 2 
1 

V3 


= V3 


2 cos 


“±£'i si „r“z2 


9. If f'(x) = sin 2 x and 


=> a-/) = 2 Tan 1 

V3 

=> Sin _1 x-Sin _1 y = 2Tan _1 —j= 

V3 

Differentiating both sides w.r.t. x we get 

1 1 ' — 1 = 0 


^7 

dy _ \]l~y 2 


it) 


8 . If 


dx Vl-x 2 


. sin(joi/2)_ c —-1, 


Answer: (B) 


(sin y) y Sec” 1 (2x) + 2 X tan (log(x + 2)) = 0 

then dyldx at x = -1 is 
3 


(A) 

(C) 


yin 2 -3 
3 

n\ln 2 -3 


(B) 

(D) 


1 


nyln 2 -3 
3k 

\ln 2 -3 


Solution: This problem also comes under implicit 
function. On differentiating both sides w.r.t. x we get 


(sin y) sin( “ /2) x log (sin y) x cos y x ^ + 


sin — l(siny) ^ x cos yx^-- 

2 ) dx 


V3 

2 


(2 | X | )-J- 


4x z — 1 


| 2* -sec 2 (log(x + 2)) | 


V I ~ O V-~v 

2 X x log 2 x tan (log(x + 2)) = 0 
From the given equation we have 

x = -1 => sin y = 


x + 2 


+s 


(2.4) 


Therefore substituting x = -1 and siny = +x[3ln in 
Eq. (2.4) we have 


f-) 

\dx) x= _ i 


+V3 


1 + 


r+V3 v w« 2 - 3 

Answer: (C) 


V n 


[2x-l 

y=t\ ~ 2 —7 

V x +1 


then dyldx at x = 1 is 


(A) hi„(i 
2 f 1 


,B, Ain=(I) 


(C) sin | - 


Solution: We have 

2x-l 


1 • ? (1 


(D) -s,»q- 


y = /i 2 1 

.X + 1 


dx 


f 2x-A 

1 d 1 

(2x-n 

lx 2 +lj 

1 dx 1 

l x 2 + 1J 


= sin 


= sin 


2x-l 
X 2 +1 

2x-l 
X 2 +1 


( r.,2 


2 (x 2 +1) — 2x (2x -1) 


(x 2 + l) 2 
-2x 2 +2x + 2 

(* 2 +l) 2 


Therefore 


1 


r— 1 




10 . If 


£>x 


Answer: (D) 


- +-+ 1 


(x-n)(x-i>)(x-c) (x-b)(x-c) x-c 

then dy/dx is equal to 

/ A \ ~y ( a b c 

(A) -A-+-r + - 


x \x — a x-b x—c 
(B) if_?_ + _E + . c 


x(x-fl x—b x-c 

(o r(_^_ + _^+_L_ 

x yx-fl x — b x — c 

1 (a b c 

(D) — -+-r +- 

v ' x\x-a x-b x-c 

Solution: We have 

_2 


y = 


-+- 


bx 


(x-n)(x- b)(x -c) (x — b)(x — c ) x-c 


ax 


- + - 


(x - a)(x - b)(x - c) (x-h)(x — t) 

„3 


(x — a)(x — £>)(x - c) 


Therefore 


log y = 3 log x - log(x - a) - log(x - b) — log(x - c) 
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Differentiating both sides w.r.t. x we get 

ldy 3 __L_1_1_ 

y dx x x — a x — b x — c 



—abc 


x(x-a) x(x-b) x(x — c) 

Therefore 

dy _-yf a | b | c 
dx r u-fl x — b x-c 

Answer: (A) 


Therefore 


So 


dy dy dx 
dx dt dt 

If 3 2 

- + — 


tVr 


JW_3 2 
r 2 U 2 + t 


= r 




XI — I =xf 3 =l + t= l+ — 

dx 


Answer: (B) 


11. If /: R —> R is an even function, then 

(A) /' (0) = 0 (B) f'(x ) is an even function 

(C) / (0) = 0 (D) nothing can be said 

about /'(x) 

Solution: y = /(x) is an even function. Therefore 
f(~x) = f{x) VreM 
Differentiating both sides w.r.t. x we get 
n- X )(-i)=f'(x) 
n-x)=-nx ) 

Hence 

r(o)=-r(o)=>/'(o)=o 

Answer: (A) 


12. If a function is represented parametrically by the 
equations 

1 +t 3 2 

* = 3~* y = TT +— 

t 2 r t 


then 


dy 


dx 


dy 


(A) x ^ =1 + -^ (B) x ^ =1 + A^ 


< c > 


= x + 


dx 

dy 

dx 


dy 


dy 


dx 


(D) x| — I = 1 + x — 


dx 


dx 


Solution: We have 


11 3 2 


r t 


2t t 


Therefore 


dx -3 2 

dt r 4 t 3 


dy _ -3 _2_ 
dt f 3 t 2 


13. If x = 3 cost, y = 4 sint, then dyldx at the point 
(x = 3v/2/2, y = 2V2) is 

2 -2 
(A) 3 (B) — 

4 4 

(O 3 (D) 


Solution: We have 


and 


3V2 


' = 2V2 : 


cost = 


■ sin t = 


V2 

1 

V2 


Now 


implies 


Jx , dy 

— = -3smf and — = 4cost 
dt dt 


dy dy dx 

dx dt dt 

4 cost 


-3 sin t 



-4 

T 


Answer: (D) 


14. If y 

(A) 

(C) 


1 + logx 
x x log X 
x 2 y 2 +1 

X 2 

xy + 1 
2x 


then dyldx is equal to 


(B) 

(D) 


x 2 y 2 +1 
2x 2 
xy + 1 
2x 2 


and 
























Worked-Out Problems 


Solution: We have 

y(x - x log x) = l + log x 
Differentiating both sides w.r.t. x we get 

— (x - x log x) + y(l - log x - 1) = - 
dx x 

dy (1 + log x 4 1 

-ylogx = - 


dx 


= x 
dx 


+ y 1 logx 

1+ logx 
y(l + xylogx) 
x(l + logx) 


But by the hypothesis, 


log x = 


xy — 1 


xy +1 

Substituting the value of log x is Eq. (2.5), we get that 

xy — 1 N 


= y 


1 + xy 


xy + 1 


dy 


dx ' (_ xy -1 

x 1+ J 


xy + 1 

y(_ 1 + xV) 

x 2xy 

l + x 2 y 2 
2x 2 


Answer: (B) 


15. If f(x) = l-x 2l3 + — , then /'(-8) is 
x 

1 
4 
1 
3 


(A) 

1 

8 

(B) 

(C) 

1 

12 

(D) 


Solution: We have 


Therefore 


n X ) = -- X ~ v3 -^r 

3 x 2 


/'(-8)=--(-8r V3 - 

3 (- 8) 2 

3lyJ 4 
11 1 
~3 4 _ 12 


Answer: (C) 


16. If y = 

(A) 


a/x + -\/x +Vx , x > 0, then dy/dx at x = 1 is 


(C) 


i r 3+4V2 

2 V 1 +V 2 l 4>/2 

^ 3 + 4^ 

8V2 , 


(B) 


(D) 


V1 + V2 

3 + 4V2 

VlW2 


3 + 4V2 
4V2 


Solution: We have 
dy 


1 

1 + 1 

fi + L11 

\jx + ^X+ yfx 

2yjX + s[x 

l 2 Vx J 


(2.5) Therefore 


X=1 


1 f 1 3 

2Vl+V2 V 272 2, 


1 


2Vl+V2 


3 + W2 

4j2 


Answer: (A) 


17. The number of values of x at which 

is not differentiable is 
(A) 0 (B) 1 

(C) 2 

Solution: Since 


— (Sin 'x) = 1 — 


(D) 3 

(M<0 


we have 


/'« = 


1 


[2(l + x z )-2x(2x)J 



2x 

1 + x 2 

2 


2 n 2 


(1 + x 2 ) 


(1 + x 2 ) 2(l-x ) 


V ( T ?7 ( 1+ * 2 ) 2 

2(1-x 2 ) 

11-x 2 |(1 + x 2 ) 

if | x | < 1 


= 


1 + x 2 
-2 


1 + x 2 


if | x | > 1 
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Therefore f'(x) does not exist at x \ = 1 (i.e., x = ± 1) 
because /'(-l-0) = -l and /'(-1 + 0) = 1 and/'(l-0) 
= l,/'(l + 0) = -l. 

Answer: (C) 


18. If /(x) = xe-* 2 ’ 2 , then /'(1) is 

(A) 1 (B) 0 

(O \ (D) 

Solution: We have 

= e-‘ ,,2 (l-x 2 ) 

Therefore /'(1) = 0. 

Answer: (B) 


19. The function /(x) = | logx | is 

(A) continuous and differentiable for 0 < x < 1 

(B) differentiable for 0 < x < 1, but not differen¬ 
tiable at x = 1 

(C) discontinuous at x = 1 

(D) not differentiable for all x > 0 


#'(-1-0) = lim 

h-> 0 
h> 0 


= lim 

/i-> o 

= lim 

A-> o 


#(-l-/z)-#(-l) 

-h 

n -i-h\\-i 


-h 

[l+h]-l 


—h 


= lim = 0 


#'(-1+0) = lim 

/ z —>0 

h> 0 

= lim 

h—>0 

= lim 

0 


w -h 

#(-l + /i)-#(-l) 


h 

[| -1 + # |] -1 
h 

h 


r O- 1 

= lim-= —oo 

h->0 h 


Therefore #'(-1-0) is finite #'(-1 + 0) is infinite. Hence 
# is not differentiable at x = -1. 

Answer: (D) 

3 1 3 1 2 

21 . Ifx =- - y =--, then dyldx at t = 2 is 

1+t 2 1 + f 2 


Solution: 


We have 


/(*) = 


-logx 

logx 



(A) 1 

(B) 

if 0 < x < 1 

A 


if x>l 

(C) -3 

(D) 


and f'(x) 

Therefore /'(1-0) 
does not exist. 



if 0 < x < 1 
if x>l 


x 

-1 and /'(l + 0) = 1 and hence/'(l) 

Answer: (B) 


20. Let f(x) = [x] where [t] is the greatest integer not 
exceeding t and g(x) = | x |. Then (f °g) (x) is 

(A) differentiable at x = -1 and (/ o g)' (-1) = 1 

(B) differentiable at x = -1 and (/ og)'(-l) = -1 

(C) differentiable at x = -1 and (/ ° g)'(-l) = 0 

(D) not differentiable at x = -1 

Solution: Let 

ti (Jf) = (f°g) (x) = f(g(x )) = [| x |] 


Solution: We have 

dx _ 3(1 + r 2 -2r 2 ) _ 3(1 -t 2 ) 
dt~ (1 + t 2 ) 2 ~(l + t 2 ) 2 

dy 3[2f(l + f 2 )-f 2 (2Q] 6 1 

dt ~ (1 + t 2 ) 2 “ (1 + t 2 ) 2 

Therefore 

dy dy dx 21 
dx dt dt 1 -t 2 

so that 

dy\ _ _ 4 
dx ) t= 2 3 

Answer: (C) 

3 1 3 1 2 

22. If x =- 7T, y =- 7t, then h(t) = dyldx is 

1+r l+r 


Now 


(A) exactly differentiable at t = ±1 
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Worked-Out Problems 


(B) not differentiable at t = ±1 

(C) not differentiable at t = 0 

(D) not differentiable at more than two points 

Solution: From Problem 21, 


h(t) 


dy 

dx 


21 


which is not defined at f = +1. Hence h(t) in not differen¬ 
tiable at t = +1. 

Answer: (B) 


23. Let /(x) and g (x) be functions defined on R as 
follows: 


fix) 


[0 if jc < 0 
< and 

|x if x > 0 


gix) 


[0 if x < 0 
]x 2 if x > 0 


Then 


(A) /is differentiable at x = 0 and g is not differen¬ 
tiable at x = 0 

(B) /is not differentiable at x = 0, whereas g is dif¬ 
ferentiable at x = 0 

(C) both / and g are not differentiable at x = 0 

(D) both / and g are differentiable at x = 0 

Solution: We have 


/'(0-0) = 0 and /'(0 + 0)=l 
Therefore /is not differentiable at x = 0. Again 
g'(0-0) = 0 and g'(0 + 0) = 2(0) = 0 
Therefore g is differentiable at x = 0. 

Answer: (B) 


24. Let /(x) = |x| and g(x) = |x| 3 . Then 


25. Let /(x) = a 0 |x | 3 + a x |x| 2 + a 2 |x| + a 3 . Then 

(A) /is differentiable at x = 0 if a 2 ^ 0 

(B) / is not differentiable at x = 0, whatever be 
a 0 , u ^ , U2 -) (^2 

(C) /is differentiable at x = 0 if and only if a n = 0 

(D) If / is differentiable at x = 0, then a Q = 0 and 
a 2 = ° 

Solution: In Problem 24, we have seen that |x| is not 
differentiable at x = 0, whereas |x| 3 is differentiable at 
x = 0. Also |x| 2 = x 2 is differentiable for all real x. If 
a 2 = 0, then 

/(x) = « 0 |x| 3 + a l \x \ 2 +a 3 

is differentiable at x = 0. Conversely, if /(x) is differen¬ 
tiable at x = 0, then 

« 2 |^| = f(x) ~ «o l-^| 3 _ a l l x P _ fl 3 

is differentiable at x = 0 which is possible when a , = 0. 

Answer: (C) 

26. Let /(x) = x[x] where [x] denotes the integral part 
of x. If x is not an integer, then /'(x) is equal to 

(A) [x] (B) 2[x] 

(C) 2x (D) does not exist 

Solution: Suppose x > 0 and n < x < n +1 where n > 0 
integer. Therefore 

/(x) = x[x] = nx 

so that 


fix) = n = [x] 

If x < 0 and -in +1 )<x<-n where n > 0 integer, then 
f(x) = ~(n + l)x 


(A) both / and g are not differentiable at x = 0 

(B) both / and g are differentiable at x = 0 

(C) /is differentiable at x = 0 but g is not 

(D) g is differentiable at x = 0 but / is not 

Solution: We have 


so that 

f'( x ) = —(n +1) = [x] 

Therefore when x is not an integer, then /'(x) = [x]. 

Answer: (A) 


fix) 


j-x if x < 0 
jx if x > 0 


and 

Clearly 


J-x 3 if x < 0 

I x 3 if x > 0 


/'(0-0) = -l and /'(0 + 0) = l 
g '(0-0) = -3(0) = 0 and g'(0 + 0) = 3(0) = 0 
Therefore /is not differentiable at x = 0 but g'(0) = 0. 

Answer: (D) 


27. Let /(x) = e x , g(x) = e x and h(x) = g(/(x)). Then 
h\ 0) is equal to 

(A) — (B) -e 

e 

(C) 1 (D) -1 

Solution: We have 

h{x) = g{e x ) = e~ e 
=> h\x) = {e-^){-e x ) 
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Therefore 

h\ 0 ) = ( e - 1 )(-l) = - 
e 

Answer: (A) 

28. Consider the function f(x) = | sin x | + ] cos x | for 
0 < x < 2k. Then 

(A) /(x) is differentiable Vx e (0, 2k) 

(B) /(x) is not differentiable at x = kI 2, n and 3 k 12 
and differentiable at all other values in (0,2 n) 

(C) /(x) is not differentiable at x = kI2 and 3k 12 
and differentiable at all other values in (0, 2k) 

(D) /’is discontinuous at x = kI2. k and 3k 12 

Solution: We have 


f(x) = 


sinx + cosx if0<x< — 

2 

K 

sin x - cos x it — < x < k 

2 

3k 

-sinx-cosx if k<x< — 

2 

3k 

-sinx + cosx n —<x<2 k 


Therefore 


/'« = 


cos x - sin x if 0 < x < — 
2 

K 

cos x + sin x it — < x < k 
2 


-cosx + sinx if k<x< 


3k 


3k 


cos x-sin x if—<x<2 k 
2 


Now it is clear that 


, K 


W f \l = f !- + °l = 1 
(H) r(K- o)=-i, r(^+o)=i 


"(!♦•>)■ 


..... 3 k 


,{ 3k 


» r lT + 0 J =1 

Therefore,/is not differentiable at x = kI 2 , k and 3 k 12 . 

Answer: (B) 


29. Let /(x) = | x 3 1 and g(x) = x 3 both being defined in 
the open interval (-1, l).Then 

(A) f'(x ) = g'(^) for all x e (-1,1) 

(B) f\x ) = -g'(x) for all x e (-1,1) 


(C) f'{x) = | g'(x)| for all x e (-1,1) 

(D) g'(x) = | f'(x )| for all x e (-1,1) 

Solution: We have 


Therefore 


Also 


fix) 


J-x 3 if -1 < x < 0 
} x 3 if 0 < x < 1 


f'(x) = •{ 


\-3x 2 


[ 3 x 


if -1< x < 0 
if 0 < x < 1 


/'( 0 - 0 ) = 0 = /'(0 + 0 ) 

so that /is differentiable at x = 0 and hence differentiable 
for all x in (-1,1). But 

g'(x) = 3x 2 Vxe(-l,l) 

Therefore 

S\x)=\f'{x )| V x e (-1,1) 

Answer: (D) 


30. Function /: K —> M satisfies the functional equation 

fix) 


fix-y) = 


fiy) 


If /'(0) = p and f\a ) = q , then f\-a) is 

2 


(A) R - 

q 

(C) p 

q 

Solution: We have 


/ ( 0 ) = /(0 - 0 ) = 
If/(0) = 0 then 


m 

m 


(B) i 
p 

(D) q 


’ /(0) = 0 or 1 


0 = /(0) = /(0) = /(x-x) = 


fix) 

fix) 


=> /(x) = 0 Vx 
This is not possible, because 


fi x -y) = 


Therefore 


fix) 

fiy) 


/( 0 ) = 1 


( 2 . 6 ) 
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Worked-Out Problems 


Also 


/(-«) = /(0-a) = 

f(a)f(-a) = 1 


1 


/(Q) _ 

/(«) /(«) 


(2.7) 


Now 


q = f\a) 


= lim 

/(->0 

= lim 

o 


= lim 

/(-> o 


fip + h)-f(a) 
h 


f(h) 

/(-«) 


/7 


-/(«) 


/( 


= /(a)lim®-^ [By Eq. (2.7)] 


= f(fl)lim 

/ i ->0 


/;—>0 h 

m-m 


h 

[ '■' /(0) = 1 according to Eq. (2.6)] 


= /(«)/'(0) 
= /(«)(P) 


Therefore 


/(«) = - 


( 2 . 8 ) 


Now 


f'(—a ) = lim 
v 7 /i —>o 


/(-q+/r)-/(-a) 

h 

m i 


= lim ^ (fl) ^ a) [By Eq. (2.7)] 


/(«) 

/'( 0 ) 


/(«) 

= P 




[By Eq. (2.8)] 


vu / 


9 


(A) 1 
(C) -2 

Solution: The given relation is 
1 


(B) -1 
(D) 2 


2 ; = -(/(*) +f(y)) 


(2.9) 


In Eq. (2.9), put y = 0 and replace x with 2x. Then we 
have 

/(*) = ^(/(2*) + l) [v/(0) = l] 


Therefore 


/(2x) = 2/(x)-l 


( 2 . 10 ) 


Now, 


r, t \ f(x + h)-f{x) 

f (x) = lim ’ w 


h 


f 


= lim 

/i->0 


x + h 


-fix) 


= lim 

/i->0 


2 f(*^yi~f{x) 


= lim - 

/ z —>0 

= lim 


h 

f(x) + f(h) 
2 


[By Eq. (2.10)] 


-1 -fix) 


h 


[By Eq. (2.9)] 


m -1 


/i->o /? 

m-m 


(■■■ /(o) = i) 


= lim 

*->o h 

= no) 

= -1 (By hypothesis) 

Therefore, /'(*) =-1 for all real x. So f(x)=-x + k 
where k is a constant. Again, 


Therefore 


or 


1 = /(0) = 0 + k => k = 1 

f(x) = -x +1 
/( 2 ) = -2 + 1 = -1 


Answer: (B) 

32. Let/be real-valued function defined on R as follows: 


Answer: (A) 

31. Let / : R —> R be a function satisfying the relation 

f(x)+f(y) 

for all x, y e R. If /(0) = 1 and /'(0) exists and is 
equal to -1, then /(2) is equal to 


fix) 


1 - x for x < 1 

(l-x)(2-x) forl<x<2 
3-x for x>2 


Let m be the number of values of x at which / is dis¬ 
continuous and n be the number of values of x at 
which /is not differentiable. Then m + n is equal to 
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(A) 2 
(C) 0 


(B) 1 
(D) 4 


(/ 1 ) , ( 4 ) = 


1 (4 

0 + —log, e 
4^/1+ 41og 2 4 1 4 


Solution: It is enough if we check the continuity and 
differentiability of/at x = 1 and 2 only. 

(i) lim /(x) = 1-1 = 0= lim is contin- 

x->l-0 x —> 1+0 

uous at x = 1. 


1 


= — log, e 
12 B2 

Answer: (D) 

34. The derivative of the f(x) = sin 4 x + cos 4 x, 0 < x < 


lim 

x—>2-0 

/(*) = 

(1- 

-2)(2-2) = 0 and 

2 ^ is positive if 



lim 

/(*) - 

3- 

2 = 1 => / is discontinuous at 

(A) 

0 < x < 

n 

(B) 

7T 7T 

— < X < — 

X—>2 + 0 



8 

4 2 

x = 2. 

Therefore 

m = 1. Now 

(C) 

n 

57r 

(D) 

57r 3k 





— < x < 


— < x < — 




-1 for x < 1 

2 

8 

8 4 


/'« = 


2x - 3 for 1 < x < 2 
-1 for x > 2 


(iii) /'( 1 - 0) = -1 and /'(1 + 0) = 2(1) - 3 = - 1. That is 
/'(l - 0) = /'(1 + 0) = -1 => / is differentiable at 
x = 1 and /'(1) = -1. 

(iv) Since / is discontinuous at x = 2, it is not differen¬ 
tiable at x = 2. Therefore n = 1. Hence m + n = 2. 

Answer: (A) 

33. Let /(x) = 2 X{X - 1] for all x > 1. Then 4) is 

(1 Ik) log 2 e where the value of k is 

(A) 4 (B) 8 

(C) 9 (D) 12 

Solution: Clearly /(x) >1 for x > 1. Let y > 1 and 

y = 2 x (* _1) . Therefore 

log 2 y = x(x -1) = x 2 — x 

This implies that x 2 - x - log 2 y = 0 has real roots. 

Hence 


* = “ (l±-y/l + 41og 2 y) 


Now 


Therefore 


•>l^^ = -(l + Vl+41og 2 y) 


/ 1 W = — (4 + \/l + 41 °g 2 ^) for x > 1 


(/ _1 )'W=2 


0 + 


2^Jl + 41og 2 x 


0+ — log 2 e 
x 


(••• log 2 x = log e xlog 2 e) 


Solution: We have 


/(x) = (sin 2 x + cos 2 x) 2 -2sin 2 xcos 2 x 

io*2 2 

= 1-2 sin x cos x 


-1-— sin 2 2x 
2 

1 1T1 - cos 4x 

” 2l 2 

3 1 „ 

4 4 


Therefore 


/'(x) > 0 => - sin 4x > 0 

=> sin 4x < 0 

=$ n < 4x <2n 

n n 

=> — < x < — 

4 2 


Answer: (B) 


35. If the function 


lx I < 1 


2x, 

m=\ , 111 

[x + ax+ b, | x| > 1 

is continuous for all real x, then 

(A) a = 2,b = -l and / is differentiable for all x 

(B) a = -2, b = 1 and /is not differentiable at x = —1,1 

(C) a = 2, b = -1 and /is not differentiable at x = -1,1 

(D) a = -2, /) = -1 and /is not differentiable at x = —1,1 
Solution: We have 

x 2 + ax + b for x < -1 
/(x) = < 2x for -1 < x < 1 

x 2 + ax + b for x > 1 


So 


/is continuous at x = -1 => /(—1 - 0) = /(-l + 0) 
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=> +l-a + b = — 2 
=$ a-b = 3 

f is continuous at x = 1=> /( 1 - 0) = /(I + 0) 

=> a + b = 1 

From Eqs. (2.11) and (2.12), a = 2 and b = —1. Now 


( 2 . 11 ) 

( 2 . 12 ) 


37. The function /(x) = (x 2 -1) \x 2 -3x + 2| +cos(| jc|) 
is not differentiable at 


(A) -1 

(C) 1 

Solution: We have 


(B) 0 
(D) 2 


/(*) = 


x z +2x-l if jc < —1 


2x 


if -1 < x < 1 


x z + 2x - 1 if x > 1 


Therefore 


/'(*) = 


2x + 2 if x < -1 
2 if -1 < x < 1 

2x + 2 if x > 1 


and 

Therefore 


I (x - l)(x —2)1 = 

cos(|x|) = cos(±x) = cosx 


(x-l)(x-2) for x<l 

—(x-l)(x-2) forl<x<2 
(x-l)(x-2) for x>2 


Now, 


(x 2 -l)(x-l)(x-2) + cosx forx<l 
(x 2 — l)(x — l)(x — 2) + cos x forl<x<2 
(x 2 -l)(x-l)(x-2) + cosx for x > 2 


/'(-l - 0) = 2(-l) + 2 = 0 
and /'(—1 + 0) = 2 

Therefore / is not differentiable at x = —1. Again 

n i-o)=2 

and /'(1 + 0) = 2(1) + 2 = 4 

Hence / is not differentiable at x = 1. 

Answer: (C) 


Now 


/'(*) = 


36. Let 


/(*) = 


sinx if |x| < 1 
otherwise 


If m and p are, respectively, the number of points of 
discontinuity and the number of points at which/is 
not differentiable, then 


(A) m = 0, p = 2 
(C) m = 2,p = 1 

Solution: We have 


(B) m = l,p = 1 
(D) m = 2,p = 2 


2 if x < -1 

/(x) = < e cosx sinx if-l<x<l 
2 if x > 1 

Clearly 

/(-1-0) = 2 

and /(-1 + 0) = e™ 8 '- 1 ) ■ sin(-l) = -e cosl sin 1 

Therefore / is discontinuous at x = -1 and hence / is not 
differentiable at x = -1. Also /(1-0) = e cosl sinl and 
/(I + 0) = 2 so that/is discontinuous at x = 1 and there¬ 
fore /is not differentiable at x = 1. Hence m = 2,p = 2. 

Answer: (D) 


2x(x- l)(x-2) + (x 2 -1)(x-2) + (x 2 -l)(x-1) - sinx 

for x < 1 

-2x(x-l)(x-2) - (x 2 -1)(x-2) - (x 2 -l)(x-l) - sinx 

for 1 < x < 2 

2x(x-l)(x-2) + (x 2 — l)(x —2) + (x 2 — 1)(x — 1) - sinx 

for x > 2 


Clearly 

/'(l-0) = -sinl = /'(l + 0) 

so that / is differentiable at x = 1 and 

/'(2 - 0) = - (4 -1)(2 -1) - sin 2 = -3 - sin 2 

and /'(2 + 0) = (4-l)(2 —1) - sin 2 = 3 - sin2 

Therefore /'(2 - 0) ^ /'(2 + 0) and hence /is not differ¬ 
entiable at x = 2. 

Answer: (D) 

Then 

(B) f'(x) < 0 in 
(D) /'(x) < 0 Vx 


38. Let f(x) = xe x ^ X \x< 


(A) f'(x) > 0 in 

(C) f'(x) > 0 Vx ( 

Solution: We have 


T ' 1 


LT ' 1 


f'(x) = e x(1 - x) +xe x(1 ~ x) (l-2x) 
= e x(1 ~ x) (l+x-2x 2 ) 


= -e x(1 - x) 


(2x + l)(x-1) 
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Since e x/1 x) > 0 for all real x, 


f\x)> 0 <=> (2jc + 1)(jc — 1) < 0 


<=> x e 



Answer: (A) 


39. If /(x) = + ^ ; then the domain of f'(x) is 

x^ + 3x + 2 

(A) R- {-1,-2} (B) (-2, °°) 

(C) M - {-1,-2, -3} (D) (-3,-) -{-1,-2,}. 

Solution: Clearly log e (x + 3) is defined when x > -3. 
That is 


log e (x + 3) is defined in (-3, °°) (2-13) 

Also 

Jt 2 + 3x + 2 = 0 <=>x = -1,-2 (2.14) 

From Eqs. (2.13) and (2.14), the domain of /(x) is 
(-3,~)-{-1,-2}. Now 

X +3x + 2 _ (2x + 3) loe e (x + 3) 

f' (x) = x + 3 _1_U_ 

1 ( (x 2 +3x + 2) 1 

(x 2 + 3x + 2) - (x + 3)(2x + 3) log e (x + 3) 

(x + 3)(x 2 +3x + 2) 2 

Therefore, f'(x) is defined for x > -3 and x ^ -2, -1. So 
domain of f'(x) is (-3, °o)-{—1,-2). 

Answer: (D) 


40. / : (0, °o) —> K is continuous. If F(x) is a differen¬ 
tiable function such that F'(x) = f(x) V x > 0 and 
F(x 2 ) = x 2 + x 3 , then/(4) equals 



(B) 7 

(C) 4 

(D) 2 

Solution: 

We have 


F\x)=f{x)^F\x 2 )=f{x 2 ) 

Now, since 

F(x 2 ) = x 2 + x 3 

we get 

E'(x 2 )(2x) = 2x + 3x 2 

Therefore 



F\x 2 ) = 1 + —x 
k 2 2 

From Eq. (2.15) we get 


f(x 2 ) = F'(x 2 ) = l + |x 
Put x = 2 so that /(4) = 1+3 = 4. 

Note: If we put x = -2, then /(4) = - 2 which cannot be 
done, because /is defined for x > 0 and F'(x) = f(x) for 
x > 0. Also one can replace x with Vx in F(x 2 ) = x 2 + x 3 
so that F{x) = x + x 3/2 and hence 

f(x) = F\x) = 1 + yVx 

Answer: (C) 


41 . Let / : R —> R be a function defined by /(x) = 
Maxjx, x ’j. The set of all points where /(x) is not 
differentiable is 


(A) {-1,1} (B) {-1,0} 

(C) {0,1} (D) {-1,0,1} 


Solution: Explicit form of/is 


x if x < -1 


/ 0 ) = • 


x 


if -1 < x < 0 
if 0 < x < 1 


x 3 if x > 1 


See Fig. 2.1. The graphs y = x 3 and y = x intersect in three 
points, namely (0,0), (-1, -1) and (1,1). Therefore 




(b) 

FIGURE 2.1 Single correct choice type question 41: (a) Curve 
of y = x and y = x 3 . (b) Graph of /(x) = Maxjx,x 3 }. 
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rw= 


1 if x < -1 
3x 2 if —1< x < 0 
1 if 0 < jc < 1 
3x 2 if x < 1 


Clearly 

(i) /'(-l-0) = l and /'(-1+0) = 3 

(ii) /'(0-0) = 0 and /'(0 + 0) = l 

(iii) /'(1-0) = 1 and /'(l + 0) = 3 

Therefore / is not differentiable at x = —1,0 and 1. 

Answer: (D) 


42. Which of the following function(s) is differentiable 
at x = 0? 

(A) cos(|x|) + |x| (B) cos(| jc|) — |jc| 

(C) sin(|x|)+|x| (C) sin(| x|) - \x \ 

Solution: 

(A) We have 

/ 1 (x) = cos(|x|) + \x\ 

Tcos x — x if x < 0 
[cosx + x if jc > 0 
Differentiating w.r.t. x we get 


/.'(*) 


[ - sin x -1 if x < 0 
[-sinx + 1 if jc > 0 


This implies 

f'( 0 - 0) = -1 and f[ (0 + 0) = 1 

Therefore, /, (x) is not differentiable at x = 0. Hence 
(A) is not correct. 


(B) We have 


/ 2 (^) = COS(| JC I) — I JC I 

[ cos x + x if x < 0 
[cosx-x if jc > 0 


Differentiating w.r.t. x we get 
I-sinx + 1 


fi (*) = 


sin x -1 


if x< 0 
if x>0 


This implies that 

/a(0-0) = 1 and / 2 '(0 + 0) = -l 

Therefore, f 2 (x) is not differentiable at x = 0. Hence 
(B) is not correct. 


(C) We have 

/ 3 (x) = sin(|x|) + 1 jc | 

f - sin x - x if x < 0 
{ sin x + x if x > 0 

Differentiating w.r.t. x we get 

I - cos x -1 if x < 0 
f'(x) = < 

| cos x + 1 if x > 0 

Now, 

/ 3 (0 — 0 ) = — 1 — 1 = — 2 

and / 3 ' (0 + 0) = 1 +1 = 2 

Therefore / is not differentiable at x = 0. So (C) is 
not correct. 


(D) We have 


/ 4 (x) = sin(|x|) -]x| 

[-sinx + x ifx<0 
{ sin x - x if x > 0 


Differentiating w.r.t. x we get 


f'd*) 


[-cosx+ 1 if x < 0 
j cosx-1 if x>0 


This implies 

/ 4 ( 0 - 0 ) = -1 + 1 = 0 

and /'(0 + 0) = l-l=0 

Therefore / 4 (x) is differentiable at x = 0. Hence (D) 
is correct. 

Answer: (D) 


43. Let /(x) = 3 sin x - 4 sin 3 x. The length of the longest 
interval in which f'(x) > 0 is 


(A) f (B) | 

(C) y (D) «■ 


Solution: We have /(x) = sin 3x, 0 < x < 2k. Differen¬ 
tiating w.r.t. x we get 


f'(x) = 3cos3x > 0 

=> 0 < 3x < — or — < 3x < 2 n 
2 2 


Therefore, length of the longest interval in which /'(x) > 0 
is 


K f 2 k k \ _k k _ k 
6 + lT 2j~ 6 + 6~ 3 

Answer: (A) 
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44. Suppose that /(*) = (x + l) 2 for x > -1. If g(x) is the 
function whose graph is the reflection of the graph 
of f(x) with respect to the line y = x, then g'(x) i s 

(B) —U,*>0 


(A) \[x -1, x > 0 


(C) ~^= -1, jc > 0 

\JX 


2\[x ’ 

(D) 2s[x-1, x>0 


Solution: By hypothesis g(x) is the inverse of/for x > 0 
(Fig. 2.2). If y > 0 and y = (x +1) 2 we get 

X = yfy — 1 

Therefore 

g(x) = / _1 ( x ) = *Jx -1 for x > 0 

So, for x > 0 

g'O) = 


2\[x 



FIGURE 2.2 Single correct choice type question 44. 

Answer: (B) 

45. The domain of the derivative of the function 
Tan 1 * if |*|<1 
/(*) = ■ 1 

-(M-i) if M> 1 


IS 

(A) K - {0} 

(C) JR - {— 1} 

Solution: We have 
1 


(B) R-{1} 

(D) R - {-1,1} 


f( x ) = 


(—x — 1) if x < -1 

Tan 1 * if -1 < * < 1 

— (jc- 1) if x > 1 
2 


Clearly/is discontinuous at * = —1,1 and hence at -1,1, 
the function/is not differentiable. Also 


/'(*) = 


-1 

~2 


1 


1 + * 2 
1 
2 


if x < — 1 
if -1 < jc < 1 
if x > 1 


Therefore domain of /'(*) is R - {—1,1}. 


Answer: (D) 


46. If y is a function of * and log(x + y) = 2 xy, then 

m ^ 

\dx ) x= o 

(A) 1 (B) -1 

(C) 2 (D) 0 

Solution: Differentiating the given equation w.r.t. x we 
get 


—^—i 1 + —1 =2y + 2x[— 
x + y v dxj \dx 


(2.16) 


From the given equation, * = 0 y = 1. From Eq. (2.16), 

&( — -iXly-J- 

dxyx + y J x + y 


Therefore 


So 


f dy 

) X 

1 0 

V dx 

'x=0 

Lo+i J 


= 2 ( 1 ) - 


*i =1 


1 


0 + 1 


= 2 - 1=1 


dx 


t=0 


Answer: (A) 


47. Let 


/(*) = 


xe 


* < 0 


I x + ax 2 -x~\ *>0 

where a is a positive constant. The interval in which 
/"(*)> 0, is 


(A) 

(C) 


—a 2a 

T’T 


(B) 


—, a 
2 


(D) 


-2 a 
_~a’ 3. 

Solution: We have 

f(0-0) = 0e° =0 

= 0 + n ( 0)-0 

= /(0 + 0 ) 

Therefore /is continuous at * = 0. Now 

for * < 0 


f'(x) = 


e +axe 


Clearly 


[l + 2a*-3x 2 forx>0 
/'(0-0) = e°+0 = l 
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and 


/'(0 + 0) = 1 + 2a(0) - 3(0) = 1 


So/is differentiable at x = 0 and /'(0) = 1. Hence f'(x) 
exists for all real x. Now 


Therefore/is an odd function. Also 
f'(x) = -——y- > 0 Vjc g R fv (Tan^x)' = 


1+e 


1 + x- 


f"(x) = 


ae ax (2 + ax) for x < 0 
2a for x = 0 

2 a - 6x for x > 0 


Therefore /is odd and f'(x ) >0Vn 


Answer: (B) 


Clearly /"(0) = 2a > 0 (•.• a > 0). For x < 0, 
f"(x ) >0»2 + ax>0 
-2 

<^> x > — 


(2.17) 


49. Let fix) - + V x > -e where a > 1. Then 

log Ae + x) 

(A) f'(x) > 0 for x > 0 

(B) /'(x) < 0 for x > 0 


a 

(C) 

f'(x) > 0 in 

oX 

and f'(x) < 0 in 

n \ 

-. oo 1 

Again for x > 0, 



. e) 


.e’ J 

f"(x) > 0 <=> 2a - 6x > 0 

(D) 

f'(x) < 0 in 

0,- 
e . 

and f'(x) > 0 in 



a 

<=> x > - 
3 


(2.18) 


From Eqs. (2.17) and (2.18), /"(x) > 0 in the interval 
—2 a 
~a’ 3 


Answer: (C) 


48. The function /: R —»| | i s gi yen by 


/(x) = 2Tan \e x )-^ 

Then 

(A) /is even and f'(x) >0 for x > 0 

(B) /is odd and f'(x) > 0 for all x e R 

(C) /is odd and f'(x) < 0 for all x e R 

(D) /is neither even nor odd, but /'(x) >0Vre' 

Solution: We have 


/(*) = 2Tan \e x )-f- 


Therefore 


n 


f(-x) = 2T a n\e~ x )-'j : 


K 


= 2Cot (e*)- — 
y ’ 2 


= 2 


--Tan 1 (e x ) 
2 


K 

2 


.•Tan 'x + Cot 1 x = — Vxel 
2 


= --2TaW 1 (e Y ) 
2 v ’ 


Solution: We have 
1 

/'« = — 


log(e + x)--— log {n + x) 

c X 


(log(e + x) ) 
n > e and x>0=>;r + x>e + x 

=> log(7T + x) > log(e + x) 

(■.• log fl t is increasing because a > 1) 
_ log(;r + x) ? log(c + x) 
e+x k+x 

Therefore f'(x) < 0 and x > 0. 

Answer: (B) 

50. Let /(x) = Max{2sinx,l-cosx) for 0 < x < n. Then 
the value of x at which / is not differentiable is 


(A) Cos 

(C) Tr-Sin-^lj 


(B) Sin 1 ^ 


(D) n - Cos 1 — 


id 


Solution: See Fig. 2.3. The two curves y = 2sinx and 
y = 1 - cos x intersect at the point 


x = n — Cos 1 [ — 

v5 


which can be obtained by solving the equation 2sinx = 
1-cosx. Also 


/(*) = ■ 


2 sin x for 0 < x < Cos 1 [ — ) 

l 5 J 

1-cosx for Cos -1 f — ] < x < n 


Cos “(y)' 
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FIGURE 2.3 Single correct choice type question 50. 
Differentiating w.r.t. x we get 


/(*) = 


K 

cosx for 0 < x < — 
4 

sin x tor —<x<n 
4 


for n < x < 


3k 


3k 


cosx for— <x<2 k 
2 


As said in the above note, there are three sharp points 
on the graph at x = k/4. k, 3kI2 and hence /is not differ¬ 
entiable at these points. 


/'(*) = ■ 


2cosx for 0 < x < 7T-Cos 1 f — 


sin x for n - Cos 1 — < x < k 


Therefore at x = ;r-Cos 1 (3/5), we have 


Left derivative = 2 cos 


;r-Cos 1 1 - 


_ 3 6 

= -2 x - = — 
5 5 


At x = ?r-Cos 1 (3/5), we have 


Right derivative = sin | n - Cos | — 


if3 


= sin Cos 


ill 


= sin^Sin 1 j — 

_ 4 
” 5 


Therefore, f\n-C os 1 (3/5)) does not exist. 


Answer: (D) 


Note: In general, if the graph of a function is union of 
branches of intersecting curves, then at the points of 
intersection the function is not differentiable. 


51. Let /(x) = Max{sinx, cosx,0} for 0<x<2;r. Then, 
the number of points at which / is not differentiable 
in (0, 2k) is 

(A) 0 (B) 1 

(C) 2 (D) 3 

Solution: See Fig. 2.4 and note that the thick por¬ 
tion is the graph of y = /(x). Draw the graph of 
y = sinx, y = cosx so that 



FIGURE 2.4 Single correct choice type question 51. 

Answer: (D) 


52 /:(0,oo)->(0, °°) is a twice differentiable function 
and satisfies the functional relation /(x +1) = x/(x) 
for all positive x. If g(x) = log(/(x)), then for any 
positive integer n, 




(A) -4 

(B) 4 

(C) -4 

(D) 4 


' 1 1 
1 + - + — + ••• + - 
9 25 

\ 1 1 
1 + - + — + ••• + 

9 25 


1 
2 

1 ^ 


{2n-\y 


1 


V 


' 1 1 
1 H-1-+ ■•■ + 

9 25 


(2n -1) j 
1 ^ 


1 1 1 
1 + -+— + ••• + - 


(2n + l) , 

1 ^ 


9 25 


{2n + l) 2 


Solution: Since g(x) = log(/(x)), we have 
g(x + l) = log(/(x + l)) 

=log(x/(x)) 


= logx + log(/(x)) 
= logx + g(x) 


Therefore, for all x > 0 we have 

g(^ + l)-gW = logx 

Replacing x with x - (1/2) (x > 1/2) we have 
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Worked-Out Problems 


*1 *4H'4) =iog H 


—j= < >/l-x < 1 and 0 < 2 A /x(l-x) < 1 
v 2 

<=> 4jc( 1 — x) < 1 
<=> 4x 2 - 4x +1 = (1 — 2x) 2 >0 
Therefore 

2 1 


Differentiating w.r.t. a: we get 




Differentiating again, we get 


-4 




(2jc-ir 


(2.19) 


Now, substituting x = 1, 2, 3, n in Eq. (2.19) and 
adding them, we get that 




i 1 1 

1 + - + - - + •••+- 

9 25 


1 


(2n-l) 2 

Answer: (A) 


53. Let /(x) be a polynomial function and g(x) = e x . If 
/i(r) = (/og)(r), then h"(x ) is 

(A) f"{e x )e x + f\e x ) 

(B) f"(e x ) e 2x + nx) e x 

(C) f"(e x ) 

(D) f"(e x ) e 2x + ne x ) e x 

Solution: We have 

Hx) = (/ ° g)(x) = f(g(x )) = f(e x ). 
Differentiating w.r.t. x (using chain rule) we get 

h\x) = f\e x )e x 
Again differentiating we get 

h"(x) = f"(e x )e x e x +f'(e x )e x 
= f"(e x )e 2x + ne x ye x 


Answer: (D) 


54. If 


f(x ) = 2 Sin 1 •jL — x + Sin 1 (2^/x(l - x) 
for 0 < x < 1/2 then f'(x ) is equal to 
2 


rw= 


+ 


Vl —(1 — x) 2>/l —x 
1 2 


(- 1 ) 


^l-dxtl-x) 2^x(1 - x) 
-1 1 —2x 

T + - 


(A) 


(C) 


Jx(l-x) 


1-X 


(B) 0 


(D) x- 


-1 


x Vx(l - x) 

Solution: We have 0<x<l/2.This implies that 

Sin^Vl-x and Sin _1 (2.y/x(l —x)) 
are defined because 


^/x(l - x) (l-2x)Vx(l-x) 

-1 r+ , 1 =0 


(1 - 2x) 


(■_■ 0 < x < 1/2) 


■v/x( 1-x) Vx(l-x) 


Answer: (B) 


55. If y 2 = /’(x) is a polynomial of degree 3, then 


dx 

(A) P'"(x) + P'(x) 
(C) P(x)P'"(x) 


r / ,2 \ 

2— y 3 ^ 

‘ >..2 


V 


r/x 2 


(B) P"(x)-P"'(x) 
(D) a constant 


Solution: It is given that y 2 = E(x). In this problem, 
for comfort sake, we denote dy/dx by y, and d 2 y/dx 2 
by y T Differentiating the given equation y 2 = P(x) 
w.r.t.x, we have 

2m = P'(x) (2.20) 

Again differentiating both sides w.r.t. x we get 

2y 2 +2yy 2 =P"(x) (2.21) 

Multiplying both sides of Eq. (2.21) with y 2 , we get 
2y 2 y 2 +2y 3 y 2 = y 2 P"(x) = P(x)P"(x) 
Therefore 

2y 3 y 2 = P(x)P"(x)-2y 2 y 2 


= P(x)P"(x)-hp'(x)) 


[By Eq. (2.20)] 


So 


2 — (y 3 y 2 ) = P\x)P”{x) + P{x)P"\x) - - x 2 P\x) x P'\x) 
dx 2 

= P(x)P'"(x) 

Answer: (C) 

56. If v = sin(nrSin _1 x), then 
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2, ,2 


(A) xy — mry 

(C) x — + m 2 y 
dx 


(B) x^-m 2 y 
dx 

(D) x--my 2 
dx 


Solution: We have y = sin( 77 zSin 1 x). Differentiating 
w.r.t.rwe get 


^ = cosfmSkr'-D x -jJL 
dx ' ' y j 1 _ > 


\ll — x 2 — = »7COs(r?zSin 3 x) 
dx v ' 

Again differentiating both sides w.r.t. x we get 

dx 2 2Vl- x 2 


= w?[-sin(w 7 Sin 3 x)] x 


777 


Vl-: 


-m 2 y 




Therefore 


T ^ 2 dy 2 dy 3 d 2 y 2 

2yx + x- h 3x-l-x —— = 6flX 

dx dx dx 2 


„ . i dy T,d 2 y ^ 7 

2 xv + 4x — + x —— = 6 ax 
dx J - 2 


dx 


2 . 26 . „ 2 dy ^ 3 d y 2 

=> 2ax H-1- 4x-1- x —— = box 

x dx dx 1 

. 2 dy 3 d 2 y „ 2 26 

=> 4x — + x —- = 4 ax- 

dx dx~ x 


4** + , 


2 d 2 y 


dx dx 


Therefore 


^ 26 
= 4«x-— 


4ax 3 -26 


2(2ax 3 - 6) 


= 2 y + 2 x — 
dx 


2 b 
xy — ax — 
x 


[By Eq. (2.23)] 


is d v dy 2 

( i - a >^ J 2~ x ^r = ~ m y 

dx dx 

isd 2 y dy 2 

( f - X 2 )-— = X —- 777“V 

dx dx 


Answer: (B) 


~ dy , 2 d 2 y ~ 
dx dx 2 

x dj,^ 2 dy = 2y 
dx dx x 


Answer: (C) 


58. If 0 < x < l,then 


57. If xy = ax 2 + ( 6 /x), then 

j 2 


dx dx 


1 2x 4x J 8x 
- +-- +- r +- 


OO = 


(A) ^ 

(B) 

(A) r - 

(B) 

1 — x 

X 

X 



(C) ^ 

(D) ^ 

(C) TT“ 

l + x 

(D) 

1+ X 

X 

X 

Solution: It is given that 


Solution: Let 


2 

b 


2 - 1 x 2 ""- 1 

xy = ax + 

— 


^ n 0 /j-i 


X 


1 +x 2 

Differentiating both sides w.r.t. x 

■ we get 

Therefore 



dy 6 

y + x — = 2 ax-- 

dx x" 


,sdy __ 3 


=> x v + x — = 2ax - b 
dx 

Again differentiating both sides w.r.t. x we get 


( 2 . 22 ) 

(2.23) 


u n + 1 2-X 


2""’-l 


(l + x 2 " 1 ) 


2 " 


-» 0 as 77 -» 00 


u n 1 + X 

Combining Theorems 1.57 and 1.58 (i.e., applying 
Cauchy’s Root Test and DAlemberts Test), we get that 
the given series is convergent. Now let 
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Worked-Out Problems 


y = (l + x)(l + x 2 )(l + x 4 )(l + x 8 )---(l+ x 2 " *) 
so that 

(1 -x)y = (l-x)(l + x)(l + x 2 )(l + x 4 )---(l + x 2 ) 
= (l-x 2 )(l + x 2 )(l + x 4 )---(l + x 2 '" 1 ) 
Therefore, finally 

(1 -x)y= 1 — x 2 

and hence 

1-x 2 " 1 

y =->- as n —> °° 

1—x 1-x 

Therefore the infinite product 


60. Let /(x) 



if x ^ 0 
if x = 0 


Then 

(A) /is discontinuous at x = 0 

(B) /is differentiable at x = 0 

(C) /is continuous and differentiable at x = 0 

(D) /is continuous at x = 0, but not differentiable at 
x = 0 


Solution: Observe that 


/ w=• 


x ^ 1 + “ sin ( 21 °g I x I) 


o 


if x ^ 0 


if x = 0 


(l + x)(l + x 2 )(l + x 4 )(l + x 8 )---oo = — 

1-x 

Using logarithmic differentiation, we have 

1 2x 4x 3 8x 7 1 

- 1 - 1 - 1 -}-- 1 - oo = - 

1 + x 1 + x 2 1 + x 4 1 + x 8 1-X 

Answer: (A) 


Since sin(2 log | x |) is a bounded function, we have 
lim xsin( 21 og | x |) = 0 

x —>0 

Therefore 

lim /(x) = 0 + 0 = 0 = /( 0 ) 

x —>0 

Also 


Note: For more information about convergence of series 
of positive terms, see pages 66 and 258 of Introduction To 
Real Analysis, Robert G. Bartle and Donald R. Sherbert, 
Wiley Student Edition, Wiley India. 


1 x 2 

/'(x) = 1 + — sin( 21 og| x |) + : -cos( 21 og|x|) for x ^0 

3 3 x 

and /'( 0 ) does not exist. 


Answer: (D) 


59. Let /(x) = [x]sin( 7 rx) where [x] denotes the integer 
part of x. Then at x = k,k being an integer, the left 
derivative of /(x) is 

(A) {-lf{k-l)K (B) (-1 f-\k-l)K 

(C) (-1 f{kn) (D) (-l)*- 1 ^) 


61. Consider the following two statements: 

X 

Statement I: The function /(x) = —-—- is differ¬ 
entiable for real x. X 

Statement II: The function g(x) = x 2 | x | is thrice 
differentiable for all real x. 


Solution: We have 


f'(k- 0 ) = lim 
v 7 /i-> o 

h> 0 


f(k-h)~m 

—h 


= lim \k-h]sin{7t(k-h)) 
/z—>0 — h 

= lim (k-l)sm{k7t-hn) 
h—>0 —h 


lim (fe-!)(-!)* 1 sin(/7^) 
/i-> o -h 


= hm(fe-l)(-l) fc 

/j—>o 



= {-\) k {k-l)n 


Answer: (A) 


Then 


(A) Both statements are true. 

(B) Statement I is true but statement II is false. 

(C) Statement I is false and statement II is true. 

(D) Both statements are false. 

Solution: We have 


/(*) = 


X 

1+ I X 


g(x) = x 2 I X 


X 

1-x 

if 

o 

V 

0 

if 

O 

11 

X 

1 + x 

if 

O 

A 

S-i 

-x 3 

if 

o 

V 

K 

0 

if 

o 

II 

x 3 

if 

O 

A 
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Chapter 2 I Derivative and Differentiability 


Clearly,/(x) is continuous for all x^O and at x = 0 
/ (0 - 0) = /(0 + 0) = 0 = /(0) 

Hence / is continuous for all real x. Also 

1 


f\x) = 


(i-*r 

1 


(1 + *f 


if x < 0 


if x > 0 


and 


/'( 0 - 0 ) = l = /'(0 + 0 ) 


Therefore /is differentiable for all real x. Thus, Statement 
I is true. Now 


f-3x 2 if x < 0 
g'(x) = •( 

[ 3x 2 if x > 0 

=>s'( 0 - 0 ) = g '(0 + 0 ) = 0 


and 


But 




I - 6 x if x < 0 
j 6 x if x > 0 


^g"( 0 - 0 ) = g "(0 + 0 ) = 0 


rw 


J-6 if x < 0 
[6 if x > 0 


=>lT( 0 - 0 ) = - 6 ; g '"(0 + 0 ) = 6 


Therefore g" is not differentiable at x = 0. Hence 
g"'(x) exists for all real x is false. So Statement II is 
false. 

Answer: (B) 


Multiple Correct Choice Type Questions 

1. Let /(x) = [x] + |l-x| for -1 < x < 3 where [x] de¬ 
notes the integer part of x. Then 

(A) In the open interval (-1,3),/has three points of 
discontinuity 

(B) / is right continuous at x = -1 and has right 
derivative at x = -1 

(C) / is left continuous at x = 3 and has left deri¬ 
vative at x = 3 

(D) / has right derivative at x = -1 and is not diffe¬ 
rentiable at x = 0 ,1,2,3. 

Solution: We have 


-1 + 1 —x = —x 
0 + l-x = l-x 




1 + X — 1 — X 


2 + x-l = x + l 

3 + 2 = 5 


for -1 < x < 0 
for 0 < x < 1 
for 1 < x < 2 
for 2 < x < 3 
atx = 3 



FIGURE 2.5 Multiple correct choice type question 1. 


See Fig. 2.5 which shows the graph of y = /(x). On the 2. 
graph clearly there are breaks at x = 0 , 1 , 2 ,3. 

(i) At x = -1, the function is right continuous. 

(ii) At x = 3, /(x) is not left continuous. 

(iii) At discontinuous points the function is not differ¬ 
entiable. 

Answers: (A), (B), (D) 


Let 

3' v for -1 < x < 1 
4-x forl<x<4 

Then 

(A) /is discontinuous at x = 1 

(B) /is continuous at x = 1 

(C) /is differentiable at x = 1 

(D) /is not differentiable at x = 1 

Solution: See Fig. 2.6. We have /(0) = 1 and /(1) = 3. 
The graph has no break in [- 1 , 4). But at the point (1,3), 
there is a sharp point. Now 
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Worked-Out Problems 


/(1-0) = 3 1 = 3 = 4-1 = /(1+0) 
Therefore / is continuous at x = 1. Again 

/'(1-0) = 3 log 3 and /'(l + 0) = -l 
Therefore / is not differentiable at x = 1. 



FIGURE 2.6 Multiple correct choice type question 2. 

Answers: (B), (D) 


Therefore 

/'(l- 0 ) = -| = -l 

and /'(l+ 0 ) = i = l 

Hence /is not differentiable at x = 1. Also you can notice 
that (1,0) is a sharp point on the graph in Fig. 2.7 

Answers: (A), (D) 

4. The function ShT 1 (cos x) 

(A) has infinite number of discontinuities 

(B) has finite number of discontinuities 

(C) has no discontinuities 

(D) has infinite number of points at which the func¬ 
tion is not differentiable 

Solution: Let /(x) = Sin -1 (cosx). Since cos x and 
Sin -1 x are, respectively, continuous on their respective 
domains, it follows that /(x) is continuous for all real x. 
Also 


3. Let /(x) = |logjc|. Then 

(A) /is continuous at x = 1 

(B) /is discontinuous at x = 1 

(C) /is differentiable at x = 1 

(D) /is not differentiable at x = 1 
Solution: We have 


/w 


log x for 0 < x < 1 
logx forl<x 


Now 


/(I — 0) = -logl = 0 
and /( 1 + 0 ) = logl = 0 

Therefore / is continuous at x = 1. Now 


/'(*) 


1 

x 

1 

X 


for 0 < x < 1 
for 1 < x 


y 



/'(*) = 


v/l- 


cos 2 X 


(-sinx) = 


-smx 


sinx 


Therefore, /'(x) does not exist at x = nn, where n e Z. 

Answers: (C), (D) 


5. Let /(x) = 


xTan 1 —. 

x 

0 , 


x ^ 0 


x = 0 


Then/is 

(A) continuous at x = 0 

(B) not continuous at x = 0 

(C) continuous and differentiable at x = 0 

(D) not differentiable at x = 0 
Solution: Put Tan -1 (1/x) = 0, x ^ 0. Therefore 

— = tan 6 
x 

so that 9 —> n!2 as x —> 0. In this case 


which gives 


J 9 cot 9, x ^0 

[ 0 , x = 0 


0cot0 —> 0 as 9 —> — 
2 

=> I™ f( x ) = 0 = /( 0 ) 

jr->0 


FIGURE 2.7 Multiple correct choice type question 3. 


Hence / is continuous at x = 0. 













Chapter 2 I Derivative and Differentiability 


For x ^ 0, 


/'(*) = Tan x -+ * ^ 1 


x 1 + x 2 V x 1 


= Tan ' 1 - - 1 


x x(l + x-) 

Therefore neither /' (0-0) nor /' (0 + 0) exist because of 
the presence of x in the denominator of the second term, 
whereas 

lim Tan ' 1 — = -» 




and 

Hence /'(0) does not exist. 


1 


lim Tan — =+oo 

->0 + 0 X 


Answers: (A), (D) 


6 . Let g(x) = 


Vx+I-1 . 


yfx 


0 


if x > 0 
if x = 0 


Then g is 

(A) continuous and differentiable at x = 0 

(B) continuous and differentiable for all x > 0 

(C) continuous for all x > 0 

(D) not right differentiable at x = 0 
Solution: Forx>0, 

g(*) = 


+ 1 ) 

Vx 

\j X + 1 + 1 

Therefore, g is continuous and differentiable for all x > 0 
and 

lim g(x) = -°- = 0 = g( 0 ) 

-*■—>o l+l 


So g is continuous at x = 0. Now 


g '(0 + 0 ) = lim 


fh 


*-»o (yjh + l + l)h 

h>0 v ’ 


— -j-oo 


Neither g'(O-O) nor g'(0 + 0) exist finitely. Hence g is 
not differentiable at x = 0 . 

Answers: (B), (C), (D) 


7. Let f(x) = 


x 2 sin(Fx), x ^0 


0 , 


x = 0 


Then 

(A) /is continuous at x = 0 

(B) /is differentiable at x = 0 

(C) f"( 0) exists 

(D) f\x) is not continuous at x = 0 

Solution: Since sin(Fx) is bounded and x 2 ->0 as 
x —> 0 , we have 

lim x 2 sin(Fx) = 0 = /( 0 ) 

x —>0 

Thus / is continuous at x = 0. Also, 


lim /(Q+»-/(Q) =lim 


,9 • 1 

h~ sin — 


h ->0 


o h 

= lim f h sin — 
h^>0\ h 

= 0 


Therefore /'(0) exists and /'(0) = 0. Now 
/'(*) = 


2 x sin — - cos — for x ^ 0 
x x 


0 


for x = 0 


Hence lim f'(x) does not exist because lim cos(Fx) 

x—> 0 J x^O 

does not exist. Thus f'{x) is not continuous at x = 0. 

Answers: (A), (B), (D) 

8 . Suppose /: R —> K. is a function satisfying 

(i) fix + y) = f(x)f(y) for all real x, y. 

(ii) fix) = l + xg(x) where lim g(x) = 1 . 

x —>0 

Then 

(A) /is differentiable for all x 

(B) /is twice differentiable for all x and f" (0) = 1 

(C) /is differentiable for all x and f'(x) = /(x) 

(D) /(0) = 1 

Solution: We have 

/ ( 0 ) = l+ 0 g( 0 ) = 1 
So (D) is true. Now, 


f\x) = lim 

/i^0 


= lim 

/i->o 


fix + h) - fix) 
h 

f(x)f(h)-f(x) 


= lim fix) 

h^0 


h 

im- 1 ) 

h 
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Worked-Out Problems 


= lim /(*)»> 
*-><T v ’ ft 

= f ( X ) lim g(h) 

h —> 0 


= /(*) X 1 
= /(*) 

Therefore f'(x ) exists for all real x and f'(x) = f(x). 
Hence (C) is true. Now 


/"(*) = /'(*) = /(*) 

=>r(o)=/(o)=i 


So (B) is true. 


Answers: (A), (B), (C), (D) 


10. Let f(x) = 


l + e 
0 


Vx 


if x ^ 0 


if x = 0 


Then 

(A) f is continuous at x = 0 

(B) /'(0-0) = 1 

(C) /'(0 + 0) = 0 

(D) /'(0) = 1 

Solution: We have e Vx -+ +°° as x —> 0+ and e Vx 0 
as x —»0-. In any case, lim f(x) = 0 = /(0). Thus / is 

x—> 0 

continuous at x = 0. So (A) is true. Now 


9. / :R —> R is a function satisfying the relation 
f(x + y) = f(x)f(y) VrjeK 


and f(x) / 0 V real x 

Suppose the function is differentiable at x = 0 and 
/'(0) = 2. Then 

(A) /is differentiable for all reM 

(B) f'(x) = 2f(x) VigM 

(C) 2/'W = /(i)Vi 6 R 

(D) /(0) = 1 

Solution: We have 

x = 0 = y=> /(0) = (f(0)) 2 

=>/( 0 ) = 0 or /( 0 ) = 1 


Now/(0) = 0 contradicts the hypothesis that f(x) ^ 0 V x. 
Therefore /(0)^0. So /(0) = 1. Hence (D) is correct. 
Now 


f'(x) = lim 


f{x + h)-f{x) 
ft 


= lim 

ti->0 


= lim f(x) 
h^O 


fjx)fjh)-f(x) 

ft 

(f(h)-l) 


h 


= lim fix) 

/z —>0 


im-fm 

h 


= f(x)f'i 0 ) 
= 2 f(x) 


So (B) is true. Therefore / is differentiable for all x and 
f'( x ) = 2/(x). 

Answers: (A), (B), (D) 



QUICK LOOK 


fix) = e 2x 


0 - 0 )= lim 

/!-> 0 
h> 0 


= lim 

/!-> 0 


f(o-h)-m 

-ft 

f 0-h _ Q 


l + e 


-t//i 


= lim 


v ~h 
1 


> o 1 + e _v/l 
1 =1 


1 + 0 


Thus fX 0-0) = 1 and so (B) is true. Again 

/(0 + ft) — / (0) 


/'(0 + 0 ) = lim 

h-> 0 
h> 0 


= lim 

*->0 


= lim 


ft 

' Q+h V 


1 + e 


U/i 


V ft 
1 


*->o l + e 


l//z 


= 0 (■_• lim e = +oo) 

ft -»0 

h>0 


Therefore (C) is true. 


Answers: (A), (B), (C) 


11. Let /:R—>R be any function and g(x) = \f(x )\. 
Then which of following is/are not true? 

(A) If / is onto, then g is onto 

(B) If /is one-one, then g is one-one 

(C) If /is continuous, then g is continuous 

(D) If/is differentiable, then g is differentiable 

Solution: /is onto => /(R) = R. But g(R) = R + u{0). 
Therefore (A) is not true. Now 

|±/(x)| = |/(jc)| => g is not one-one 
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Thus (B) is not true. 

Suppose / is continuous at “a’.’ Then to each e > 0, there 
corresponds 8 > 0 such that 

\f(x)-f(a)\<e for |x-u|<<5 (2.24) 

Now 

\g(x)~ g(a)\ = \\f(x)\-\f(a)\\ 

< |/0)-/O)|< £ for \x-a\<8 

[By Eq. (2.24)] 

Therefore g(x) is continuous at a. Thus (C) is true. Now, 
/O) = x is differentiable at x = 0, but g(x) = |jt| is not 
differentiable at x = 0. Hence (D) is not true. 

Answers: (A), (B), (D) 


12. Let /O) 


TO forx <0 
|x 2 for x > 0 


Then 

(A) /is continuous at x = 0 

(B) /is differentiable at x = 0 

(C) /'O) is continuous on R 

(D) /" O) exists for all reK 




FIGURE 2.8 Multiple correct choice type question 12. 

Solution: See Fig. 2.8(a). The graph of y = /(x) is the 
union of negative x-axis and the branch of the parabola 
y = x 2 in the first quadrant. Clearly 

/(o—0) = 0 = /(0+0) 

so that / is continuous at x = 0. Hence (A) is true. Now 


and 


lim 

/ i ->0 

h>0 


f(0 — h) —/( 0 ) 


ai 


= lim — | = 0 

h—>0 V —/; 


—h 

n o-o)=o 


lim f(0 + h)-m = ]im ^ =0 

/i->o h h—>o h 

h> o 


/'( 0 + 0 ) = 0 


Therefore 


/'(0-0) = /'(0 + 0) = 0 


So / is differentiable at x = 0 and /'(0) = 0. This implies 
that (B) is true. Now [see Fig. 2.8(b)] 


JO forx <0 
y2x for x > 0 


Clearly f'(x) is continuous at x = 0 and hence /' is con¬ 
tinuous on R. Therefore (C) is true. Again 


f"(x) 


JO forx <0 
[2 for x > 0 


So f" is not continuous at x = 0 and hence /"(0) does 
not exist. So (D) is false. 

Answers: (A), (B), (C) 


^ QUICK LOOK 


1. In Fig. 2.8(a), even though at origin the point looks 
like a sharp point, but actually, at origin x-axis is a 
tangent to the curve y = x 2 . 

2. The only sharp point on the graph of y = f'(x) is at 
the origin so that /' is not differentiable at x = 0 . 


13. Let / be a function defined for all real x and let it 
satisfy the relation 

f(x + y) = f(x) + f(y) + xy(x + y) 

If /'(0) = -1, then 

(A) /is differentiable for all real x 

(B) /' is differentiable for all real x 

(C) /'(3) = 8 

(D) /' satisfies the relation 

A*)+/'(£) = -/W'Q) v **o 

Solution: In the given relation, substituting x = y = 0, 
we have /(0) = 0. Also substituting y = -x, we have 
f{—x) = ~f(x) which reveals that / is odd. Now, 
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Worked-Out Problems 


f'(x) = lim 

/z —> 0 


= lim 

h-> 0 

= lim 

h-> 0 


f(x + h)-f{x) 
h 

f / 0 ) + f(h) + hx(x + h)~ fix) 


h 


m 

h 


+ x(x + h) 


= lim 

/!-> 0 


m-m 

h 


+ x{x + h) 


[v /(0) = 0] 


= f'(0) + x 2 
= -1+x 2 

Therefore/is differentiable, f' is differentiable, /'(3) = 8 . 
Also 


,(1 


/'W + /1 -\ = (x -1)+ -5-1 =* z +^-2 


1 


1 


and 


Y 1 


1 


/'(// 


= i-x 2 -^-+i 


0 2 1 
= 2 — x -— 


= -| f(x) + f I - 


Therefore (A), (B), (C) and (D) are all true. 

Answers: (A), (B), (C), (D) 


14. Let y = f(x ) be a function defined parametrically 
by 

x = 2 f-|f-l| 
and y = 2t 2 + t\t\ 

Then /is 

(A) continuous at x = -1 

(B) continuous at x = 2 

(C) differentiable at x = 1 

(D) not differentiable at x = 2 

Solution: 

Case I: t < 0. Then 

x = 2f —(1 —f) = 3f — 1 

and y = 2t 2 -t 2 = f 2 = -^(x + 1) 2 

Also t < 0 implies 


Case II: 0 < t < 1. Therefore 

x = 2f —(1 —f) = 3f —1 

and 

y = 2f 2 + r = 3f Z = ^(x + l ) 2 


So 

x = 3f-l < 3-1 = 2 (•.• 0 < f < 1) 
Case III: t > 1. Therefore 

x = 2 f-(f-l) = f + l >2 
and y = 2t + t 2 =3t 2 = 3(x — l ) 2 

Therefore 



-(x + 1) 2 

9 v 2 

for 

x<-l 

fix) = ■ 

-(x + 1) 2 

3 v ’ 

for 

-1 < x < 2 


3(x -1 ) 2 

for 

x > 2 

(i) Clearly 





/(-i-o) 

= ^ ( 

-l+l ) 2 =0 

and 

/(-i+o) 

1 

“ 3 

(-1 + 1) 2 =0 


So / is continuous at x = -1. Hence (A) is true. 

(ii) We have 

/(2-0) = ^x9 = 3 

and /(2 + 0) = 3(2 -1 ) 2 = 3 

Therefore / is continuous at x = 2. 

(iii) We have 

/'(_! _ 0 ) = | (-1+1) = 0 
and /'(— 1 + 0 ) = — (- 1 + 1 ) = 0 


Therefore /is differentiable at x = -1. So (C) is true, 
(iv) We have 

/'( 2 - 0 ) = |(2 + l) = 2 

and /'(2 + 0) = 3(2 -1 ) 2 = 3 

Therefore / is not differentiable at x = 2. So (D) is 
true. 


x + l = 3f<0=>x<-l 


Answers: (A), (B), (C), (D) 
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15. Let /(x) be a polynomial with positive degree satis¬ 
fying the relation 

mm = f(x) + f(y) + f(xy)-2 

for all real x and y. Suppose /(4) = 65. Then 

(A) /'(x) is a polynomial of degree two 

(B) roots of the equation /'(x) = 2x +1 are real 

(C) x/'(x) = 3[/(x)-l] 

(D) l) = 3 

Solution: We have 

fi x )fiy) = f( x )+fiy) + f(xy) - 2 

for all real x and y. Substituting x = y = 1, we have 
/(l) 2 -3/(l) + 2 = 0 

Therefore 

/( 1 ) = 1 or /(l) = 2 

If /(1) = 1, then 

/«/(!) = /«+ /(!) + /(*)-2 

=> /(x) = 1 V real x 

so that /( x) will be a constant polynomial which is a con¬ 
tradiction. Therefore /(1) ^ 1 and hence /(1) = 2. Now 
replacing y with Vx in the given relation we get 

/W/ (r) = /W + / (v) +/ ( I )” 2 

= /« + /(£) [v/(l) = 2 ] 

We know that any polynomial satisfying the relation 

fix) + fiVx) = f(x)f(Vx) Vx ^ 0 

must be a polynomial of the form x " +1 or 1 - x " where 
n is its degree (Problem 19, page 61,Vol. 1). Therefore 

/(x) = x " +1 or 1 - x " 

But 

/(4) = 65 => /(x) = x 3 +1 

Therefore 

f'i x ) = 3x 2 

Answers: (A), (B), (C), (D) 


16. The function 


fix) = • 


|x-3|, 
x^_ 3x 13 

T~T + T’ 


x> 1 

X < 1 


rs 

(A) continuous at x = 1 

(B) differentiable at x = 1 

(C) continuous at x = 3 

(D) differentiable at x = 3 

Solution: We can write the given function as 


fi x ) = 


x^_3x 13 

T“T + 7 

3 —x 
x —3 


Now 


for x < 1 

for 1 < x < 3 
for x > 3 


13 


1 3 _ 

/( 1 - 0 ) = ---+ — 
v 2 4 2 4 

_ 1-6+13 _ 8 

~ 4 ~4 

/(I+ 0) = 3-1=2 

Therefore /is continuous at x = 1. Now 


Therefore 


and 


/'(*) = 


X 

3 

for x < 1 



2~ 

2 


-1 


for 1 < x < 3 

1 


for x > 3 


A l-0) = i-| = -l 


/'(l + 0) = -l 

So /is differentiable at x = 1. Actually, the line y = 3 - x 
a tangent to the parabola 


x 3x . „ 

y =-+ 13 

4 2 



FIGURE 2.9 Multiple correct choice type question 16. 
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Worked-Out Problems 


at the point (1, 2) (this fact will be realized in the next 
chapter). See Fig. 2.9. Therefore / is continuous and dif¬ 
ferentiable at x = 1 and so (A) and (B) are true. Now, 

/(3-0) = /(3 + 0) = 0 

This implies/is continuous at x = 3 and so (C) is true. 
Again 

/'(3-0) = -1 and /'(3 + 0) = l 

imply/is not differentiable at x = 3. 

Answers: (A), (B), (C) 


17. Which of the following is/are correct? 
(A) The function 

/O) = 


1+x (l + x)(l + 2x) (l+2x)(l + 3x) 

is discontinuous at x = 0 


(B) /(x) = ShT 


2x 

1 + x " 


is not differentiable at 


two points which are +1 

(C) /(x) = x log|x| is not differentiable for 


0 < a: < 1 


(D) f(x) = 


sinj^^j forx<l 
|2x-3|[x] forx>l 


where [x] denotes part of x continuous at x = 1 


Solution: 

(A) Let 

s«W = 


1 + x (l + x)(l+2x) 


- + •■■ + - 


(1 + n x)(l + (ti + l)x) 


= 1 - 


1 


1 


1 


1 + x 7 vl+x l+2x 
f 1 1 ^ 


1 


1 


l+2x l + 3x 


= 1 - 


V 1 + /7X l+(n + l)x 
1 


l + (n + l)x 


Now n -+ oo implies 

1 

l + (n + l)x 

Therefore 


lim s„(x)=l 


So 


/(*) 


Jl ifx^O 
[0 if x = 0 


Therefore / is discontinuous at x = 0. This implies 
(A) is true. 

(B) We have 


fix) = Sin 


-l 


2x 

1+x" 


2 Tan x 
^■-2Tan“ 1 x 
-n-2 Tan _1 x 


for -1 < x < 1 
for x > 1 
for x < -1 


Therefore 


/(—1 —0) = -7T-2| -VL 


n 

= -n + — 
2 


n 

~~2 

/(-1 + 0) = 2 Tan -1 (-1) 



n 


2 


Therefore/is continuous atx = —1. Similarly 
/(l-0) = 2Tan- 1 (l) = 2x^=^ 

and /(1 + 0) = n-2 Tan -1 (1) = 7t-^- = ^ 
So / is continuous at x = 1. Now 


fix) 


-for x < -1 

1 + x 2 

2 

•- T for -1 < x < 1 

1 + x 2 

-for x > 1 

T + x 2 


Therefore 

/'(—i—0) = —1, /'(—1+0) = 1 

and /XI-0) = 1, /XI+ 0) = -1 

So / is not differentiable at x = ±l. Hence (B) is 
true. 
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(C) We have 

/(x) = xlogx for x>0 
and /'(x) = logx + l 

Therefore (C) is false. 

(D) We have 


/(*) = 


sin — for x < 1 
2 


1 


for x=l 


3-2x for 1 < x < — 
2 


Now 


f(l-O) = sin n!2 = 1 
/(l + 0) = 3-2 = 1 
and /(1) = 1 

Therefore / is continuous at x - 1 and so (D) is 
true. 

Answers: (A), (B), (D) 


18. Let f(x) = 


1 - \ll-x 2 for -1 < x < 1 

1 + log — for x > 1 

x 


Then 

(A) /is continuous at x = 1 

(B) /is not differentiable at x = 1 

(C) /is continuous and differentiable at x = 1 

(D) /'(x) exists for all x e (0,1) 

Solution: We have 

/(i-o) = i-VTn = i 

and /(I + 0) = 1 + log 1 = 1 

Therefore / is continuous at x = 1. Hence (A) is true. 
Now 

/'« = 


for 0 < x < 1 and at x = 1, /'(1 - 0) does not exist. Hence 
/is not differentiable at x = 1. Therefore (B) is true. 
Also /'(x) exists for all x e (0,1) and so (D) is true. 

Answers: (A), (B), (D) 

19. Which of the following are true? 
sinx 


(A) f( x ) = 


is not defined at x = 0, but lim /(x) 

jr->0 


(B) g(x) = — is not defined at x = 0 and lim /(x) 

X -V— > 0 


does not exist 


(C) h(x) — 


1 

— x 
2 

1 

-x 

2 


for 0 < x < - 
2 


for - < x < 1 
2 


is continuous at x = 1/2, but not differentiable at 
x= 1/2 

(D) <2(x) = |x -1| + \x - 2| is continuous for all x e R, 
but not differentiable at x = 1,2 

Solution: Clearly (A) is true because 
hm[^| = l 

JC^O 1 X 


Let 


gO) = 


-1 if x < 0 
1 if x > 0 


g is not defined at x = 0 and also g (0 + 0) = 1 and g(0 - 0) 
= -1 which shows that lim g(x) does not exist. So (B) is 

jt-> 0 

true. For the function given in (C) 


and 


h\ —-ol = —- — = 0 

.2 ) 2 2 


h [b°)-(r l 2! -° 


so that h is continuous at x = 1/2. Further 


h\x) = 


so that 


and 


-1 for 0 < x < - 
2 

- 21 ^ - x j for ^ < x < 1 


nr 01 - 1 

h'{- + 0 1 = 0 


Thus (C) is true. For the function given in (D), we have 

Q{x) = ■ 


3-2x 

for x < 1 

1 

for 1 < x < 2 

2x-3 

for x > 2 


exists 


x 
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Therefore Q is continuous at x = 1 and 2, but Q' (1 - 0) = 
-2, Q' (1 + 0) = 0. Also 2'(2-0) = 0 and g'(2 + 0) = 2. 
Hence Q is not differentiable at x = l, 2.This implies that 
(D) is true. 

Answers: (A), (B), (C), (D) 

20. Consider the function f(x) = |(x + 1)[jc]| for -1 < x < 2 
where [x] is the integral part of x. Then /is 

(A) right continuous at x = -1 

(B) not continuous at x = 0 

(C) continuous at x = 1 

(D) not left continuous at x = 2 

Solution: We have 

at x = -1 
for -1 < x < 0 
for 0 < x < 1 
at x = 1 
for 1 < x < 2 
at x = 2 


/(*) = 


0 

x + 1 
0 
2 

x + 1 
6 



FIGURE 2.10 Multiple correct choice type question 20. 

See Fig. 2.10 

(i) /(-1 + 0) =-1 + 1 = 0 = /(-1). Therefore / is right 
continuous at x = —1. So (A) is true. 

(ii) /(0 - 0) = 1 and /(0 + 0) = 0. Therefore / is not con¬ 
tinuous at x = 0 and so (B) is true. 

(iii) /(I - 0) = 0, /(I + 0) = 2. Therefore / is not continu¬ 
ous at x = 1. So (C) is false. 

(iv) /(2 - 0) = 3 ^ /(2). Hence / is not left continuous at 
x = 2 and so (D) is true. 

Answers: (A), (B), (D) 


Matrix-Match Type Questions 

1. Match the items of Column I with those of Column 
II. 


Column I 


Column II 


(A) /(*) = 


for -1 < x < 1 


[4-x for 1 < x < 4 

(B) If g(x) = Minjx, jc 3 } then 
g'(x) = 1 for all x greater than 

(C) The function 

Jx, 0 < x < 1 

[2-x, x > 1 

(D) The function 


is 


h(x) = 


is 


Q(x) = Maxjx, x J } is 


(p) continuous at 
x = 1 

(q) differentiable 
at x = 1 

(r) not differen¬ 
tiable at x = 1 

(s) 1 

(t) continuous for 
all x in their 
respective 
domains 


Solution: 

(A) We have 

/(1-0) = 3 1 =3 


/(1 + 0) = 4-1 = 3 


Therefore / is continuous at x = 1. Also 

[3' v log 3, -1<x<1 
-1, 1 < x < 4 


/'« = 


Hence 


/'(1-O) = 31og3 
and /'(l + 0) = -l 

Thus / is not differentiable at x = 1. 

Answer: (A) -+> (p), (r), (t) 

(B) See Fig. 2.11(a). We have 

g(x) = Minjx, x 3 ) 

x 3 for x < -1 
x for -1 < x < 0 
x 3 for 0 < x < 1 
x for x > 1 


Clearly g' (x) = 1 for x > 1. 


and 


Answer: (B) —> (s) 
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FIGURE 2.11 Matrix-match type question 1: (a) Graph of 
g(x) = Minjx.x 3 }; (b) graph of Q(x) = Max{jt,x 3 }. 

(C) We have 


Now 

Q (—1 — 0) = —1 and Q(-l + 0) = -l 
Q( 0-0) = 0 and Q(0 + 0) = 0 
2 ( 1 - 0 ) = 1 and 2(1 + 0 ) = 1 
g'(l-0) = l and Q'(l + 0) = 3 

Answer: (D) (p), (r), (t) 

2. Match the items of Column I with those of Column 
II. 


Column I Column II 

(A) If f(x) is a polynomial satisfying the (p) 0 
relation 

/(*) + /( 2x) = 5x 2 -18 
then /'(1) equals 

(B) Lety = jc 3 -2 and x = 3z 2 +5. Then ^ 
the value of dy/dz at z = 0 is 

2 ( r ) 2 

(C) If f(x) = x" - 4x, then \f(x)\ is not 

differentiable at x equals 

(D) Suppose that / and g are dif- (s) 4 
ferentiable functions such that 
f'(x) = ~g(x) and g'(x) = -f(x). 

Let h(x) = (f(x)) 2 -(g(x)) 2 . Then 
h'(2) equals ^ ' 


Solution: 

(A) Let f{x) = ax 1 + bx + c (Why?). By hypothesis, 
(ax 2 +bx + c) + (4 ax 2 +2 bx + c) = 5x 2 - 18 
Solving we get 

5a = 5 => a = 1 
3h = 0 => h = 0 


h(x) = 


for 0 < x < 1 
\2 — x for x > 1 
h( 1 - 0 ) = 1 and h( l + 0 ) = 2 -l = l 


Therefore h is continuous at x = \. Further h'( 1 - 0) = 1 
whereas h'(l + 0) = -l. So h is not differentiable at 
x = 1 . 

Answer: (C) (p), (r), (t) 

(D) We have [see Fig. 2.11(b)] 

x for x < -1 


(200 = 


for -1 < x < 0 
for 0 <x<l 
for x > 1 


Therefore 


So 


2 c = —18 => c = — 9 
f(x) = x 2 -9 
/'( 1 ) = 2 


Answer: (A) —> (r) 

(B) We have 

y = x i - 2, x = 3z 2 +5 

Differentiating we get 

dy _ 9 , dx 

— = 3x 2 and — = 6 z 
c/x dz 
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So 


ffe = ^.ft = 3 ^(6 z ) = 3(3r + 5) 2 6 z 

dz dx dz 


Therefore 


=0 

dzj z= o 

Answer: (B) —> (P) 

(C) Figure 2.12(a) is the graph of y = /(x) and Fig. 
2.12(b) is the graph of y = |/(x)|. Now 


\f( x )\ = \x{x-4)\ = 


x - Ax for x < 0 
Ax - x 2 for 0 < x < 4 
x 1 - Ax for x > 4 


3. Match the items of Column I with those of Column II. 


Column I 

Column II 

(A) The function sin(7r[x]) 

(p) continuous every- 

where [x] is the integer 

where 

part of x is 


(B) x x is 

(q) differentiable 


everywhere 

(C) The function 

(r) not differentiable 

Ix — 21 + |x + 21 is 

at exactly one 


point 

(D) The function 

(s) not differentiable 

/(x) = Min [1, x 2 , x 3 } 

exactly at two 


points 


Therefore 


Solution: 


/'(0 —0) = — 4 and /'(0 + 0) = 4 

Also 

/'(4 —0) = 4-2(4) = - 8 

and 


f (4 + 0) = 2(4) -4 = 8 

Therefore / is not differentiable at x = 0,4. Observe 
that the portion of the graph of y = f(x) below the 
x-axis is reflected through x-axis for y = |/(x)|. 



FIGURE 2.12 Matrix-match type question 2: (a) Graph of y = 
/(*);(b) graph of y = \f(x)\. 

Answer: (C) -> (p), (s) 


(D) We have 

/?' (x) = 2f{x)f (x) - 2g(x)g' (x) 

= 2(-g'(*))(-g(X» - 2g(x)g' ( x ) = 0 


(A) Since [x] is an integer, sin (tt[x]) = 0 for all xeE. 
Hence the function is continuous and differentiable 
for all real x. 

Answer: (A) —> (p), (q) 

(B) We have 

, . f-x 2 for x < 0 
x|x| =1 

x 2 for x > 0 


Hence it is continuous and differentiable for all real 
x [see Fig. 2.13(a)]. 

Answer: (B) -> (p), (q) 


(C) We have 


-2x forx<-2 


f(x) = • 


4 


2x 


for - 2 < x < 2 
for x > 2 


Answer: (C) —> (p), (s) 



Therefore 


/z'(2) = 0 


Answer: (D) -> (P) 


(a) 

FIGURE 2.13 Matrix-match type question 3. 
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(D) We have 

f{x) = Min{1, x 2 ,x 3 } 
See Fig. 2.13(b). Now 


/O) 


lx 3 forx<l 
[l for x > 1 


Now 


y = a 2 sin 0 cos d + a 2 9 


Therefore 


dy 

~d9 


( 2 

— cos 2 9 
v 2 

2 


2 + u 


= a (1 + cos 29) 
= 2 a 2 cos 2 9 


/ 


= 2 a 

V 

= 2 ( a 2 - x 2 ) 


x 2 ^ 
1—2 
v A2 


2 


Now 

r/y dy dx 2(a 2 - x 2 ) 0 /~~2 /T 

— ■ — i- — Z- ^ 

JX 

Answer: (A) —>(s) 


So / is continuous for all x and is differentiable for 
all x except at x = 1. 

Answer: (D) -+ (p), (r) 

4. Functions are given in Column I and their derived 
functions are given in Column II. Match them. 


Column I 


Column II 


(A) y = x'ja 2 —x 2 +a 2 Sin 3 — 


(B) y = Tan 


-l 


4sinx 
3 + 5 cos x 


(C) y = log(i±/l 

VI — x 

(D) y = xSin _1 x 


1/4 


—Tan x x 
2 


(P) 

(q) 

(r) 

(s) 


o • —1 * 

Sin x + , 

VT^ 2 


l-x 4 

4 

5 + 3cosx 
2\la 2 -x 2 


Solution: 

(A) We have 


y = x'Ja 2 -x 2 + a 2 Sin 1 — 
a 

Put x = a sin 9 so that 



(B) We have 


Put 


y = Tan 


-l 


4 sin x 
3 + 5 cos x 


4sinx 
3 + 5cosx 


Therefore 

du 4[ cosx(3 + 5cosx)-sinx(-5sinx) 
dx (3 + 5cosx) 2 

4(3 cos x +5) 

(3 + 5cosx) 2 


(2.25) 


Also 


y = Tan 1 u 


Differentiating w.r.t. u, we get 

dy 1 
du 1 + u 2 


1 

. 16 sin 2 x 

1 +-+ 

(3 + 5cosx) 2 

(3 + 5cosx) 2 

9 + 30cosx +25cos 2 x + 16sin 2 x 
(3 + 5cosx) 2 

9 + 30cosx + 16 + 9cos 2 x 

(3 + 5cosx) 2 
(5 + 3cosx) 2 
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Therefore from Eqs. (2.24) and (2.25), we get 
dy dy du 4 


dx du dx 5 + 3 cos x 

Answer: (B) —> (r) 


(C) We have 


3,=lo8 (i ± f) 4 Tan_1 * 

= — logf^-^1- — Tan -1 * forx>-l 
4 B ll-xJ 2 


Differentiating w.r.t. x, we get 

(l-x) + (l + x) 


= U 

dx 41 


1 — x 
1 + x 

If 1 




If 1 


211 + x 2 


2ll-x 2 1 + x 2 


1-x 4 


Answer: (C) —» (q) 


(D) We have 

y = x Sin x 

Differentiating w.r.t. x, we get 

dy _i x 
— = Sm x + 
dx 


7^7 


Answer: (D) —» (P) 

5. Match the items of Column I with those of Column 
II. 


Column I 

Column II 

(A) Let y = f(u ) = —— - where 

u + u — 2 

u - . Then y has a removable 

(P) 3 

x — 1 

(q) o 

discontinuity at x equals 

(B) If /(x)= then the number 

1 — x 

(r) 1 

of removable discontinuities of 

y=f(mm ^ 

(s) 4 

(C) If x + y = e x ~ y , then at (1/2,1/2) 

the value of dy/dx is 


(D) If fix + y + z) = f(x)f(y)f(z) for all 

(t) 2 

x,y, and z, /(2) = 4, and /'(0) = 1, 
and /(0)>0. Then /'(2) is 



Solution: 

(A) We have 


y = /(«) = 


1 


1 


ir +u — 2 (« + 2)(m-1) 


Now u = 1 and u = -2 are points of discontinuity: 
1 


u = 1- 


x —1 


■ = 1 => x = 2 


u = —2 =>-= —2 => —2x + 2= l=>x = - 

x — 1 2 

Originally x = 1 is a point of discontinuity for 
;< = l/(x-l). Therefore x = -2,1/2 and 1 are points 
of discontinuity for the composite function y = f(ii) 
where w = l/(x-l) Now x —»1 =s> u —> oo and hence 
lim /(«) = 0. By defining 


y = f ( u ) = 


1 


u + u - 2 


where u = 


1 


x — 1 


, X ^ 1 


0 when x = 1 

we get that y is continuous at x = 1. 

Answer: (A) -» (r) 

(B) We have y = /(/(/(x))) where 

1 


f(x) = 


= f 
= f 
= f 


1 — x 

f 


1 


1 — x 


v — 

f _ 

1 - — 
v 1-xy 

1 — x 


—X 

1 


when x ^ 0 


1- 


= x 


1 — X 


x = 1 is a discontinuity of /(x) and x = 0 is a point 
of discontinuity of /(/(x)). Hence x = 0 and 1 are 
discontinuities of /(/(/(x))). Now by defining 


/(/(/(*))) if x ± 0 and 1 
0 if x = 0 

1 if x = 1 


GW =' 

we get that Q(x) is continuous at x = 0,1. 


Answer: (B) -+ (t) 
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(C) We have 


+ y = 


Therefore 

log {x + y) = x-y 

Differentiating both sides w.r.t. x, we get 
dy 


1 + 


dx _ y dy 
x + y dx 

* dy , .dy 

=>i + -r = x + y-(x + y)— 
dx dx 

=> —(x + y+l) — x + y-1 
dx 


Therefore 


dy x + y — 1 
dx x + y + 1 


'&) =0 


(-] 

\dx) 


( 1 / 2 , 172 ) 


Answer: (C) —> (q) 


(D) We have 


Therefore 


/( 0 ) = (/( 0)) 3 

’ / (0) = 1 [v/(0)>0] 

/(* + 2) = /(x + 2 + 0) 

=f( X )f(2)m 

= 4/W 


Now 


/'(2) = lim 

/i-» o 


= lim 

/i->0 


= lim 4 

h->0 


f(2 + h) —/(2) 
h 

f (2)/ (h)f (0) — / (2) 
h 

m-m 

h 


[■•' /(0) = 0, /(2) = 4] 


= 4/'(0) 

— 4 [•.■ A0) = 1] 


Answer: (D) —> (s) 


Comprehension-Type Questions 

1 . Passage: Let / be a real-valued function defined on a 
closed interval [a, b] and c e (a, b). Then 

(a) / is continuous at c if and only if lim f(c - h) 

h —>0 
h>0 

and lim f(c + h) exist, are equal, and in turn are 

/ z —>0 
h> 0 

equal to/(c). 

(b) /is differentiable at c if and only if 

f(c~h) — /(c) f(c + h) -/(c) 

lim —-- —and lim —--—exist 


h ->0 
h> 0 


— h 

and are equal or 


/i-> o 
/z>0 


lim 

fi->0 


/(c + h) / (c) 
h 


{h may be positive or negative) exists finitely. 
Answer the following questions. 

\ax 2 +b,bl= 0 forx<l 


(ii) Suppose f(x + y) = f(x)f(y) for all real num¬ 
bers x, y and /(3) = 3, /'(0) = 11, then /'(3) is 
equal to 

(A) 22 (B) 28 

(C) 44 (D) 33 

(iii) Suppose f(x + y) = f(x) + f(y) and f(x) = x 2 g{x) 
where g(x) is continuous, then f\x) equals 

(A) 0 (B) *00 

(C) g(0) (D) g(x)+g(0) 

Solution: 

(i) By hypothesis 

lim /(I -h)= lim f(l + h) 

/z —>0 /z—>0 

h>0 h >0 

Therefore 

a+b=b+a+c 
=> c = 0 

Again / is differentiable at x = 1. Therefore 


j ] 2 

[bx + ax + c for x > 1 

lim/a-^/CD.iimf 

is continuous and differentiable at x = 1, then 

/z —> 0 —h /z—>0 

(A) c = 0,a = 2b 

=> lim 

(B) a = b, and c is real number 

h—>0 

(C) a = b,c = 0 

- lim - 

(D) a = b and c * 0 

h —>0 


h 

a(l-h) 2 +b-(a + b) 
—h 


(•.• c = 0) 
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lim 

Zi->0 


-2ah + ah" 


= lim 

h->0 


-h 

=> 2a = 2b + a 
=> a = 2b 

Therefore a = 2b and c = 0. 


2 bh + bh + ah 
h 


Answer: (A) 


(H) We have 


x = y=0 
■/( 0 ) = (/( 0)) 2 
'/(0) = 0 or 1 


If /(0) = 0, then 


/(*) = /(* + 0 ) 

=mm 

=f(x)x 0 
= 0 Vx 

which cannot be, because /(3) = 3. Hence /(0) = 1. 
Now 


/ Y3) = lim 

h-> 0 


= lim 

/i —> o 


/(3 + /z)-/(3) 
h 

mm-m 

h 


= 3 lim 

h 

= 3/'(0) 
= 3x11 
= 33 




Answer: (D) 


(iu) We have 


f'(x)= lim 
/!-> 0 


= lim 

h —> 0 


f(x + h) — f(x) 
h 

f(x) + f(h)-f(x) 


h 


m 


= lim 

/i—>o 

= lim 

/i—>0 /z 

= lim hg(h) 

/z —> 0 


= 0 x g(0) (•.■ g is continous) 
= 0 


Answer: (A) 


2. Passage: Consider the function 
x + 2, x<0 

g(x) = j-2 - xN 0 < x < 1 
: > 1 


Answer the following questions. 

(i) The number of points at which g is discontinu¬ 
ous is 

(A) 0 (B) 1 (C) 2 (D) 3 

(ii) The number of points where g| is discontinu¬ 
ous is 

(A) 0 (B) 1 (C) 2 (D) infinite 

(iii) The number of points at which |g| is not dif¬ 


ferentiable is 
(A) 2 (B) 


(C) 1 


(D) 3 


Solution: 

We have 


g(0-0) = 2 and g(0 + 0) = -2 
This implies that g is discontinuous at x = 0. 

Also, 

g(l-0) = -3 and g(l+0) = l 

This implies g is discontinuous at x = 1. Thus g is discon¬ 
tinuous at two points. Now 

IsOOl = 


| x + 21 

for x < 0 

x 2 +2 

for 0 < x < 1 

X 

for x > 1 

— x-2 

for x < -2 

x+2 

for - 2 < x < 0 

x 2 +2 

for 0 < x < 1 

X 

for x > 1 


From the graph of y = |g(x)| (Fig. 2.14), one can see that 
the answers for (ii) and (iii) are (B) and (D), respectively. 



FIGURE 2.14 Comprehension-type question 2. 

Answer: (i) —(C), (ii) —> (B), (iii) (D) 


3. Passage: For x > 0, let 


log(2 + x) + x sinx 


f(x) = lim 


1 + x 


2" 
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Answer the following questions: 

(i) lim /(x) is equal to 

x ->0 + 0 

(A) 0 (B) logl 

(C) log2 (D) does not exist 

(ii) Atx=l,f 

(A) is continuous 

(B) not continuous 

(C) both continuous and differentiable 

(D) continuous but not differentiable 

(iii) In [0, n/2\, the number of points at which/van¬ 
ishes is 

(A) 0 (B) 1 

(C) 2 (D) 3 

Solution: 

Case I: 0 < x < 1. In this case 

/(x) = log(2 + x) (v lim x 2 = 0) 

Case II: At x = 1, f(x) = ^-(log3 + sin 1) 


Case III: x > 1. Then 


jit 

log(2 + x) + x sinx 
lim ——---= l im 


log(2 + x) 


2 " 


tsmr 


1 + x 


2" 


+ 1 


= sin x 


x 2 " 

1 A 

v lim -= 0 

n ^°° x 2 j 


Therefore 


f ( x ) = ' 


log(2 + x) 
-(log3 + sinl) 
sinx 


for 0 < x < 1 
at x = 1 
for x > 1 


Hence 

(i) lim = log2 

.t—>o + o 

(H) lim /(x) = log3 and lim /(x) = sin 1 

x —> 1 — 0 x —> 1 + 0 

=> / is not continuous at x = 1 
(iii) Clearly /(x) ^ 0 for x e [0, n!2\. 

Answers: (i) (C), (ii) -» (B), (iii) (A) 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 

(A) Both Statements I and II are true and Statement II is 
a correct explanation for Statement I. 

(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I. 

(C) Statement I is true and Statement II is false. 

(D) Statement I is false and Statement II is true. 

1. Statement I: For 


0 < x < 1, 


1-x 2 1-x 4 l-x ! 




X 


1 —X 


X 1 1 

Statement II: -=- r — - for 

1-x 2 1 -x 2 "- 1 1-x 2 

n = 1,2, 3,.... 

Solution: Let 


u 


2 - 



1_1 

1-x 2 1-x 4 


u 3 = 



1 _1 

1-x 4 1-x 8 


and so on. Therefore 


s n = iq + u 2 + 1<3 H- 1 ll n 


1 1 
l^”l^ 


Hence 


lim s n 


1 1 x 

1 —x 1-0 1 —x 


Answer: (A) 

2. Statement I: If /(x) = —— + ^ , x ^ q i s to be con- 

sin 2x 

tinuous at x = 0, then /(0) is to be defined as -1/8. 


W] = 


x 

1^7 


1 _ 1 
1-X 1-x 2 


Statement II: lim ( S * n x \ = 1 

x ) 
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Solution: We have 


Therefore 


m 


2 — sjx+ 4 
sin2x 
4 —(x + 4) 
sin2x(2 + >/x + 4) 
—x 

sin2x(2 + Vx + 4) 


lim /(x) 

0 


-1 

l-2(2 + ^/0 + 4) 


-1 

Y 

Answer: (A) 


3. Statement I: The function sin(|x|)is not differentiable 
at x = 0. 

Statement II: If / is differentiable at c and g is dif¬ 
ferentiable at/(c), then go f is differentiable at c. 

Solution: Statement II is a theorem (see Theorem 2.3) 

. I - sin x if x < 0 
sin x = ( 

[sin x if x > 0 

Therefore 

/'(0 - 0) = - cos (0) = -1 
and /'(0 + 0) = cosO = 1 

So at x = 0, sin|x| is not differentiable. 

Answer: (D) 


4. Statement I: The function 


Jx 2 sin(l/x) if x^0 
[0 if x = 0 


is discontinuous at x = 0, because cos (1/x) has no limit as 
x —> 0. Statement I is true. This example shows that State¬ 
ment II is false. 


Answer: (C) 


a 


QUICK LOOK 


/'(0) = 0 because 


lim 

h-> 0 


/(0-/7)-/(0) 

h 


= lim I h sin — 1 = 0 


/i—> 0 


h 


for 


-h<hsm—<h where h > 0 
h 

. 1 


and 

so that by squeezing theorem 


h < h sin — < —h where h < 0 
h 


lim hsin— = 0 

/i—>o h 


5. Statement I: Let /(x) = cosx and g(x) = sinx for 
0 < x < 7 t/ 2. Then /(x) = g(x) for at least one point in 
(0, k/2). 

Statement II: If / and g are continuous on [a, b] and 
f(a)>g(a) and f(b)<g{b), then /(x 0 ) = g(x 0 ) for 
at least one x Q in [a, b]. 

Solution: Statement I is true because 



We prove that Statement II is also true and it is a correct 
explanation of Statement I. If either f(a ) = g(a) or 
f(b ) = g(b) we are through. Suppose f(a) > g(a) and 
f ib) < gib). Define 

Q(x) = f(x)-g(x) for x g [a, b\ 


is differentiable at x = 0, but the derivative is not con¬ 
tinuous at x = 0. 


Since f and g are continuous, Q(x) is also continuous on 
[a, b]. Also 


Statement II: If a function /(x) is differentiable at 
x = a, its derivative is continuous at x = a. 

Solution: We have 


Q(a)Q{b) = [ f(a ) - g(n)] [f(b) - g(b )] < 0 

Therefore Q(x) must vanish at some point x 0 g (a, b) 
(see Corollary 1.10). So 


Now 


Jx 2 sin (1/x) ifx^O 
[O if x = 0 


/'(*) = 


2x sin — - cos — if x ^ 0 

X X 


f(x o) = g(x o) Of some x 0 g (a,b) 

Now, Statement I is true if we take /(x) = cosx, g(x) = 
sin x and [a, b] = [0, zr/2J. 

Answer: (A) 


0 


if x = 0 
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Integer Answer Type Questions 


1. If f(x) = Sin 1 (3x-4x 3 ), then /'(0) equals lim ( g(x)f(a)-g(a)f(x) 

_• q v x — a 

Solution: Put x = sin0 so that Solution: We have 


dx 

~d0 


cos 


0 = Vl-JC 2 


Therefore 

/(x) = Sin _1 (sin 30) = 30 
Differentiating we get 


f'( x ) = 3~ 
ax 



g(x)f ( a ) ~ g{a)f(x) _ (g(x) - g(a))f(a) - g(fl)(/(x) - f{a)) 
x—a x—a 

Therefore 

lim ( sW/(°)-«(-)/(» -| = gW(a) _ mna) 

X^a\ x-a ) 

- 2(2) ( 1)(1) = 5 

Answer: 5 


So 


/'(0) = 3 

Answer: 3 

2. Let / : [0,1] —> [0,1] be continuous function. Then 

the number of fixed points of/is at least_. 

Solution: If /(0) = 0 or /(1) = 1, the purpose is served. 
Assume that /(0) ^ 0 and /(1) ^ 1. Let 

0(x) = /(x) - x for x e [0,1] 

Therefore 

h(0) = /(0) > 0 

and 0(1) = /(1) -1 < 0 

So 

0(O)0(1) = /(0)(/(l)-l) < 0 

Therefore h(x) = 0 for at least one xe(0,1). Thus 
f(x) = x for at least one x e (0,1). 

Answer: 1 

3. f(x) is a real-valued function defined on R such that 

\f(x)-f(y)\<l\x-y\ 

for all x, y. Then the number of fixed points of / is 


Solution: See Integer Answer Type Question 1 (Chap¬ 
ter 1, Worked-Out Problems) and take a = 1/3. 

Answer: 1 

4. Let /, g : R — > M be differentiable functions. If 
f{a) = 2, f'(a) = 1, g(«) = -1 and g'(a) = 2, then 


5. Suppose / is twice differentiable function satisfy¬ 
ing f"(x) = -f(x). Define two functions g(x) and 
h(x) by g(x) = f\x) and h(x) = (/(x)) 2 + (g(x)) 2 . If 
0(5) = 5, then 0(10) is equal to_. 

Solution: We have 

h'(x) = 2f(x)f(x) + 2g(x)g'(x) 

= -2f”(x)f'(x) + 2f'(x)f"(x) = 0 V x 

Therefore 0(x) is a constant function. Hence 
0(5) = 5 => 0(10) = 5 

Answer: 5 


6 . If / : R —> R is a function satisfying /(-x) = /(x) 
for all real x and is differentiable at x = 0, then /'(0) 
equals_. 

Solution: We have 


/'(0) = lim 
h^0 


/(O + 0) ~/(0) 
0 


= lim /( k) f(()) (v/(0) = /(-0)) 

h^> 0 0 

= -l,m 

h —> 0 


-0 

= -/'( 0 - 0 ) = — /'( 0 ) 
Therefore /'(0) = 0. 


Answer: 0 


7. The only integer at which /(x) = [x 2 ] -[x] 2 where [■] 
denotes the integer part is continuous is_. 

Solution: Let n be a positive integer. For small positive 
values of 0, 
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\n - h] 2 = (n —l) 2 ; n 2 — 1 < (n - h ) 2 < n 2 
=> [( n - h ) 2 ] = n 2 -1 
Therefore 

f(n- 0)= lim {[(n-h) 2 ]-[n-h] 2 ) 

7i-> o 
7i> 0 

= n 2 -l-(n-l) 2 
= 2/7-2 


Then, the minimum value of p for which/is differentia¬ 
ble at x = 0, where p is a positive integer, is_ 

Solution: \ip = 1, then /(x) = x cos(1/x) is continuous 
at x = 0, because 

-h < h cos — < h when h > 0 
h 

and h < h cos — < -h when h < 0 

h 


Again for small positive values of h, 

n 2 < (n + h) 2 => [(n + h ) 2 ] = n 2 

Now 

/(/7 + 0)= lim ([(/z + /7) 2 ]-[t7 + /7] 2 ) 

h^> 0 
h> 0 

= rr -n 1 =0 
f(ri-0) = /(n + 0) 

<=> 2/7 - 2 = 0 
<=> n = 1 

Therefore the only integer at which/is continuous is 1. 

Answer: 1 


so that 


\h\< 


h cosh — 
h 


<|/ 7 | 


and hence 


im (//cos— ] 
o I h) 


lim 

h 


T =0 = /(0) 


Therefore / is continuous at x = 0. Now 
f(0+h) — / (0) 


/ TO) = lim 

li —> 0 


h 


h^> 0 


1 


h 


= lim cos— does not exist 


8 . Let f(x) = 


(4 x -iy 


sin — log 


f x 1 

l+_ 

v 3 


, X 0 


A, x = 0 

If/is to be continuous at x = 0, then A = 12(log d) b 
where a + b is equal to_ 

Solution: We have 


( 4 ' i)3 


4 X -1 


sin — log 
4 e 


1 + — 
v 3 


sm 


log 1 + 


x 12 


x 

3 


Therefore 


lim /(*) = 

A —> 0 


(log4) 3 xl2 

Ixl 


This gives a = 4 and b = 3, so that a + b = 1. 


Answer: 7 


This implies that /is not differentiable at x = 0 when p = 1. 
Now, let p = 2. Therefore 


hm /( 0 + ^)-/(°)_ pm 


.2 1 

h cos — 


h —> 0 


/i-> o h 


h-> 0 


= lim h cos — = 0 


h 


So /'(0) exists when p = 2. Hence minimum value of p 
is 2. 


Answer: 2 


10. Let 


/O) = • 


71 

cos — (1 —x + [x]) 
sin^(x-[x]) 


if x > 0 and [x] is even 
if x > 0 and [x] is odd 


where [■] denotes the integral part of x. In the inter¬ 
val (0,5), if 777 is the number of points of discontinu¬ 
ity of / and 77 is the number of points where / is 
differentiable, then m + n equals_ 


jx p cos(l/x), x^0 
]0, x = 0 


9. Let /(x) 
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Solution: We have 


Therefore 



cos —(1-x) 
4 7 

if 0 < x < 1 


lim «*>-/<“> = ± _ 




*-> a x — a 


sin —(x-1) 
4 v ' 

if 1 < x<2 

When a = 0 


/(*) = ' 

cos —(3-x) 

if 2 < x<3 

lim 

f(x) -/(«)_ lim /(*)- 0 


4 


x —» a 

x-a x^> 0 x-0 


sin —(x-3) 
4 v 7 

if 3 < x < 4 


= lim 0 or lim x 

0 0 


cos —(5-x) 
4 

4 < x < 5 

In any case 






lim /«-/<») =0 
x-> 0 x-0 

Clearly/is discontinuous at x = 

1 and 3 and / is continu- 



ous at x = 2,4. Also 


/'(2 - 0) = - cos-(2 -1) = -4= 
V ^ 4 4 V 2 472 


Therefore /'(0) exists and is equal to 0. 


Answer: 1 


and r(2 + 0) = -^]sin^(3-2) = ^= 

Therefore / is differentiable at x = 2. Similarly / is differ¬ 
entiable at x = 4. Hence m = 2 and n = 2. 


Note: The result is same if 

x 2 if x 
0 if x 


/(*) = 


is rational 
is irrational 


Answer: 4 


L* ^ QUICK LOOK 


In (0, °°), / is continuous and differentiable at even 
integers and not continuous and not differentiable at 
odd numbers. 


12. In the open interval (-2, 2), the number of points 
at which /(x)=[x 2 -1] ([■] denotes integral part) is 


Solution: First observe that —1 < jc 2 — 1 < 3 for 
-2 < x < 2 and also x 2 -1 assumes integer values at 
x = - yf2, —1, 0,1, V2 and V3. Now, we write explicit 

form of/(x). 


11. Let /(x) 



if x is rational 
if x is irrational 


Then, the number of points at which/is differentia¬ 
ble is_. 

Solution: Let a ^0. Now 


f(x)-f(a) 


0 — a 


x — a 

n 


if x is rational and a is irrational 


if x irrational and a is rational 


x—a 



2 

if — 2<x<—V3 

because 2 < x 2 — 1 < 3 

1 

Hi 

1 

A 

X 

IA 

1 

4 

because 1 < x 2 — 1 < 2 

0 

1 

4 

A 

k 

IA 

1 

because 0 < x 2 — 1 < 1 

-1 

if -1 < x < 0 

because —l<x 2 —1<0 

-1 

if 0 < x < 1 

because —l<x 2 —1<0 

0 

if 1 < x < V2 

because 0 < x 2 — 1 < 1 

1 

if V2 < x < V3 

because 1 < x 2 -1 < 2 

2 

if y/3 < x < 2 

because 2 < x 2 — 1 < 3 


From the above, we can see that / is continuous at x = 0 
and at other 6 points/is discontinuous. 

Advice: The reader can draw the graph and check it. 

Answer: 6 
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Summary 


SUMMARY 


2.1 Derivative: Suppose f :[a, b\—> IR is a function 


and a < c < b. If lim ^ ^ 

x—>c x — c 


exists, then we say 


that/is differentiable at “c” and this limit is denoted 
by f'(c) derivative or differential coefficient at c. 
If we write y = /(x), then /'(c) is also denoted by 
( dyldx ) x=c . If /is differentiable at each point of (a, 
b) then we say that/is differentiable in ( a , b) and 
/'(x) or ( dyldx ) is called derivative or derived func¬ 
tion of /(x). 


\ QUICK LOOK 


f (x\ — f(.c) 

lim ; — - - exists and is equivalent to 

x—ic X — C 


lim 

/!->0 


f(c + h)-f(c) 
h 


2. The converse of Theorem 2.3 is not true; for ex¬ 
ample, take /(x) = | x | at c = 0. 

3. The function / : ffi. —> K defined by 

/M = X^ cos ( 3 ''X> 

«=o ^ 

is continuous for all real x, but not differentiable 
at any x e R. 

2.4 Suppose / and g are differentiable at c, and A and ju 
be any two real numbers. Then 

(i) Af + jJ.g is differentiable at c and 

(A/ + //g)'(c) = A/'(c) + A*g'(c) 

(ii) fg is differentiable at c and 

(. fg)'(c) = r(c)g(c) + g'(c)f(c ) 

(Ui) If g(c) ^ 0, then fig is differentiable at c and 


2.2 Left and Right Derivatives: f is defined on [a, b] 
and a <c <b. 

f(c — h) — f(c) 

(i) If lim —-- —exists, then this limit is 

li—>0 -h 

h> 0 

called the left derivative of/at c and is denoted 

by f’{c- 0). 

.... T£ I' /(C + /l) “ /(c) • . ...... 

(u) If lim —-- —exists, then this limit is 

/j—> o h 

h> 0 

called the right derivative of/at c and is denoted 
by f\c + 0). 


QUICK LOOK 


f(c + h) — f(c) 

1. lim- - - (without mentioning h > 0, i.e., 

h > 0 or h < 0) then this limit is f'(c). 

2. /'(c) exists <=>/'(c- 0) and /'(c + 0) exist and are 
equal. 


f\ (c) f'(c)g(c)-g'(c)f(c) 

S) (g(c)) 2 

2.5 Differentiation of a Function or Chain Rule: If/is 

differentiable at c and g is differentiable at/(c), then 
g ° / is differentiable at c and 

(g°/)'(c)-g'(/(c))/'(c) 

Note: If y = g(u) where it = /(x), then 

dy ^ _ ( dg ^ f du \ 

dx J x =c v du )u=f^ c j v dx ) x =c 

2.6 Caratheodory Theorem: Suppose / : [a, b\ —> R is a 
function and c e (a, b). Then / is differentiable at c 
if and only if 

(i) /is continuous at c. 

(ii) There exists a function g : [a, b] —> R such that 
g is continuous at c and /(x) - /(c) = (x - c) 
g(x) for all x e [a, b\. In this case /'(c) = g(c). 


2.3 If /: [a, b] -» R is differentiable at c e (a, b ), then / 
is continuous at c. 

Note: 

1. /is differentiable at the end points a and b means 
f(a + 0) and f\b - 0) exist. 


Example 

If /(x) = x 3 , x e K and a is a real number then the func¬ 
tion g(x) in the above theorem is g(x) = x 2 +ax + a 2 . 


2.7 Differentiability of 1/f: Suppose /: [«. b] —> R 
and /(x) ^ 0 V x e [a, b\. Let c e ( a , b ) and suppose 
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/is differentiable at c. Then the function g = Vf is 
differentiable at c and 


8\c) 


(. f(c )) 2 


2.8 Suppose / : [a, b\ —> [c, d] is a bijection and g = / _1 . 
If/is differentiable at x 0 e(a, b) and f'(x 0 )^ 0, 
and g is continuous at /(* 0 ), then g is differentiable 
at /(* 0 ) and 

g'ifi* o))= / . 

/ (*o) 


Note: If y = f (x) is a bijection and is differentiable, 
then x = f- 1 (y) is differentiable and 


(rVoo 


i 

dy/dx 


which we denote by dx/dy so that 


= /'W(r 1 )'(y) = 1 

a* dy 

It is in this context that we write dx/dy for 1 /(dy/dx). 


2.9 Increasing and Decreasing Functions: Let A be a 
subset of R and / : A —> R be a function. Then 


(i) / is called increasing or monotonically increas¬ 
ing if /( x) < /(y) whenever x < y and x,ye A. 
If f(x) < f(y) whenever x < y, then / is called 
strictly increasing 

(ii) / is called decreasing or monotonically de¬ 
creasing if f(x) > f(y) whenever x < y. If 
f(x) > f(y) whenever x < y, then / is called 
strictly decreasing. 


2.10 Suppose /:[«, b]— >R is continues and strictly 
increasing. Write a = f(a ) and f} = f(b ) so that 
/ _1 exists, is continuous and strictly increasing 
on [a, ft]. If a < c < b, /is differentiable at c and 
f\c) -t- 0, then / 1 is differentiable at/(c) and 




1 

W) 


Note: 

(i) The above result is valid if/is continuous and 
strictly decreasing. 

(H) The above result is not valid if /'(c) = 0. For 
example, take /( x) = x 3 and c = 0, so that 
/ 1 (x) = yjx , In this case / is not differen¬ 
tiable at c = 0. 


2.11 List of derivatives of some standard functions: 


S.No. 

Function 

Derivative 

1. 

x a (x > 0 and a is real) 

a *"” 1 

2. 

log x (x^0) 

1 



X 

3. 

a x (a > 0, x is real) 

a x log e a 

4. 

e* 

e? 

5. 

sin x 

cos X 

6 . 

cos X 

-sinx 

7 

tan* ^jc^(2n + l)^,neZj 

| sec 2 * 

8. 

cot x ( x ^ nn, n e Z) 

-cosec 2 * 

9. 

sec x ^x^ (2 n + 1) ^ , n e ZJ 

sec * tan * 

10. 

cosec x (x nn, n e Z) 

-cosec * cot * 

11. 

Sin -1 a: (-1 < x < 1) 

1 

v/l-* 2 

12. 

Cos” 1 * (-1 < * < 1) 

-1 


Vi -* 2 

13. 

Tan” 1 * (* e R) 

1 



1 + * 2 


(Continued) 
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S.No. 


14. 


15. 


16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 

23. 

24. 

25. 

26. 

27 

28. 


Function 


Derivative 


Cot l x(xe\ 


Sec l x(x < -1 or x > 1) 


Cosec 1 x 


sinful = 


X —X \ 

e - e 


2 

cosh x 
tanh x 
coth x 
sech x 
cosech x 
Sinh -1 * 

CoslC 1 x 

TanfC 1 * 

Coth 

Sech _1 x (0 < x < 1) 
CosecIT 1 * 


-1 

1 + x 2 


-1 


xslx 2 -1 
1 


xsjx 2 -1 
1 


X < -1 


X > 1 


<c\slx 2 -1 
-1 


\x > 1 


r| \lx 2 —1 


, hr > 1 


cosh x\ - 


e + e 


-X ^ 


2 / 

sinh x 
sech 2 x 

- cosech 2 x 

- sech x tanh x 

- cosech x coth x 

1 


sll + x 2 


1 


^/7“L 

1 


1 


l-x z 

-1 


x\l — x 2 
1 


civr 


xK/l + x 


Special Methods of Differentiation 

2.12 Substitution Method or Chain Rule or Com¬ 
posite Function: If y is a function of u and u is 
function of x, then 

dy dy du 
dx du dx 


That is, y = g{f(x)) = g(u ) where u =/(x).This implies 


dy 

dx 


g\u)u\x) 


dy du 
du dx 
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2.13 Logarithmic Differentiation 

(i) If h{x) = (f(x)) g( ' x) where /(x) is a positive 
function then 

log/t(x) = g(x)log/(x) 

Hence differentiating w.r.t. x, we have 

j^-hfx) = g'(x)log/(x) + 
h(x) f(x) 

so that we can obtain h'(x). 

(ii) If h(x) = f (x)/ 2 ( x) ■ ■ ■ /„ 0) where f (x) > 0 , 
then take logarithms on both sides and differ¬ 
entiate both sides w.r.t. x. 

2.14 Parametric Differentiation: Suppose x and y are 

functions of a parameter t, say x=f(t) and y = g(t) in 
any interval. Further assume that/is invertible and 
f g,f 1 are differentiable in their relevant intervals. 
Then to find dy/dx, we proceed as follows: 

y = git)= g(/~ 1 w )=(g ° r 1 ) w 


so that 

^=g'(r 1 (x)xr 1 y(x) 

dx 

dy dx 
dt dt 
g\t) 

m 

2.15 Implicit Function: Suppose y is a function of x 
which is not explicitly in terms of x, but x and y are 
connected through a relation F(x, y) = 0. Then by 
differentiating the equation F(x, y) = 0 w.r.t. x, we 
can find dy/dx. 

2.16 Differentiation of a Function w.r.t. Another Func¬ 
tion: Suppose u = f{x) and v = g(x). Then 

du du dv f\x) 
dv dx dx gfx) 


EXERCISES 


Single Correct Choice Type Questions 

1. In the interval [0, 3], the number of points at which 
the function [x 2 ] sin nx ([■] is the usual integral part) 
is discontinuous are 

(A) 4 (B) 5 

(C) 6 (D) 8 

2. If fix) = — —then /'(0) equals 

e +1 

(A) 1 (B) 2 

(C) 1/4 (D) 1/2 

3. If /(x) = Tan _1 f ——1, then f\nl2) is 

\3 + 5cosxy 

(A) 4/5 (B) 2/5 

(C) 3/5 (D) 1 

4. If y = cos(x + y), then dy/dx = 


(A) 

sin(x + y) 

(B) 

-sin(x + y) 

l + sin(x + y) 

l + sin(x + y) 

(C) 

cos(x + y) 

(D) 

-cos(x + y) 

l + cos(x + y) 

l + cos(x + y) 


5. If y = log 


1 + xfl + 


,.2 


+ X 2 ) 


a-W2 

x = 0, dy/dx = 

(A) 4' 

(C) 2V2 


6. If cos(.ry) = x, then dy/dx = 
l + ysin(xy)' 


+ 2Tan 


1 x 


V2 


1-x 2 J 


then at 


(B) 4V2 
(D) 2 


(A) - 
(C) - 


xsin(xy) 

1+ ysin(xy)^ 
sin(xy) 


(B) 


l + ysin(xy) 


(D) - 


x sin xv 
/ l + sin(xy) N ' 


x sin(xy) 


7. If x = a cos' t, y = bsin 3 1, then at the point 
a a 


2V2’2V2 

(A) b/a 
(C) alb 


, dy/dx = 


(B) -b/a 
(D) -alb 


8 . If a function/(x) is continuous,/(l) > 0 and satisfies 
the relation /(x) < f(y) whenever x < y for all positive 
x and y, then /(x) has 

(A) exactly one root (B) exactly two roots 

(C) more than two roots (D) no roots 
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9. Let f(x) = Maxjx 3 , x 4 } for -1 < x < 1. Then /(x) 

(A) is differentiable at x = 0 

(B) is not differentiable at x = 0 

(C) has exactly one point of discontinuity 

(D) has exactly two points of non-differentiability 


10. Consider the following two statements: 

P: If /(x) is differential at x = a and g(x) is not differ¬ 
entiable at j <c = a, then f(x) + g(x) is differentiable at 
x = a. 

Q:If f(x) and g(x) are not differentiable at x = a , then 
f(x) + g(x) is not differentiable at x = a. 

(A) both P at Q are true 

(B) both P at Q are false 

(C) P is true and Q is false 

(D) P is false and Q is true 

11. If y 2 = 2xy, then y'" is 

(A) 0 (B) X + y 

x-y 

(C) x/y (D) y/x 

12. If x = ucos2t, y = hsin 2 1, then at (-a, b), d 2 y/dx 2 is 
equal to 

(A) 1 (B) 1/2 

(C) 0 (D) 1A/2 

13. If Xyjl+y+ vVl + x = 0 (x, y > -1), then ( —] is 

V dx ) x= i 

(A) 1/4 (B) -1/4 

(C) 1/2 (D) -1/2 

14. If x 2 +y 2 = 1, then 

(A) yy" — 2(y') 2 +1 = 0 (B) yy" + (y') 2 +1 = 0 

(C ) yy" — (y') 2 — 1 = 0 (D) y/'+2(/) 2 +l = 0 


15. Let f(x) and g(x) be twice differentiable functions 
such that f'(x)g'(x) -c. If h(x) = /(x)g(x), then h"lh 
is equal to 


(A) 

(C) 


f" g” 2c 
— + — + — 

f 8 fg 

f" g" c 

— + — + — 

f 8 fg 


(B) 

(D) 


ll+sl 

f g 

r + £ 

f g 


- 2c 


- c 


16. If f(x) = log 2 (logx), then f\e) is equal to 
(A) 0 " (B) 1 

(C) 1/e (D) l/2e 


17. Let y = e x (ucosx+ hsinx), then y" + my' + ny = 0 
where m + n value is 


(A) 1 
(C) -2 

18. If y = Tan 

(A) 1 
(C) log 2 


-1 


i+2 x+1 ; 


(B) 4 
(D) 0 

, then ( —1 is 
\dx ) x= o 

(B) 2 

(D) ^log2 


19. Ifx = 4fand y = 2 1 2 , then — T at x = l/2 is 

dx 2 


(A) 1/2 
(C) 2 

20. If x = Cos 


-l 


is equal to 
(A) 1 
(C) 0 

21. If y = Tan 


yjl + t 2 


(B) 1/4 
(D) 4 

and y = Sin -1 


vr 


+ r 


-i 


x-Jx 

ITT 71 


(B) Tan- 1 ! 
(D) 7rl2 

, then [— 


(A) -1/4 
(C) 1/4 


(B) -1/2 
(D) 1/2 


then — 
dx 


f-] is 

\dx) x= i 


22. If 


-l 


/0) = Tan 
+ Tan 


1 


x + x +1 

-i 1 


- + Tan -1 - 


1 


x + 3x + 3 


- + • 


x“ +Sx+1 
upto 10 terms, then /'(1) is equal to 
(A) 30/61 (B) -30/61 

(C) 40/61 (D) -40/61 

23. If y = -——-r, then — — is equal to 
1+x 4 dx dy 


(A) 1 

(C) does not exist 


(B) *y 

(D) 


24. The number of points at which the function 
f(x) = Min{ |x|, \x - 2\ , 2 - \x -1| J is not differential is 

(A) 2 (B) 3 

(C) 4 (D) 5 

25. If f(l±2y\ = fW + 2 f(y) for all x?ye R and 


3 J 3 

/'(0) = 1, then /'(1) is equal to 
(A) 1 (B) 0 

(C) 2 (D) -1 
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Multiple Correct Choice Type Questions 

1. Which of the following are correct? 

(A) If x m y n =(x + y) m+n , then x^ =y 

dx 

(B) If y = xtan(x/2), then — = x + S * nx 

dx 1 + cos x 


(C) If f{x) 


5e Vx +2 


3 — e 

0, 


Vx 


x ^ 0 
x = 0 


then f(x) is differential at x = 0 
(D) If 

[-2, -3 < x < 0 

/(*) = 


[x - 2, 0 < x < 3 

and g(x) = /(|x|)+|/(x)| 

then the number of points at which g is not 
differential for - 3 < x < 3 is two. 

2. Which of the following functions are continuous at 
the specified points? 


(A) fix) = 


2 1 

x sin—, x^O 


at x = 0 


0, 


x ^ 0 


\ V log(2 + x)-x 2 "sinx 
(B) j(x)=lim— 2 - —xz - atx=l 


2n 


(C) /(x) = 


e llx — 1 


e llx + l’ 


1, 


1+ x 
x ^ 0 
x ^ 0 


(D) If fix) = lim 


at x = 0 


cos nx - x sin(x -1) 
l + x 2 ” +1 -x 2n 


then/is 


continuous at x = 1 

3. Which of the following are true? 

-i . du . sec 2 (Sin“ 1 x) 

(A) If u- tan(Sin x ), then — is - p • 

dx Vl-x 2 

(B) The derivative of x Cos Y w.r.t. xis 


^Cos x 


Cos 1 x 


logf 


where 0 < x < 1 


(C) If y = Tan 1 Vl + x, then — atx = 0is — 

dx 4 

(D) The function [x] + ^/x-[x] where [x] is the 
integral part of x is continuous at all integers 
which are positive. 


4. Let /(x) = — tan — + ^-tan ^ tan ^-+ • 


2 2 2 


Then 


(A) fix) = - - cot x (B) fix) = x-tanx 

x 


(C) /(!) = 1 + tan^ + lJ (D) /'(l) =-1 +cosec 2 ! 


5. Which of the following are not true? 

(A) Every continuous function defined on an open 
interval is bounded. 

(B) If the function is differentiable at a point then 
its derivative is continuous at that point. 

(C) The function /(x) = v/x 2 " is continuous for all 
real x and is not differentiable at x = 0. 

(D) If a function is differentiable at infinite number 
of points, then it should not have infinite num¬ 
ber of points of discontinuity. 

6 . Let y = Sin 1 [ — Then — is equal to 

Vl + x 2 J dx 

(A) —- for all x 

1 + X 

(B) for |*| >1 

(C) does not exist at x = ±1 

(D) -Ay for -1 < x< 1 
1 + x 2 


7. If fix) = x 3 + x 2 /'(l) + xf"i2) + /"'(3) for all real x, 
then 


(A) fil) - -5 
(C) f'"i 3) = 6 


(B) T(2) = 2 
(D) /(0) = 6 


8 . Let fix) = 


Then 


[tan 2 x] -1 


tarn x —1 


if x i^nn± — 


if x = nn ± — 
4 


(A) fix) is discontinuous at x = — 


n 


(B) fix) is continuous at x = — 


n 


(C) / is not differentiable at x = — 


(D) /is discontinuous at x = (2n + 1) —, n e Z 


9. Let / : K —> K. be a function satisfying the following 
relations: 

(i) /(x + y) = /(x)/(y) V x,y e R 

(ii) fix) = 1 + xg(x) where lim g(x) = 1 

.v^O 
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Then 

(A) /(x) is continuous for all real x 

(B) /( x) is differentiable for all real x 

(C) lim f(x) = 1 

x->0 

(D) lim f(x) = 0 

X— 

[Hint: If Q'(x ) = Q(x) , then Q(x) = Ke*.\ 

10. Let / : R —> R be a function satisfying the following 
conditions: 


w /[r±r±ij = /w±/tr)±M forall 

x, y, z e R 

(ii) /(0) = 3 and /'(0) = 3 
Then 

(A) the graph of y = f(x) is a straight line 

(B) the graph of y = f(x) is represented by the equa¬ 
tion x 2 +y 2 =9 

(C) f(x) is unbounded 

(D) f(x) is differentiable for all x in R 


Matrix-Match Type Questions 

In each of the following questions, statements are given 
in two columns, which have to be matched. The state¬ 
ments in column I are labeled as (A), (B), (C) and (D), 
while those in column II are labeled as (p), (q), (r), (s) 
and (t). Any given statement in column I can have cor¬ 
rect matching with one or more statements in column II. 
The appropriate bubbles corresponding to the answers 
to these questions have to be darkened as illustrated in 
the following example. 

Example: If the correct matches are (A) —> (p), (s), (B) —> 
(q), (s), (t), (C) —»(r), (D) —» (r), (t), that is if the matches 
are (A) -4(p) and (s); (B) -4(q), (s) and (t); (C) -4 (r); 
and(D)—»(r), then the correct darkening of bubbles 
will look as follows: 


A 

B 

C 

D 


p q r s t 


■ 

o 

o 

mi 

o 

o 

I 

o 


i 

o 

o 


6 

o 

o 

o 

rfttit 

o 

I 


1. In Column I, functions are given and in Column II their 
corresponding derivatives are given. Match them. 


Column I 


Column II 


/ a \ i I X 

(A) log tan | -+- 


(p) — sinlogfx 4 ) 

X 


(B) 

(C) 


sin 2 (log x 2 ) 


log 


VT 

.VI 


+ X" + X 


+ X —X 


1/2 


(q) 


2y 

\lx 2 +1 


(r) secx 


2. Match the items of Column I with those of Column II. 


Column I 

(A) f(x) = [x] where [•] is the 
integral part and 

[ 0 if x is an integer 

g(x) = I —~- 

[x if x is not an integer 

then (/°g)(x) is continuous at x = 

n x 2 sin- ifx^O 

(B) /(x)j * _ 

[0 if x = 0 


Column II 

(P) 1 


(q) 1/2 


Then/is continuous and 
differentiable at x = 


(C) The function (r) 3/2 

lim [1*] + [2x] + [3x] + • • • + [nx\ 
n 

(where [•] has the usual meaning) is 
differentiable at x = 


(D) f{x) 


\l x if -1 < x < 1 

[3-x if l<x<2 


(s) 3 


Then/is continuous and 
differentiable at x = 


(t) 0 


3. Let 



fix) = • 


2x 2 



3-x, 


0 < x < 1 

1 < x < 2 

2 < x < 3 


(D) (x+ Vx 2 +1) 2 


(s) 


1 

Vl + x 2 


In the interval (0, 3), match the items of Column I 
with those in Column II. 
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Column I 

Column II 

(A) /is discontinuous at x = 

(P) 1 

(B) /is differentiable at x = 

(q) 1/2 

(C) /' is continuous at x = 

(r) 3/2 

(D) /' does not exist at x = 

(s) 2 


4. Match the functions in Column I with the properties 
given in Column II. 


Column I 

Column II 

(A) x x 

(p) Continuous in (-1,1) 

(B) #1 

(q) Differentiable in (-1,1) 

(C) x + [x] 

(r) Derivative is positive in (-1,1) 

(D) x-l+x + 1 

(s) Not differentiable at least at 


one point in (-1,1) 


Comprehension-Type Questions 

1. Passage: Let / be a function defined in a neighbour¬ 
hood of a e R. Then 

(a) / is continuous at a if and only if left limit at a 
[denoted by f(a - 0)] = Right limit at a [denoted 
by f(a + 0) =/(«)] 

(b) /is differentiable at a if and only if 

Left derivative f'(a — 0) = Right derivative f\a + 0) 
Answer the following questions 

(i) If f(x) = cos^[x] - x 3 j for 1 < x < 2 where [x\ 
is the integral part of x, then 


(B) /' 

(C) /' 


7 n' 

1/3 ^ 



Y *) 

1/3 N 


/ 

'(*) 

1/3 N 


/ 


exists and is equal to 0 
exists and is equal to -1 

does not exist 


1/3 


(D) at J , the left derivative exists, but the 

right derivative does not exist 
(ii) Which of the following is not true? 

(A) If /(x) and g(x) are differentiable at x = a, 
then their sum /(x) + g(x) is differentiable 
at x = a. 

(B) If f(x) and g(x) are not differential at x = a, 
then their sum is not differentiable at 


x = a. 


(C) If /(*) = 


smx 


x ^ 0 
x = 0 


and 


g(x) = 


smx 


2 , 


x ^ 0 
x = 0 


then f(x)g(x) is continuous at x = 0. 

(D) If a function is differentiable for all real x 
and /(0) = f\ 0) = 0, then /(x) need not 
be zero for all real x. 

(iii) Let /(x) = [x] + jx-[x] where [x] denotes the 
integer part of x. Then 

(A) /is continuous at all integers 

(B) /is discontinues at all integers 

(C) / is a discontinues at x = 0 

(D) /is a bounded function 


2. Passage: Let /(x) be a function defined in a neigh¬ 
bourhood of ae R. Then 
(a) /is continuous at a if and only if 

lim f{a — h) = f(a ) = lim f(a + h) 

/z—>0 /z —> 0 

h >0 h >0 


(b) /is differentiable at a if and only if 
lim f(a-h)-f(a) = Hm f(a + h) — f(a) 


a—> o 

h> 0 


-h 


h^0 
h> 0 


.. f(a + h)~ f(a) . 

or hm —-- —exists finitely. 

/i->o h 


Answer the following questions. 


(i) If a function is differentiable at a point x = a, then 
its derivative is continuous at x = a. An example 
of a function contradicting this statement is 

(A) /(x) = x 3 VxgR 


(B) 




0, 


x ^ 0 


x = 0 


(C) /(*) = 

(D) /(x) = 


J-x 2 if x < 0 

[x 2 if x > 0 

|l + x 2 if 0 < x < 1 
|2x ifl<x<2 
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(ii) Let f(x) > 0 be a function defined for all x > 0 
and differentiable for x > 0. Suppose 

, , (7u+( i/»)) f 

sW= i”(— 

Then g(x) 

(A) has infinitely many points of discontinuities 

(B) is discontinuous at x = 0 

(C) is not differentiable at x = 1 

(D) is continuous and differentiable for all x > 0 

[Hint: Show that g(x) = e? j 

(iii) Let 


/(*) = 


2(x-x 3 ) + 

x —x 3 | 

2(x —x 3 ) — 

x —x 3 | 


if x ^ 0,1 


if x = 0 


if x = 1 


Then the number of points at which/is discon¬ 
tinuous is 


(A) 0 
(C) 2 


(B) 1 

(D) infinitely many 


Let /(x) = e smx + (tan x ) x . Answer the following 
questions. 

(i) f'y— j * s ec l ua l t0 


(A) 


„lA/2 


+ 1 ( B ) e v ^j2~- 
72 2 K ' 2 


(C) ^ (D) ^7^ 

®''(!) is 

(A) le 51 ' 2 + (73)' /3 (\ogtan^ + ^j 


(B) I e ^ +( ^)V3 


log 73- 


4 K 
3>/3 


(C) L’S‘ ! + (V3)'S[l08V3 + ||] 


(D) I e V3/2 + (V 3 ) V3 
2 


log 73 - 


4 n 

373 


(iii) f |^| equals 



Assertion-Reasoning Type Questions 

In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 

(A) Both Statements I and II are true and Statement II 
is a correct explanation for Statement I. 

(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I. 

(C) Statement I is true and Statement II is false. 

(D) Statement I is false and Statement II is true. 

1. Statement I: The function 


f(x) = 


. 1 

xsin—, 
x 

0, 


x ^ 0 


x = 0 


2. Statement I: f(x) = x 2 is a differentiable function for 
all x e R . 

Statement II: Every continuous function defined on a 
closed interval is differentiable. 


3. Statement I: /(x) 
entiable at x = 2. 


Jl + x, 
[3-x, 


1 < x < 2 

is not differ- 

2 < x < 3 


Statement II: If a function is discontinuous at point, 
then the function is not differentiable at that point. 


4. Statement I: /(x) = 


(l + |sinx|) fl 
b, 


n n 

6 

x = 0 


^tan2^/tan3x 


a 71 

0 < x < — 
6 


is differentiable at x = 0. 

Statement II: cos x is differentiable for all x. 
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If /(x) is to be continuous at x = 0, then a = 2/3 and 
b = e m . 

Statement II: A function is continuous at a point if 
and only if the left and right limits at that point exist 
and are equal as well as are equal to functional value 
at that point. 


5. Statement I: If both functions /(x) and g(x) are not 
differentiable at x = a, then the function fix) + g(x) 
may be differentiable at x = a. 

Statement II: /(x) = [x] (integral part of x) and g(x) = 
x - [jc] are not differentiable at any integer, but f(x) + 
g(x) is differentiable at all real x. 


Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2,4,6 are to be darkened. 


4. Let /(x) = 


ax" -ax + b, x < 1 


x-1, 


l<x<3 


cx z +dx+ 2, x > 3 


be continuous for all x, then b - ( d! c ) is equal to 


X Y Z W 



© 

© 

© 

© 

© 

© 

© 

© 

m 

© 

© 

© 

© 

© 

© 

© 

• 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 


1 . Consider the function y = fix) defined parametrically 
by x = 2t — 1?|, y = t 2 + 1 |f|, t e K. Then in the interval 
—1 < x < 1, the number of points at which /(x) is not 
differentiable is_. 


5. Let /(x) = 


for x < 0 
for 0 < x < 1 

for x > 1 


x 

The number of points at which / is not differentiable 
is_. 


6 . Let f(x) = 


-x, 

2 


x < 0 
0 < x < 1 


X 3 —X + l, X>1 


The number of points at which/is continuous but not 
differentiable is_. 


7. In the interval (0, ri), the number of points at 
which the function integral part of sinx + cosx is 
not continuous is_. 


2. The function Ifx is not differentiable at x = 

3. The function 



x ^ 0 


0, x = 0 

is twice differentiable, but second derivative is not 
continuous if p equals_. 


8 . Let m be the value of the left derivative at x = 2 of the 
function /(x) = [x]sin(;rx) ([] is the usual symbol), 
then [ m\ is equal to_. 


T ,■/ x .• [1 2 x] + [2 2 x] + —h[;z 2 xl , r , 

9. Let /(x) = lim ---—--^- - -- where 

if 

denotes integer part, then 3(/(l) +/'(!)) is_. 


10. If /(x) = (e x -e x )cosx-2x, then /(0) + /'(0) is 


1. (C) 

2. (D) 


ANSWERS 


3. (A) 

4. (B) 
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5. (B) 

6 . (A) 

7. (B) 

8. (D) 

9. (A) 

10. (B) 

11. (A) 

12. (C) 

13. (B) 

14. (B) 

15. (A) 

16. (D) 

17. (D) 

18. (D) 

19. (B) 

20. (A) 

21. (C) 

22. (B) 

23. (A) 

24. (D) 

25. (A) 

Multiple Correct Choice Type Questions 

1. (A), (B), (D) 

2. (A), (D) 

3. (A), (B), (C), (D) 

4. (A), (B), (D) 

5. (A), (b), (D) 

6. (B), (C), (D) 

7. (A), (B), (C), (D) 

8. (A), (C), (D) 

9. (A), (B), (D) 

10. (A), (C), (D) 


Matrix-Match Type Questions 

1. (A) -> (r); (B) -> (p); (C) -> (s); (D) -> (q) 

2. (A) -> (t); (B) -> (t); (C) -> (p),(q), (r), (s), (t); 
(D) -» (p), (q), (r), (t) 

3. (A) -> (s); (B) -> (p), (q), (r); (C) —> (p), (q), (r); 
(D) —> (s) 

4. (A) -> (p), (q); (B) -> (p), (s); (C) —> (r), (s); 

(D) -»(p), (q) 

Comprehension Type Questions 

1. (i) (A); (ii) (B); (iii) (A) 

2. (i) (B); (ii) (D); (iii) (C) 

3. (i) (A); (ii) (B); (iii) (A) 

Assertion-Reasoning Type Questions 

1. (B) 

2. (C) 

3. (A) 

4. (A) 

5. (A) 

Integer Answer Type Questions 

1. o 

2 . 0 

3. 3 

4. 3 

5. 2 

6 . 1 

7. 3 

8. 3 

9. 2 
10 . 0 




Applications of 
Differentiation 



c 

o 


cd 



Qh 

Oh 

< 


Contents 

3.1 Tangents and Normals 

3.2 Rate Measure 

3.3 Mean Value Theorems 

3.4 Maxima-Minima 

3.5 Convexity, Concavity 
and Points of Inflection 

3.6 Cauchy’s Mean Value 
Theorem and 

L’Hospital’s Rule 


Worked-Out Problems 

Summary 

Exercises 

Answers 


Differentiation is all about 
finding rates of change of 
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Chapter 3 I Applications of Differentiation 


The concept of a line tangent to a circle was introduced by ancient Greeks who used the same to some special curves. 
Greeks’ concept of a tangent to a circle is as follows: A line having just one point lying on a circle and all its other points 
outside the circle is considered to be a tangent. This concept worked well in deriving many properties of tangent lines 
to a circle. However, it faced rough weather when extending it for more general curves where a tangent line to a curve 
at a point may intersect the curve at some more points. At this juncture people used the derivative to describe tangent 
and felt that this is far more satisfactory. 

In this chapter we will discuss the geometric meaning of the derivative and study tangents and normals to curves. 
Further we will study the Mean Value Theorems, Maxima-Minima, Increasing and Decreasing functions, and 
L'Hospital’s Rule which determine the limits of indeterminate forms. 


3.1 Tangents and Normals 

In this section, we describe a tangent to a curve represented by a differentiable function y=f(x ) and obtain the equa¬ 
tions of tangents and normal. First, we begin with the following definition. 

DEFINITION 3.1 Tangentto a Curve Let P be a fixed point on a curve and Q be a neighbouring point to P on 
the curve. As Q approaches point P along the curve, suppose the chord QP approaches a fixed 
line and finally coincides with the fixed line when Q coincides with P. Then this fixed line is 
called the tangent to the curve at the point P. (See Fig. 3.1.) 



FIGURE 3.1 Definition 3.1. 

3.1.1 Geometric Meaning of the Derivative 

Suppose y = f(x) is a differentiable function. Consider Fig. 3.2. On the curve y = /(x), let P(a,f(a )) and Q(a + h, 
f(a + h)) be two points. Draw PM and QN perpendicular to x-axis. Also draw PR perpendicular to QN. Suppose the 
tangent at P and the line QP make angles 6 and (ft. respectively, with the positive direction of the x-axis. Since PR is 
parallel to x-axis, we have that ZRPQ is equal to (ft. Hence Q — > P along the curve, the chord QP approaches the tan¬ 
gent PT at P so that (ft —> 6 as Q —> P. 



FIGURE 3.2 Geometric meaning of the derivative. 
Assume that chord QP is not vertical. Now from the right-angled triangle PQR, 

_QR = fia 1 k)- m 
Y PR h 
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3.1 I Tangents and Normals 


Q —» P along the curve implies that h —> 0. Therefore 

tan 9 = lim tan </> 

= Um f(a + h)-f{a) 
h-t 0 h 

= /'(«) 

Thus f\a) is the slope of the tangent at P(a,f(a)). 

Note: 

1. f'{a) = 0 The tangent at ( a,f(a )) is horizontal. 

2. |/'(a)| = oo <=> The tangent at ( a,f(a )) is vertical. 

3. The equation of the tangent at P(a,f(a )) is 

y-f{a) = f{a){x-a) 

4. The equation of the tangent to the curve y =f(x ) at a point (x v y 1 ) is 


or 


y-y\ = /'(*i)(*-*t) 

\dx) x=H 


DEFINITION 3.2 Normal Let P be a point on a curve y = f(x), where /(x) is differentiable. The line perpen¬ 
dicular to the tangent at P and passing through P is called normal to the curve at P. 


Note: 


1. The slope of the normal at P(x v y 1 ) is 


2. Equation to the normal at P(x 1 ,y 1 ) is 


-1 -1 f dx \ 

f\x 1 )~(dy\ ~ {dyj x=M 

V dx / t=X| 


y-y i 


-l 

f'( x i) 


(x-Xi) 


DEFINITION 3.3 Angle of Intersection of Curves Let C 1 and C 2 be two curves and P be their point of intersec¬ 
tion. Then the angle between the tangents drawn to the curves at P is called angle of intersec¬ 
tion of Cj and C 2 . If the angle of intersection is a right angle, then the two curves are said to cut 
each other orthogonally at P. 

Note: Let y = f (x) and y = g(x) be two differentiable functions. Let C l and C 2 be the corresponding curves. Let P(x v yf) 
be a common point of C, and C 2 and m 1 = f'(x ] ),m 2 = g'ix^. If 0 is the angle of intersection of C x and C 2 at P, then 


1 + 010112 

2. Cj and C 2 cut orthogonally at (x } , y,) o myrh = -1 

3. Cj and C\ touch each other at E <=> m x = ni 2 

DEFINITION 3.4 Let P be a point on C represented by a differentiable function y = f(x) (Fig. 3.3). Let the 
tangent and normal to the curve at P meet the x-axis in T and N, respectively. Draw PG 
perpendicular to the x-axis. Then PT, PN, TG, and GN are, respectively, called the lengths 
of tangent, the normal, the sub-tangent and the sub-normal at P. 
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Theorem 3.1 


Suppose y = f(x) is a differentiable curve and P(x ] ,y ] ) be a point on the curve in the Ay-plane. Sup¬ 
pose the tangent and normal at P meet the jc-axis in T and N, respectively. Draw PG perpendicular 
to x-axis. Let 6 be the angle made by PT with the positive direction of the A-axis (see Fig. 3.3). 
Then 


(i) Length of the tangent PT is given by 


\f ( Xl )I li+ 1 2 =uiji+f^| 

V (f'( x i)) 1 Uy) (Xl , 


Xi) 


(ii) Length of the normal PN is given by 


/(%)iVi+(/'(^i)) 2 =i^iJi+(£)' 


•n) 


(iii) Length of the sub-tangent TG is given by 


fix l) 



fix t) 


v 


(iv) Length of the sub-normal GN is given by 


|/(*i )/'(*i )| = 


yi 


dy 

dx 


(-mri) 


Proof 


See Fig. 3.3. 

(i) From A PGT, 


PT = 


PG 


sin 0 


= l>'i 


=\yi 


l + cot 2 9 

V, 

1 


tan 2 9 

1 + 


1 

' dyG 
ydx ) 

2 

(n.ri) 

1 + 

^ | ' 

2 


dy. 


(-ti.yi) 
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(ii) From APGN, 


(iii) From APGT, 


(iv) Again from APGN, 


PN = 


PG 
cos 9 

y x | (sec 9) 


= | y 1 ] -v/l + tan 2 6 


ax 


(n.r i) 


TG =\ PGcotO 



' dx\ 

yi 



GN =| PG tan 9 | 



Note: From (iii) and (iv) we have (sub-tangent) (sub-normal) is equal to y\. That is, sub-tangent, 
ordinate and sub-normal are in GP. ■ 


Example 


Find the equations of tangent and normal to the curve 
y 2 = 4 ax at the point (x,, y x ) and at {at 2 ,2at). 

Solution: The given curve is y 2 = 4 ax. 

Equation of the tangent 

Differentiating both sides w.r.t. x, we get 

dy 2 a 
dx y 

Therefore 

—1 = —, provided y 1 0 

dx k* i.rd >i 

So the equation of the tangent at (x 1 ,y 1 ) is 

y-y i = -{x-xi) 

yi 

=> yy 1 — y 1 = 2ax - 2ax l 

Now (x 1 ,_y 1 ) lies on the curve.This implies that y\ = 4ax,. 


Therefore, the equation of the tangent at (x p jq) is 
yy 1 = 2a(x + x 1 ) 

In this equation, put x 1 = at 2 , y 1 = 2at so that the equation 
of the tangent at {at 2 ,2at) is 

2 

ty = x + at 

This equation is called parametric form of the tangent. If 
y 1 = 0, then the tangent at (0,0) is the y-axis. 

Equation of the normal 

Now, equation of the normal at {x v y-f) is 

y-yi = ^p-(x-x 1 ) 

2 a 

Substituting x 1 = at 2 , y 1 - 2at in the above equation, we 
get that the equation of the normal at {at 2 ,2at) is 

tx + y = 2 at + at 3 

This form is called the parametric form of the normal to 
y 2 -4ax at {at 2 ,2at). 


Note: The parametric forms of the tangent and normal to y 2 = 4«x at {at 2 , 2 at) will be more useful in the chapter on 
“Parabola” (Vol. 4, Geometry). 
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Example 


3.2 


Find the equations of the tangent and normal to the curve 



at the point (xpyf) and at the point ( a cos# b sin#). 


Solution: 


[since (x l5 y : ) lies on the curve]. Therefore, the equation 
of the tangent at (x ] ,_y ] ) is 


. yyi , 

2 ' 12 1 
a b 


In the above equation, put x t = acos8,y 1 = b sin#. Then 
the equation of the tangent at ( a cos# b sin#) is 


Equation of the tangent 

Differentiating both sides of the given equation w.r.t. x 
we get 

a 2 b 2 dx 

and hence 

dy b 2 x 

dx a 2 y 

Therefore 

dy\ _ b 2 x 1 

dx 4 , yi) o~y 1 
So the equation of the tangent at {x v yf) is 

b 2 x 1 

y-yi = — ( x ~ x i) 
a yi 


x y 

— cos# + — sin# = 1 
a b 

This equation is called parametric equation of the tan¬ 
gent to the given curve at (a cos#, b sin#). 

Equation of the normal 

Now, equation of the normal at (.c : , y,) is 

F-I'i =^r L (x~x 1 ) 
b l x x 

That is, 

a 2 (x-x i) _ £> 2 (y — Vi) 

*1 Ft 

In this equation if we put x 1 = a cos#and y 1 = b sin# the 
equation of the normal is 


cos# sin# 


7 2 ,2 , 2 2 , 2 2 

b x x x + a y 1 y = b x 1 + a y 1 


Dividing by a 2 b 2 , we have 

yy i 


a 2 + b 2 


2 2 

= ^l+Zl = i 
2 ,2 
a b 


This equation is called parametric form of the normal. 


Note: The equations of the tangent and normal at (jq, jq) and at (a cos# b sin#) will be utilized in the chapter on 
“Ellipse” (Vol. 4, Geometry). 


Example 


3.3 


Show that the curves x 3 - 3xy 2 
cut orthogonally. 


-2 and 3x 2 y - y 3 =2 


Solution: Suppose the curves 

Cj : x 3 - 3xy 2 = -2 
and C 2 : 3x z y - y 3 = 0 


cut at (x p yf). Differentiating C 1 w.r.t. x, we get 

3x 2 -3y 2 -6 xy— = 0 
dx 


Therefore 


dy_\ 

dx \x„yi) 


2 2 
-fi + xi 

2-qyi 


= m. 


(say) 
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Similarly, differentiating C 7 w.r.t. x, we have 
dy\ _ -2x 1 y 1 


dx 


(•Wi) 


2 2 
-yi 


(say) 


Now 


l V ,L 2 


(2 2 V 

-yi 


2x 1 y 1 


-2 x 1 y 1 


V A i 


■yl) 


= -\ 


By part (2) of the note under Definition 3.3, C x and C 2 
cut orthogonally at (x 1 ,y 1 ). 


Example 


Find the length of the tangent, normal, sub-tangent and 
sub-normal to the curve x = a (9- sin 9),y = a( 1 - cos#) 
at the point 9 = 7rl2 [i.e., at the point (a(nl2-\), a)] 
where a > 0. 

Solution: Differentiating the two equations (given) 
we get 

— = n(l-cos#) 
dG v ' 


= a sin 9 
d9 

Therefore 


dy dy dx 

dx d9 d9 
a sin 9 

fl(l-COS#) 

9 

= cot — 

2 


Now 

1. Length of the tangent is 


|yil 1+ =nVl + l 2 =«V2 

2. Length of the normal is 


\yi 


| li+f—1 = flVT+T = nV2 

V ■ dX ''(x t ,y ] ) 


3. Length of the sub-tangent is 
dx 


y\ ■ 


dy 


c i.ri 


= \a-\\ = a 


4. Length of the sub-normal is 


yv 


{-) 

V dx Jy 1 


= I a -11 = < 


So 




1 


3.2 Rate Measure 

In Section 3.1, we have seen how the derivative of a function is useful in studying the properties of tangents. In this 
section we will discuss how the derivative of a function is also useful in the velocity problems or, more generally, the 
rate of change of a function. We begin with the following definition. 

DEFINITION 3.5 Let/be a function defined on an open interval ( a , b) and let c e ( a , b). Then the difference 

f(c + h)-f{c) 
h 

where h may take positive values or negative values is called average change or change of / in 
the interval (c, c + h). If 

l im /(»/.)-/(c) 
h -> 0 h 

exists and is a finite number, which we denote by /'(c), then f'(c ) is called the rate of change 
of/at c. 
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Theorem 3.2 

Proof 


Suppose a participle moving on a straight line covers a distance 
of the particle at time t is dsldt. 

Since the velocity of a particle is the rate of change in distance, we 

s(t + h)-s(t) 


lim- 

/i—»o 


h 


s(t ) in time t. Then 
have, the velocity v 


the velocity 
at time t is 


which is nothing but s'(t ) or dsldt. 


Note: The velocity v is also a function of t. 


DEFINITION 3.6 


Acceleration The rate of change of velocity is called acceleration. If v = dsldt, then the 
acceleration is given by 


dv 

dt 



s"{t) 


DEFINITION 3.7 Angular Velocity and Angular Acceleration If a particle P is a moving on a plane curve, the 
angle made by OP ( O being the origin) with the x-axis at time t is denoted by 9(t). The rate at 
which the angle 9(t) is changing at time t is called the angular velocity of the particle at time t 
and is given by 


dd 

dt 


or 9'(t) 


The rate at which the angular velocity is changing at time t is called angular acceleration and is 
given by 


drO 

dt 2 


or 


0"{t) 


Example 


3.5 


Consider a particle moving on a straight line. Let s(t ) be 
the distance traveled by it in time t from a fixed point. 
Then s(t ) = asin(jBt), where or and fi are constants. If v(t) 
is the velocity and a(t) is the acceleration of the particle 
at time t, find 

1. v —a s 

2. dalds 

, da 

3. s — 

dt 

Solution: We first find the velocity and the accelera¬ 
tion. Now velocity is given by 

ds 

v(t) - — - a/fcos(/L) 
dt 

The acceleration is given by 

, . dv 

' ' dt 

d 2 s 


and hence 


dt 2 

= -a/f 2 sin {jit) 
= -H 2 s{t) 


da d , ,. 

- _fl 2 — 

P dt 

= -P 2 v(j) 

1. We have 

v 2 - a-s = [v(t)f -a(t)s(t) 

= a 2 fi 2 cos 2 (pt)-[~p 2 s(t)-s(t)] 
= a 2 /! 2 cos 2 (/3f) + a 2 fi 2 sin 2 (fit) 


rP- r>2 

= a p 


2. We have 


3. We have 


da da ds -fPv(t) 2 


ds dt dt v(t) 


=-r 


s^ = s(t)[-H 2 v(t)] 

-v(t)[-p 2 s(t)\ 
= v(t)a(t) 









231 


3.3 I Mean Value Theorems 


Example 


3.6 


Consider Fig. 3.4. OAB is a right-angled triangle, right 
angled at A. Suppose P is a moving point on A B with 
uniform velocity v. Find the angular velocity of P with 
respect to O. 



O 

FIGURE 3.4 Example 3.6. 


Solution: Since the point P is moving with uniform 
velocity v we have AP = vt (since ds = vdt and v is con¬ 
stant, s = vt). Let 0(t) be the angle made by OP with OA 
at time t. Let OA = a , OP = rt and ZAOP = 0(t). Then 

a = r(t) cos(0(t)) 

and [r(t)f =OP 2 =OA 2 +AP 2 =a 2 +v z t 2 (3.1) 

Differentiating both sides of Eq. (3.1) with respect to t, 
we get 

2r(t)— = 2v 2 t (3.2) 

dt 


Differentiating both sides of the equation a = r(f)cos( 0{t )), 
w.r.t. t we have 


dr df) 

0 = —cos(6>(f)) + r(t)(-sin(0(t ))— 
dt " '' dt 


dr a 

=- r(t) 

dt r(t) 

dr a . . d9 

= - (vt) — 

dt r{t) dt 


' vt \d0 
At)) dt 


= -^~-(v0^7 [from Eq. (3.2)] 
r(t) r(t) dt 


Therefore 


dO _ a (vV 
dt [r(t)f { vt , 
av 

= AAf 


0 op f 

Thus the angular velocity of P w.r.t. O is avl(OP) 2 . 


3.3 Mean Value Theorems 

Mean value theorem in differential calculus connects the values of a function to values of its derivative. It is one of the 
most useful tools in real analysis. Especially, a special case of mean value theorem, viz. Rolle’s Theorem established in 
1690 by Michel Rolle (1652-1719) - a French mathematician, is useful for finding points on a curve where the tangents 
are horizontal. This theorem gives the position of roots of derivatives of polynomial functions. Mean value theorem is 
also useful in deciding the intervals of monotonicity of functions and finally, in proving the most famous L'Hospital’s 
Rule. First we begin with Rolle’s theorem. 


3.3.1 Rolle's Theorem 


Theorem 3.3 


Suppose a < b, f : [«, b] —> R is continuous such that f(a)=f ( b ). Further assume that / is differ¬ 
entiable in the open interval ( a , b).Then, there exists c e ( a , b) such that/'(c) = 0. 


Proof 


If/is a constant function, then/'(c) = 0 for any c e (a, b ). Hence, we may assume that/is a non¬ 
constant function so that/is bounded (see Theorem 1.31). Let 


m = g.l.b. f(x) and M = l.u.b. f{x) 

x&[a, b\ H 


so that m < M. Then either f{a) ^ m or f(a ) * M. Suppose f(a) ^ M. Then 

f(b)*M [•.•/(«) =/(b)] 
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Hence, by Theorem 1.33, there exists ce (a, b) such that/(c) = M, so that 


Now, for xe (a, c ), 


so that 


Also, for x e (c, b), 


/(c) = M > /(x) \/xe[a, b] 


x — c 


f\c ) = lim 

x —> c 




>0 


m-m 


so that 

Hence,/'(c) = 0. 


f\c) = lim 

X —> C 




<0 


Example 

Let f(x) = x 2 for x e [-1,1]. Then / is continuous on 
[—1,1] and 

Also/is differentiable in (-1,1) and 

/'(x) = 2x V x e (—1,1) 

/(-l) = (-1) 2 = 1 = l 2 = /(l) 

Further /'(0) = 0 and 0 e (-1,1). 

Example 


Consider the function / (x) = sin x for x e [0, 7t\. Obvi¬ 
ously /is continuous on [0, 7t\, differentiable in (0, k) 

and/(0) =/(^r) = 0. Hence /'(c) = 0 for some c e (0, n). 
That is cos c = 0 for some c e (0, k). Clearly c = n! 2. 


Geometric Interpretation of Rolle's Theorem 

See Fig. 3.5. 

1. Let y =f(x) be a function satisfying the conditions of Rolle’s theorem on a closed interval [a, b\. Then/'(c) = 0 
for at least one ce (a, b). But/'(c) is the slope of the tangent to the curve y = /(x).That is, at the point (c,/(c)) the 
tangent is parallel to the x-axis. 




(c, f(c)) 



■ y 

f'(c)= 0 




( b, f(b)) 



A'A 



(a, f(a)) 



\1 . 

O 

a 

X 

O 

a V y b x 

f'(c)= 0 


(a) (b) 

FIGURE 3.5 Geometric meaning of Rolle’s theorem. 


2. According to Rolle’s theorem, there exists a c e (a, b) such that /'(c) = 0. But there may be more than one c at which 
/'(c) = 0. For example, consider f(x) = x 2 (x - 1) 2 on the interval [—1,2] so that/(- 1) = 4 = /(2). 
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Now 


/'(x) = 0 => 2x(x — l)(2x -1) = 0 

=> x = 0, —, 1 
2 


In this case c = 0,1/2,1 (more than one value). 

The following theorem which may be called Rolle’s theorem for polynomial functions gives the position of roots 
of the derivative polynomial of a given polynomial. 

Theorem 3.4 Let P(x) be a polynomial of degree n (>2). Then between any two real roots of P(x ) = 0, there 
exists a root of P\x) = 0. 

Proof Let a , b be two roots of P(x) = 0. We may assume that a < b. Then, clearly P(a ) = 0 = P(b). Also 
P(x) is continuous for all x in [a, b\ and differentiable for all x in (a, b). Hence by Rolle’s theorem, 
P'(c) = 0 for some ce (a, hj.Thus P'(x) = 0 has a root ce (a, b ). ■ 

Note: In general, if / (x) is continuous and differentiable and a, [i are real roots of the equation /(x) = 0, then /'(x) = 0 
has a root in between Grand /?. 


IMPORTANT NOTE 


1. A function need not satisfy any one condition of 
the Rolle’s theorem on an interval, but the deriva¬ 
tive may vanish at many points of the interval. For 
example consider the function 



for 0 < x < — 
2 


for — < x < 1 
2 


Then / satisfies none of the conditions of Rolle’s 
theorem, but /'(x) = 0 for all x V1/2 in [0,1] and/is 
discontinuous at 1/2. 

2. In Theorem 3.4, if a repeats t times as a root for 
P(x) = 0, then a repeats t - 1 times as a root for 
P\x) = 0 because (x - a) 1 is a factor of P(x). 


3.3.2 Lagrange's Mean Value Theorem 


Theorem 3.5 
(Lagrange's 
Mean Value 
Theorem) 


Suppose / : [c/, b] —> K is continuous. Further, suppose / is differentiable in the open interval 
(a, b). Then, there exists ce (a, b) such that 


/'(c) 


m-f(a) 

b-a 


Proof 


Write 


g(x) = /(x) + -1 f{b) - f(a )] 

b-a 


Then g (x) is 

1. Continuous on the closed interval [a. b ] 

2. Differentiable in the open interval (a, b) 

3- g(a)=g(b) (=/(h)) 

Hence by Rolle’s theorem, there exists c e ( a , b ) such that g'(c) = 0. But it is given that 


g'(x) = f'(x) 


f(b)-f(a) 


b-a 
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Therefore 


g'( c ) = 0 => f'(c) 


f(b)-f(a) 

b-a ■ 


Note: 

1. If f(a) =f{b), then Rolle’s theorem follows from Lagrange’s mean value theorem. But, we use Rolle’s theorem in 
proving Lagrange’s mean value theorem. Hence, Rolle’s theorem cannot be considered as a corollary of Lagrange’s 
mean value theorem. 

2. Lagrange’s mean value theorem says that the mean or average value 

b-a 

of/in [a, b] is equal to the derivative/'(c) for some point c in (a, b). 


Geometric Interpretation of Lagrange's Mean Value Theorem 



o 


x 


See Fig. 3.6. Clearly, 


FIGURE 3.6 Geometric meaning of Lagrange’s mean value theorem. 


f(b)-f(a ) 

b-a 


is the gradient (slope) of the line joining the points (a, f(a)) and (b, f(b )) which lie on the curve of y = f(x). Lagrange’s 
mean value theorem says that, for some c e ( a , b ), the tangent at the point (c, /(c)) to the curve y = f(x ) is parallel to 
the line joining the points (a, f(a )) and (b, f(b)). 

As immediate consequences of Lagrange’s mean value theorem we have the following results stated as corollaries. 


Corollary 3.1 


If /is continuous on the closed interval [a, b\. differentiable in the open interval (a, b ) and 
f'(x ) = 0Vre(a, b), then/is a constant on \a, b]. 


Proof 


Suppose a <a<b. Then/is continuous on [a, a\ and differentiable in (a, a). Hence by Lagrange’s 
mean value theorem, there exists c e ( a , a) such that 


o=/- (C ) 

a —a 


so that f{a) = f(a). Thus 


Hence /is a constant in [a, b]. 


f(a) = f(a) V a e [a, b] 











Corollary 3.2 

Proof 


3.3 I Mean Value Theorems 


Suppose / is differentiable in the open interval (a, b) with derivative /'(x) = 0 V.i e (a, b). Then 
/ is a constant in ( a, b). 

Suppose a < a < B < b. Then, by hypothesis,/is continuous on [a, /?], differentiable in ( a , fi) and 
fix ) = OVr£(a, fi). Hence by Corollary 3.1,/is a constant in [et,/?]. In particular,/(a) = /(/?). 
This being true for all a,jBe (a, b ), it follows that /is a constant over ( a, b). g 


Caution: Corollary 3.2 fails if the domain of definition of /is not an interval. 


Example 


Define /(x) ■ 


0, if xg (0,1) 
1, if x e (2,3) 


Then / is differentiable in (0,1) u (2, 3) with /' (x) = 0 
Vx e (0, l)u(2,3), but / is not a constant over 
(0, l)u(2,3). 


Another nice and important corollary of Lagrange’s mean value theorem is the following. 


Corollary 3.3 

Proof 


Suppose / and g are continuous on [a, b] and differentiable in (a, b). Further suppose that 
/'(x) = g'(x) for all x e (a, b). Then there exists k such that /(x) - g (x) = k for all x e [«, b]. 

Write 

K x ) = f( x ) ~ §i x ) V x g [a, b] 

Then, by hypothesis, h is continuous on [ a , b], differentiable in (a, b) and 

h'(x) = f\x) - g'{x) = 0 V x e (a, b) 

Hence by Corollary 3.1, h (x) is a constant say kVxe[a,b\. Hence, 

f(x) - gf) = /z(x) = k\/ x e[a, b\ _ ■ 

Before going to some more consequences of Lagrange’s mean value theorem, we consider some examples on Lagrange’s 
mean value theorem. 


Example 


Consider /(x) = x(x-l)(x-2) on the interval [0, 1/2]. But 
Show that it satisfies Lagrange’s mean value theorem 
and find the value of c. 

Solution: The function fix) being a polynomial func¬ 
tion, is continuous and differentiable for all real values 
of x and hence in [0,1/2]. Also Therefore 


# 


Now, 


/(0) = 0 and /1^| = - 


/(x) = x 3 - 3x 2 + 2x 
/'(c) = 3c 2 -6c+ 2 


f'(c) = 


II) 


/ 7 r /(0) 


1 


-0 


(!) 


3c 2 -6c + 2 = — 


■ 12c - 24c + 5 = 0 


=> c= 1± 


V21 
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But 


V21 



Thus the value of c in the Lagrange’s mean value theo¬ 
rem is l-(V21/6). 


Example 


3.8 


Consider the function /(x) = Ax 2 + Bx + C. Show that it 
satisfies the Lagrange’s mean value theorem. 


Solution: It is known that from the school stage that 
y = Ax 2 + Bx + C represents a parabola. Let P(x v y^) and 
Q(x , 2 , y 2 ) be two points on the curve y = Ax 2 + Bx + C. 
Now consider 


/(x) = Ax 2 + Bx + C 

for x e [jcj, jc 2 ]. Since / is continuous on [x v x 2 \ and dif¬ 
ferentiable in (x p x 2 ), by Lagrange’s mean value theorem, 
there exists x 0 e (x,, x 2 ) such that 

r(r ,f(x 2 )-f(xx) 


This means 

2Ax 0 + B = 


( Ax 2 + Bx 2 + C) — (.Axf + Bx^ + C) 
x 2 -X 1 


A(x 2 - x 2 ) + B{x 2 - x x ) 

x 2 - X 1 
= A(x 2 +x x )+ B 


Therefore 


X 1 + x 2 


Thus the abscissa of the point on the parabola where the 
tangent is parallel to the chord PQ is the abscissa of the 
midpoint of the chord joining P and Q. 


The following theorem relates to the monotonic nature (i.e., increasing or decreasing nature) of a function which is also 
a consequence of Lagrange’s mean value theorem. We recall that (Definition 2.3, Chapter 2) a function/defined on a 
subset A of R is said to be increasing if /(x,) < /(x 2 ) whenever x v x 2 are in A and x x < 

Theorem 3.6 Let /: [a, b] —> E be a function differentiable in (a, b). Then 

(i) / is increasing on [a b] if and only if f\x) > 0 for all x e ( a , b). 

(ii) / is decreasing on [a b] if and only if f\x) < 0 for all x e (a, b). 

Proof (i) Suppose /'(*) ^ 0 Vi e [a, b\. Let x v x 2 belong to (a, b) and x 2 < x 7 . Applying Lagrange’s 
mean value theorem for/on the interval [x,, x 2 \ we have 

f( x 2)~f( x 1) = 
x 2 ~x 1 

for some c e (x v x 1 ). But /'(c) > 0 (by hypothesis). Since /'(c) > 0 and x 2 - x 1 > 0, it follows 
that 


f(x 2 )-f(x i)>0 

=> ,f\ X 7 ) ^ f( x l) 

This being true for any arbitrary x x and x 9 (x 1 < x 2 ), it follows that /is increasing on [a, b]. 
Conversely, suppose / is increasing on [a, b] and differentiable. Let c e (a, b). If x e (a, b) 
and x A c, then either x > c or x < c which implies that either f(x) > /(c) or f(x) < /(c) because 
/is increasing. In any case 

/(*)~/(cK Q 

x — c 


Hence 


/'(c) = lim 

X —> C 


m-m 


>0 


That is f(c) > 0. 


x — c 
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(ii) We observe that 


/is decreasing o - /is increasing 

<=> (-/')(x) >0Vre(o, fc) 
<=> —/'(x) > 0 V x e (a, b) 
<=> /'(x) < 0 V x e (a, b) 


IMPORTANT NOTE 


The argument given along the same lines of the proof 
of Theorem 3.6 can be used to prove that a function 
having positive derivative on an interval is strictly 
increasing and that having a negative derivative is 
strictly decreasing. However the converse parts are 
not true. For example,consider the functions f(x) = x 3 
and g(x) = -x 3 for x e R. The function /(x) is strictly 
increasing with /'(0) = 0 and the function g(x) is 
strictly decreasing in (-1,1) with g'(0) = 0. 


This implies the following: 

1. For a strictly increasing function which is differ¬ 
entiable, the derivative need not be positive, but it 
may be non-negative. 

2. For a strictly decreasing function, the derivative 
need not be negative, but it may be non-positive. 


The following concept is related to the nature of the function which is strictly increasing (strictly decreasing) at a point 
of its domain; however, this is different from the concept of strictly increasing (decreasing) in a neighbourhood of the 
point. 

DEFINITION 3.8 Strictly Locally Increasing or Decreasing Let/be a function defined in a neighbourhood of 
a point c. If there exists 5 > 0 such that 

1. c<x<c + <5=> /(x) > /(c) 

2. c-5<x<c=> fix) < /(c) 

then we say that/is strictly locally increasing at c. Similarly, strictly locally decreasing at c can 
be defined. 


IMPORTANT NOTE 


Strictly locally increasing at c need not imply that the 
function is increasing in a neighbourhood of c. For 
example, consider 


1 - /(*) 


n 2 • 1 
x + 2x sm-. 


0 , 


x ^ 0 


x = 0 


2- g(x) = 


X 

. 1 
sin — 

o, 

X 


x * 0 


x = 0 


Here g is locally increasing (strictly) at 0, but not 
increasing in any neighbourhood of 0. 


It is strictly locally increasing at 0 but in any neigh¬ 
bourhood of 0, the function is not increasing. 


3.4 Maxima-Minima 

DEFINITION 3.9 Let /:[«,£>]—>R be a function and a < c < b. 

1. Suppose there exists S> 0 such that (c - 5. c + 5) c [a, b ] and 

fix ) < /(c) V x e (c - 8, c + 5) 
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Then we say that/has local maximum at c. The point c is called point of local maximum and 
/(c) is called the local maximum value. 

2. Suppose there exists 5 > 0 such that (c - 5. c + 5) c= \a, b\ and f(x) > /(c) V x e (c - 8, 
c + 8). Then we say that / has local minimum at c. The point c is called point of local mini¬ 
mum and/(c) is called the local minimum value. 

3. If / has either a local maximum or a local minimum at c, then we say that / has local extre¬ 
mum at c. In this case, c is called point of local extremum and /(c) is called the local extre¬ 
mum value. 


Theorem 3.7 

(N ECESSARY 
Condition for 
Extremum) 

Proof 


Suppose / : [a, b] —» R is a function and c e (a, b). If/is differentiable at c and c is a point of local 
extremum, then/'(c) = 0. 


Case I: Suppose / has local maximum at c. Let /'(c) > 0. Then 

m-m 


0 < /'(c) = lim 


x-*c x — c 

Let £ — (1/2)/'(c). Since 

lim /W-/M = / . (e) 

x —» c X — C 

there exists 5 > 0 such that c-5 <x< c + S, which implies 


m-m_ r{c) 


<\no 


Therefore 


T m< 


m-m 


Taking the left-hand side inequality we get 


/(*) ~ /( c ) 


>f\c) 


1 

2 


-f\c)<^f\c) 

/'(c)- /'(<•)>() 


So in the neighbourhood (c - & c + S), 

/(■*)-/(c) ; Q 

x — c 

f(x) - /(c) > 0 V x e (c, c + 5) (v x - c > 0) 
f(x)>f{c) Vxe(c,c + <5) 

This contradicts the local maximum nature of c. Therefore /'(c) > 0. Similarly /'(c) <?! 0. Hence 

/'(c) = 0- 

Case II: Suppose / has local minimum at c. Then 

-/has local maximum at c 
=>(-/)'(c) = 0 (by Case I) 

=>-/'(c) = 0 

=>/'(c) = 0 I 
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IMPORTANT NOTE 


From Theorem 3.7, we conclude that if a function is 2. A function whose derivative is zero at a point need 
differentiable at c of local extrema, then /'(c) = 0. The not have local extremum at that point, 
following examples show that 

1. A function having a local extremum at a point need 
not be differentiable at that point. 


Examples 


1. Let /(*) = |jt| for x e [-1, -1], Then/has local mini- 2. Let/(x) =x 3 for x e [-1,-1].Then/'(0) =0,but zero is 
mum at jc = 0, but /is not differentiable at 0. not a point of extremum of/, because f(x) < 0 for x<() 

and f (x ) > 0 for x > 0. 


The following two theorems are on sufficient condition for a function to have a local extrema at an interior point of an 
interval. 


Theorem 3.8 
(First 
Derivative 
Test) 


Suppose / : \a, b\ —> R is continuous, a <c <b and/is differentiable in (a, c ) and (c, b). Let 5 > 0 
be such that (c - S, c + 5) ci ( a , b). Then 

(i) /has local maximum at c if f\x) > 0 Vx e (c- 8, c) and /'(x) < 0 Vx e (c, c + S). 

(ii) /has local minimum at c if f'(x ) < 0 Vx e (c-S, c) and f'(x ) > 0 Vx e (c, c + S). 


Proof 


(i) Let c-5 < x q < c. Using Lagrange’s mean value theorem for f(x) on the interval [jc 0 , c], there 
exists c Xo e(x 0 ,c) such that 

f(c)-f(x n ) = (c-x n )f'(c Xo ) 

Since f'(c )> 0, we have f(x n )<f(c). Similarly, if c<y 0 <c + S, then again we have 
c yo g (c,y 0 ) such that 

f(yo)-f(c) = (yo~c)f'(c yo ) 

Now f'(c y )< 0 implies that f(c)>f(y n ). Therefore 

f(x) < /(c) V x g (c - 5, c + 5) 


so that / has local maximum at c. 


(ii) 


Proof is similar to 


( 0 - 


n, QUICK LOOK 1 


1. /has local maximum at c if/' changes sign from posi- 3. If /' keeps the same sign at c, then c is not a point of 

five to negative at c. extremum. 

2. /has local minimum at c if/' changes sign from nega¬ 
tive to positive. 


The information in the following sub-section permits to formulate a rule in testing a differentiable function y = f(x) 
(may not be differentiable at a point or /' is discontinuous) for a local extremum. Before, that we give the following 
definition. 
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DEFINITION 3.10 Critical Point A point x Q in the domain of a function / is called a critical point of/if either 
/'(x Q ) exists and is equal to zero or /'(x Q ) does not exist [but /'(x) exists at nearby points, so 
that at this point x Q , f is discontinuous]. 


3.4 .1 Testing a Differentiable Function for a Local Extremum with First Derivative 

PROCEDURE 

Step 1: Find the first derivative. That is f'(x). 

Step 2: 

(a) Equate /'(x) to zero and find the values of x. 

(b) Find the values of x at which f'(x) is discontinuous. 

The values of x obtained by Steps 2(a) and 2(b) are the critical points. 

Step 3: Now investigate the change of sign of the derivative/' at a critical point. 

From Quick Look 2, we can draw a table which gives point of extremum. Keep it in the mind so that not every critical 
point is a point of extremum. 


Signs of derivative when passing critical point x = x 0 


x < Xq 


x = x 0 

X>X 0 

Character of critical point 

+ 

/'(*()) 

= 0 or /' is discontinuous at x 0 

- 

Local maximum point 

- 

/'(*()) 

= 0 or /' is discontinuous at x 0 

+ 

Local minimum point 

+ 

fix o) 

= 0 or /'(x) is discontinuous at x Q 

+ 

Neither maximum nor minimum (actually 
function increases) 

- 

fix o) 

= 0 or /' is discontinuous at x Q 

- 

Neither maximum nor minimum (function 
decreases) 


Example 


3.9 


Let f(x) = x 3 - 9x 2 + 15x + 3. Find its critical points and 
mention its character at those points. 

Solution: We have 

f'(x) = 3x 2 - 18x +15 = 3(x - l)(x - 5) 

Now 

/(x) = 0 => x = 1,5 

Since /'(x) is continuous for all real x, the only critical 
points of/are 1,5 only. 


1. For x < 1 we have /'(x) > 0 and for x > 1 we have /'(x) < 0. 
That is at x = 1, /'(x) changes sign from + to -. Hence, 
at x = 1, / has local maximum value and the maximum 
value of/is/(l) = 10. 

2. For x < 5 ,/'(x) = (+) (-) < 0 
For x > 5,/'(x) = (+) (+) > 0 

Therefore at x = 5,/has local minimum and the local 
minimum value is /(5) = - 22. 


Example 


3.10 


Let /(x) = (x-l)x 2/3 . Find its critical points and men¬ 
tion its character at those points. 


Solution: Differentiating the given function we get 
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f'(x) = x 2,3 + (x- l)|w 1/3 

_ 5x-2 
~~3? r 


Now 

f\x) = 0 => x = | 

Also /'(0) does not exist, but / is continuous at x = 0. 
Therefore, the critical points of / are 2/5 and 0. We now 
investigate the character of these points. 

1. For x < 2/5, f'(x ) sign = — < 0. 


For x > 2/5, f\x) sign = — > 0. 


Therefore / is minimum at x = 2/5 and the minimum 
value of/is 




1/3 


2. For x < 0, f'(x ) sign = — > 0. 


For x > 0, /'(x) sign = — < 0. 

Therefore / is maximum at x = 0 and the maximum 
value of/is/(0) = 0. 


Note: The maximum value at a point may be less than the minimum value at another point (see Fig. 3.7). 



FIGURE 3.7 


Theorem 3.9 
(Second 
Derivative 
Test) 


Let / : [a, b] —» R be a differentiable function and a <x 0 <b. Suppose that f'(x Q ) = 0, f"(x n ) 
exists and f"(x Q ) y 0. Then 

(i) /has local maximum at x Q if f"(x 0 ) < 0. 

(ii) / has local minimum at x () i f f"(x n ) > 0 


[Assuming that f"(x 0 ) is continuous in some small neighbourhood of x Q .] 


Proof 


(i) Suppose f"(x Q ) < 0. Since f"(x) is continuous in some small neighbourhood of x Q we can 
choose a small closed interval containing x Q and that is also contained in the small neigh¬ 
bourhood of x Q in which f"(x) < 0 at all points of this closed interval. 

So,/'(x) decreases in this closed interval (Theorem 3.6). But/'(*„) = 0.Therefore,/'^) > 0 
for x <x Q and f'(x) < 0 for x > x () . Thus, the derivative f'(x) changes sign for plus to minus at 
jc 0 . Hence by the first derivative test,/is maximum at x Q . 


(ii) 


Similarly, we can prove that / has minimum at x Q if f"(x Q ) 


> 0 . 


s, QUICK LOOK 2 


1. /"(jc 0 ) < 0 / has local maximum at x Q . 

2. f"(x n ) > 0 => / has local minimum at x Q . 


3. If f"(x Q ) = 0, then nothing can be said about the char¬ 
acter of x Q . 
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Example 


Let f(x ) = — 2x 2 + 3x +1. Find its points of maximum 

and minimum. 


Solution: Differentiating the given function we get 
f'(x) = x 2 - 4x + 3 = (x - l)(x - 3) 


Now 


Again 


Therefore 


f'(x ) = 0 => a: = 1, 3. 
f"(x) = 2x~4 


1. /"(I) = 2- 4=-2 <0 => / has maximum at x = 1. 

2. /"(3) = 6- 4 = 2>0=>/ has minimum at x = 3. 


Example 


Find the points of maximum and minimum for f(x) = 
xlog x. 

Solution: Note that / is defined for all x>0. Differen¬ 
tiating we get 


rw= x =>r= (;) =e > o 

Therefore, / has minimum at x = He and the minimum 
value of/is 


f(x) = log x + 1 


/ 


Now 


-) = -flog-) = -- 

e J e\ ej e 


f'(x) = 0^>x = - 
e 


Example 


3.13 


Consider the function 


2 X +1 

if -1 < jc < 0 

2 X 

o 

II 

H 

m-i 

2 x -\ 

if 0 < x < 1 


f(x) = 

Show that/has neither maximum nor minimum. 
Solution: Note that / is discontinuous at x = 0, because 


lim fix) = 2 U +1 = 2 A /(0) 

j^O-U 

Now,for -1 <x < 0, we have f\x) = 2 X log2 > 0 so that/ 
is strictly increasing in (-1,0). For 0 < x < 1, 

/'(*) = 2Mog2>0 

so that / is also strictly increasing in (-1,0). Flence / has 
no extremum value in (-1,1). 


Example 


Suppose a l ,a 2 ,...,a n are real numbers. Let f(x) = 


n 

(x - a, ) 2 for all ret. 

i = 1 

Show that the only point of extremum of /is 

a, + a-. + ■ ■ • + a„ 

a = — --- - 

n 

Solution: Differentiating the given function we get 


so that 


Let 


n 

f'( x ) = ^ J 2 ( x - a i) 

i = 1 


f'(x) = 0^x= a ' + a2 + - +OC " 
n 


a 1 +a 2 +’-- + oc n 
n 
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It is easy to see that This shows that / decreases in (-°°, 0) and increases in 

^ „ (0, °°).Thus f is minimum at x = a. 

1. x < a => / (x) <0 v ’ ’ J 

2. x > a => f'(x ) > 0 

3. /'(«) = 0 


DEFINITION 3.11 Absolute Maximum and Absolute Minimum 

1. If a function/has a point a in its domain such that/(x) < /( a) V x in the domain, then f(a) 
is called the absolute maximum value or greatest value of/ 

2. If/has a point p in its domain such that/(x) >/(/?) Vx in the domain, then/(/?) is called 
the absolute minimum value or the least value of/' 


Theorem 3.10 
(Darboux 
Theorem or 
Intermediate 
Value 
Theorem for 
the 

Derivative) 


If/is differentiable on closed interval [a, b ], then f assumes every value between f'(a) and f'(b). 
Here we consider right derivative f'(a + 0) at a and left derivative f'(b - 0) at b. 


Proof 


We may suppose that f'(a ) < /'(£>). Let f'(a) < A < f'(b). Define g(x) = Ax - /(x) for all x e [a, b]. 
Since g is continuous on [a, b] . by Theorem 1.33, g assumes its maximum value at some c e [a, b ]. 


Further, 

g\x) = A-f\x) 

so that 

g (a) = A-f'(a) > 0 

and 

g'(b) = A-f(b)< 0 

Since 



0 < g'(a) = lim 

x —> a 


g(-Q-g( fl ) 

x —a 


there exists 5 > 0 such that ( a , a + 5) c (a, b) and 


I£(M+ 5 ) ^lWzlW >0 

x — a 

=> g(*) > g(fl) 


Similarly, (b-8,b) <^(a,b) such that x e (b- 8, b) => g(x) > g(b). Hence neither a nor b is a 
point of maximum for g. Therefore, there exists c e (a, b) at which g is maximum. Therefore 

g'( C ) = 0=i A-f(c) = 0 or A = f(c) ■ 


Note: Darboux theorem can be used to find functions which are not derivatives of any functions. For this consider the 
following example. 


Example 


We show that there exists no function f on [0,1] such that 
r /'(x) = g (x) for all x e [0,1]. For this, suppose/is a func- 

g(x) = -j 1 - x< t ion defined on [0,1] such that /' = g. Since 0 < 1/4 < 1, by 

[1 if 1/2 < x < 1 Darboux theorem 


Define 
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1 

4 


for some x e (0,1) 


But 


/'0) - g(x) = o or 1 
which is a contradiction. 


Corollary 3.4 If /is differentiable on a closed interval [a, b] and its derivative /' changes sign in [ a , b], then 
/'(x) = 0 for some x s [a, b]. 

Proof Suppose a, [n, b] and 0. Since zero lies between f\a) and byDarboux 

theorem, there exists x between a and y 3 such that /'(x) = 0. ■ 

Note: In an interval [ a , b], the derivative of a function may not vanish at any point and hence the derivative keeps the 
same sign throughout the interval. Thus the function is either increasing or decreasing in the interval, so that maximum 
and minimum values occur at the end points of the interval [a, b]. 

Keeping the above note in mind the preceding information about the extremum values of a function, in the follow¬ 
ing subsection we formulate, how to find the greatest and least values of a function on a given interval. 


3.4.2 Deriving the Greatest and Least Values of a Function on a Given Interval 

PROCEDURE 

Suppose a function /(x) is defined and continuous on a closed interval [a, b] where a and b are finite real numbers. To 
find the greatest and least values of the function, it is necessary to find all local maxima (local minima) of the function 
/(x) in the open interval (a, b). Let x v x 2 , x 3 ,..., x n be all the critical points in (a, b) at which /(x) has extremum value. 
To this list add a and b. Now let 


S = { f(a ), /(xj), /(x 2 ),..., /(x„), /(b)} 

Then the greatest element of S is precisely the greatest value of /(x) on [a, b] and the least element of S is precisely the 
least value of /(x) on [a, b]. 


Example 


3.15 


Let /(x) = 3x 4 + 4x 3 +1, x e [-2,1J. Find its greatest and 
least values. 

Solution: Since / is continuous and differentiable for 
all real x, it is continuous and differentiable on [-2, 1]. 
Therefore, the only critical points of / are the roots of 
f(x)=0. So 

/'(x) = 0 => 12x 3 + 12x 2 = 0 
=> x = 0, -1 


Now at x = 0, /'(x) = 12x 2 (x +1) keeps the same sign +. 
Hence x = 0 is not a point of extremum. 

Again at x = -1, /'(x) = x 2 (x + l) changes sign from 
minus to plus. Hence/is minimum at x = -1 and/(-l) = 0. 
Also f(-2) = 17 and/(l) = 8. Now 

S = {/(—2) = 17, /(—1) = 0, /(l) = 8} 

Therefore, the greatest value of/is 17 and the least value 
is zero on [-2,1], 


Example 


3.16 


Let /(x) = 4x 3 -x|x —2|, x e [0, 3]. Find the points of 
maxima and minima as well as the maximum and mini¬ 
mum values. 


f(x) = 


14x 3 -x(2-x) = 4x 3 + x 2 -2x for 0<x<2 
|4x 3 -x(x-2) = 4x 3 -x 2 +2x for 2<x<3 
So, x = 2 is a point of continuity of /. Now 

[l2x 2 +2x-2 for0<x<2 


f'(x)={ 


[12x -2x + 2 for 2 < x < 3 


Solution: We can write the given function as 
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Note that at x = 2, f is not differentiable but in every 
neighbourhood of 2, contained in [0,3],/is differentiable. 
Thus, 2 is a critical point of/'. Also for 0 < x < 2, 

f'(x) = 0^X = y,^ 

But -1/2 1. [0,3J. Therefore x = 1/3 is a critical point and 

r (7 =24 7) +2=io> ° 

Hence / is minimum at x = 1/3 and 

/(-) = — + --- 
UJ 27 9 3 


_ 4 + 3-18 
“ 27 

_ - 11 
~ ~ 21 ~ 

Also for x > 1/3, f'(x) > 0 which means / increasing 
from 1/3 to 3. Now 

5 = |/(0) = 0,/^j = ^,/(3) = 105j 

Therefore/is minimum at x = 1/3 and the minimum value 
is -11/27 and / is maximum at x = 3 and the maximum 
value is 105. 


Note: Suppose F{x) = g(f(x)) where f(x) and g(y) are continuous functions on [a, b] and [c, d], respectively. Let 
c = Min f(x),d= Max f(x), then 

xe[a,b J xe[c,d] 

MinT(x)= Min g(y) 

xe[a, b] ye[c,d\ 

and Max F ( x ) = Max S(y) 

xe[a,b] ye[c,d] 

That is we can put substitution f(x) = y. See the following example. 


Example 


Let F(x) = — 


sin2x 


sin[(7r/4) + jc] 
mum and minimum values. 


for x e 




. Find the maxi- 


Solution: We have 


F(x) = 


2 sin v cos x 


1 


72 


(sinx + cosx) 


Now put t = sin x + cos x, so that 

2 sin x cos x = f 2 - 1 
Here f(x) = sin x + cos x so that 

x e u, — => t e [1, 72] 


0,* 

2 . 


Therefore 


F(x) = 


72(7-1) 


f(x) = t = sin x + cos x 

g'(t) = Vtf i+/)>o 


and 

Now 


so that g is increasing for t e [1, 72], Hence 
Max F(x) — Max g(t) 

= g( 72 ) 

72(2-1) 


and 


72 


= 1 


Min F(x) = Min g(t) 

tell,y/2] 

= 80 ) 

72 ( 1 - 1 ) 


-lo.- 


= 0 


where t = sin x + cos x = f(x). Hence F(x) is of the form 
g{f{x)) where 


1 
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Example 


3.18 


Let f ( x ) = tan x + cot x , x e [n / 6, n / 3]. Find its least and 
greatest values. 

Solution: The given function can be written as 

f ( x ) - —--- 2 cosec 2 x 

sin x cos x 


Now, 

fix ) = -4 cosec 2 x cot 2 x = 0 
at x = n / 4 . Also 


fix ) < 0 for — < x < — 
J W 6 4 


and f \ x ) > 0 for — < x < — 

4 3 


Therefore/is locally minimum at x = n ! 4 and fin 14 ) = 2 . 
Also 


/I4l=4+V3=4=/ 4 


S 


& 


Therefore /is maximum at x = n/b and nl 3 and maximum 
of fix ) = 4/V3. 

Hence on the interval [ nib , tt/ 3J . the least value of fix ) 
is 2 and the greatest value of fix ) is 4/V3. 


Note: Sometimes, if the functional values are positive, the minimum value of a sum can be determined by using 
AM-GM inequality. In the above case, since both tan x and cot x are positive in [ nib , 7r/3], we have 

tan x + cotx > 2Vtamxcotx = 2 

and the equality occurs when tan x = cotx, which implies that x = n / 4 . 


3.5 Convexity, Concavity and Points of Inflection 

The following concepts and theorems will be useful in drawing the curves of continuous and differentiable functions. 

The validity of the theorems is to be assumed. 

DEFINITION 3.12 Convex Let/(x) be a continuous function defined on an interval [ ci , b \. If the graph of /(x) 
lies below the line segment joining the points (x,/(x)) and (>’,/(>’)) for all a <x < y < b , then/is 
said to be convex function on the interval [ a , b ] and the curve said to be convex. See Fig. 3.8. 

DEFINITION 3.13 Concave Ifthe curve always lies above the line segment joining (x, fix )) and ( y , fiy )), then /is 
said to be a concave function on the interval [ a , b \ and curve is said to be concave. See Fig. 3.9. 




FIGURE 3.8 Convex function and curve. FIGURE 3.9 Concave function and curve. 


Theorem 3.11 
(Derivative Test 
for Convexity) 


Suppose / is continuous on [ a , b ] and differentiable in (a, b ). If f is increasing on ( a , b ), then / is 
convex on [ a , b \. In particular,/" exists and is positive (possibly at some points f " may be zero) 
in ( a , b ). 


Theorem 3.12 Suppose/is continuous on [ a , b ] and is differentiable in ( a , b ). If /' is decreasing in ( a , b ). then /is 
concave in ( a , b ). In particular,/" is negative (possibly at some points/" may be zero) in ( a , b ). 

Note: If/is convex, then -/is concave. 
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DEFINITION 3.14 Point of Inflection If/"(a) = 0 or f"{a) does not exist and the second derivative f"(x) 
changes sign at x = a, then a is called a point of inflection of f Geometrically, point of inflec¬ 
tion means, the point which separates convex and concave parts of the curve (see Fig. 3.10). 




O 


O 


-► 


(a) 


(b) 




FIGURE 3.10 Various graphs to show points of inflection. 


Example 


3.19 


Find out whether the following curves are convex or con¬ 
cave or both. 

1. /(x) = 3-x 2 

2. /(x) = x 3 

3. /(x) = cosx 

4. /(x)=x 4 


3. The given function is f(x) = cosx. The second 
derivative is 

f"(x) = -cos < 0 for 

Therefore/(x) is concave in [~n!2, k!2\ . Now 


Solution: 

1. The given function is f(x)= 3-x 2 . The second de 
rivative is 

/"(*) = " 2<0 

Therefore,/is concave everywhere. 

2. The given function is /(x) = x 3 . The second derivative 
is 

f"(x) = 6x 

This implies 


f"(x) = -cosx> 0 for —<x< — 

2 2 

This implies/is convex in [/r/2, 3k/2]. 

4. The given function is /(x) = x 4 . (See Fig. 3.12.) The 
second derivative is 

f"{x) = 12x 2 >0 Vx*0 

Hence the curve is convex on any interval. Further 
/"(x) = 0, but f'\x) does not change its sign at x = 0. 
Hence x = 0 is not a point of inflection. 


/"(x) < 0 for x < 0 
/"(x) > 0 for x > 0 

Thus / is concave for x < 0 and convex for x > 0. See 
Fig. 3.11. Here, observe that /"(0) = 0 and f"(x) 
changes sign at x = 0 and hence x = 0 is a point of 
inflection also. 



T 



FIGURE 3.12 Part (4), Example 3.19. 


FIGURE 3.11 Part (2), Example 3.19. 
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3.6 Cauchy's Mean Value Theorem and L'Hospital's Rule 

In this section we prove Cauchy’s mean value theorem which is an extension of Lagrange’s mean value theorem for 
two functions and prove the most famous theorem - L’Hospital’s rule. 


3.6.1 Cauchy's Mean Value Theorem 


Theorem 3.13 
(Cauchy's 
Mean Value 
Theorem) 


Suppose/and g are two functions such that 

(i) both are continuous on [a, b] and differentiable in (a, b) 

(ii) g(a)±g{b) 

(iii) \f'(x)\ + \g'(x)\^0yxe(a,b) 


Then, there exists c e (a, b) such that 


f'(c) m-m 
g'{c) g(b)~g{a ) 


Proof 


Let 


h(x) = f(x) + W /(fl) (g(b) - g(x)) 
g(b)-g(a) 

Then h is continuous on [a, b\ and differentiable in ( a , b). Also h(a) = f(b) = h(b). Hence, by 
Rolle’s theorem, there exists c e (a, b) such that h\c) = 0. Therefore 

r m-m' 


f\c) = - 


g(b)-g(a) 


[-g'(c)] 




g\c) 


g(b)~g(a) 

If g'(c) = 0, then /'(c) = 0 which contradicts hypotheses (iii). Therefore g'(c) A 0. Hence 

r(c) m-m 

g\c) g(b) - g(a) m 

Note: Lagrange’s mean value theorem is a special case of Cauchy’s mean value theorem, if we take g (x) = x V x e [a, b\. 


3.6.2 L'Hospital's Rule 

Suppose functions /and g are defined in a neighbourhood of a c’.’ If lim f(x) and lim g(x) are both either 0 or + 

X —> C X —> c 

then lim f(x)/g(x) is called an indeterminate form. This limit of the ratio may exist or may not exist. 

X —» C 


DEFINITION 3.15 Suppose we write a = lim /(x) and (5 = lim g(x). 


f(x ) 

1. If a = 0 = P or a = ±°° and /? = ±°°, then we say that lim v is the indeterminate form 

0 ±oo 

— or -. 

0 + oo 

2. If a = P = ±°°, then we say that lim (/(x) - g(x)) is the indeterminate 


In the following theorem, we prove the most primitive form of L’Hospital’s rule which will be frequently used to find 

the limit of the indeterminate —. 

0 
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3.6 | Cauchy's Mean Value Theorem and L'Hospital's Rule 


Theorem 3.14 


Proof 


Suppose lim /(x) = 0 = lim g(x), /'(a) and g'(n) exist and g'(a) ^ 0. Then lim f(x)/g(x ) exists 

x —>a x —> a x —>u 

and is equal to f'(a)/g'(a). 

Since f'(a ) and g'(a) exist,/(x) and g (x) are continuous at a. Hence, by hypothesis 

/ (a) = g(a) = 0 


Also 


and 

Therefore 


/'(«) = lim 


/(*)-/(a) 


X -> a x — a 


*'(«)= lim SW - S(0) 


x-a 


f(x) = f(x) x-u 
g(x) x-a g(x) 

f(x)~f(a) x-a 


x~a g(x)-g(a) 


[••• /(«) = g(«) = 0] 


This implies 


ii m m = i im /w-/M .i im *-» 


*->ag(x) X-a x -> a g(x) - g(fl) 

/'(«) 


One has to observe that 


g\ a ) 


g'(a) = lim 


g(*) 


x->a x — a 

and g'(n) ^ 0 implies that g(x) ^ 0 for all x in a neighbourhood of a. ■ 

The following theorem is another form of L'Hospital's rule which will be also useful in practical problems. In the first 
reading, the student may skip the proof and assume its validity. 


Theorem 3.15 
(Another 
Form of 
L'Hospital's 
Rule) 

Proof 


If/and g are differentiable in a deleted neighbourhood of a, are continuous at a,f(a ) = g (a) = 0 

, .. f\x) , , .. fix) . 

and lim .. = /, then lim ' exists and is equal to /. 




>“g(x) 


Since f'(x)/g'(x) —>l as x -> a + 0, there exists a positive number A such that 0 <h< A, both /and 
g are differentiable and g'(x) ^ 0 for all x in (a, a + h). If g(x) = g(n)(= 0) for some x in (a, a + h), 
then by Rolle’s theorem g'(x 0 ) = 0 for some x 0 in ( a , a + h) which is a contradiction to the fact that 
g'(x) ^ 0 in any (a, a + h). Hence g(x) g(a ) for any x e (a, a + h). Thus,/and g satisfy the condi¬ 
tions of Cauchy’s mean value theorem on [a, a + h] so that there exists c in (a, a + h) such that 


f'(c ) = f(a + h)-f{a) _ fia + h) 
g'(c) g(a + h)-g(a ) g(a + h) 


(3.4) 


Let s > 0. Since 


f\x) 




-+ l as x —> a + 0 


there exists a positive number S(£) such that x e (a, a + 5 (e)) and 
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/'(*) 


g\x) 


-l 


< £ 


Choose 8 = Min (A, 5(g)) .Therefore for any x e (a, S), by Eq. (3.4) we have 

/(*) _ /'(c) 


gix) g'(c) 


for some c in (a, x ). Hence 




fie) 

gix) 


g'ic) 


because 0<c-a<x-a<& Therefore 

/(*) 


Similarly 


Hence 


gix) 

fi x ) 


< £ 


l as x —> a + 0 


gix) 


-»/ as x a - 0 


lim &> = / 

*-> a gix) 

Now we state (without proofs) two theorems which comprise all forms of L'Hospital’s rule. 


Theorem 3.16 
(L'Hospital's 
Rule - I) 


(i) Suppose/and g are differentiable in a right neighbourhood V = (c, c + 8) of c, g\x) A 0 in V, 


Then 


lim f(x) = 0 = lim g(x) 

x —^ c + 0 x —^ c + 0 


Bm £W = lim /W 


x->c + 0 g'(x) *->c + U g(x) 

(Here the limit may be real number or +°° or -».) 

Note: The above result is equally valid, if the right neighbourhood is replaced by left 
neighbourhood. 

(ii) Suppose/and g are defined and differentiable in (-°°, b).g'(x) ^ 0 in (-«>, b) and 

lim /(x) = 0 = lim g(x) 


Then 


f\x) fx) 

lim —— = lim 


x^—g'ix) x->-~ gix) 

(Here the limit may be a real number or +°° or -°°.) 

(iii) Suppose / and g are defined and differentiable in (a, °°), g'(x) 0 in (a, °o) and 

lim fix) = 0 = lim g(x) 
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Then 


lim 

X —>°o 


f'(x) 

g'(x) 



f(x) 

gix) 


(Here the limit may be a real number or +°° or 


—OO.) 


Theorem 3.17 
(L'Hospital's 
Rule - II) 


(i) Suppose/andg are differentiable in a neighbourhood V={a- 8,a+S) of “a’’ g'(x) ^OVreK 
and lim g(x) = +°°. Then 

x —» a 

i im £M = llm /W 

x^ag'(x) x a g(x) 

(Here the limit may be a real number or +°° or -».) 

(ii) Suppose /and g are defined and differentiable in (-°°, b),g'(x) ^ 0 in (-<», b) and 
lim g(x) = +°°. Then 

, im £W, lim M 

*->—g'(x) *->-~g(x) 

(Here the limit may be a real number or +°° or -<».) 

(iii) Suppose / and g are defined and differentiable in (a, °°), g'(x) ^ 0 in (a, °°) and 
lim g(x) = +°°. Then 

lim lim /W 

(Here the limit may be a real number or +°° or -<».) ■ 

on 0 i °° 

Note: The indeterminate forms of types 1 ,0 , °° , etc. can be reduced to the form — or - by using logarithms, 

exponentials, etc. ® ~ 00 

The following are few examples of the above results. 


Example 


3.20 


Let f(x) = e x — 1 and g(x) = x in [0,°°].Find lim /(x)/g(x). 

x ->o+ 

Solution: We have by L'Hospital’s rule - I, part (i), 


lim 


/W = lim 


*-> 0 +g(x) x^>0+g'(x) 


lim 

*-»o+ 



= 1 


Note that lim 


e x -1 


is in the indeterminate form —. 

0 


Example 


3.21 


Let / (x) = log x and g (x) = x - 1 in (0, °°). Find 
lim /(x)/g(x). 



lim 


JM. 

g'(x) 


1 lx 

= lim-= 1 

X —> 1 1 


Solution: By L'Hospital's rule -1 we have 
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Example 

3.22 


Let / (x) = log x and g (x) = x for xe(l, °°). Find 
lg(x). 

lim /W = lim m 

*^°°g(x) x^~g'( X ) 

Solution: By L'Hospital’s rule - II, we have 

Ex 

- lim — = 0 

X^~ 1 

Example 

3.23 



Let f(x) = x" 

and g(x) = e x . Find lim f(x)lg(x). 

X — >°° 

= lim 

Solution: By L'Hospital’s rule - II, we have 

2x 

= hm — 

x —> pX 


lim 

X— ><* 

fiO=lim /W 
\e x ) 

2 

= lim — (By L'Hospital’s rule) 

x->“ e x 

= 0 

Example 

3.24 



Find lim (. 

x->0 + 0 

V log x) 


lim (xlogx)= lim t^L 
x — > 0 + 0 x — > 0 + 0 g(x) 

Solution: This limit is of the form 0 x (- °o). Take 
/(x) = log x and g(x) = 1/x so that 

= lim r(x> 
x — > 0 + 0 g'(x) 

Then, 


no, ,.«*> 
g(x) 

Vx 

= lim -r- 

x^o+o-y x z 

= 0 

Example 

3.25 



Find lim (x x ). 

x —>0 + 0 


= exp{ lim (xlogx)} 

x->0 + 0 

Solution: This of the form 0°. We have 

= e° (by Example 3.24) 

= 1 


lim (x x )= lim e' dogJt 

x— >0 + 0 x ->0 + 0 

Thus lim x x =1. 

x —> 0 + 0 

Example 

3.26 




Find lim ( —-—) for x e \ 0, — 

x^o + o^x sinx/ V 4 

Solution: This limit is of the form OO — OO. Now 


lim {- 

->o + o(; 


hm lI-J- 


= lim 


sin x - x 


x sin xJ x —>o + o x sin x 




(cosx-1) 

= lim --— 

x^o + o sin x + x cos x 

-sinx 


(S) 


= lim 


im 

>0 + 0 ^ 


2cosx - xsinx 
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Worked-Out Problems 


Example 


3.27 


Show that 


,. sin x 
hm — 

*“>0 + 0 yjx 


= 0 . 


Solution: Write f(x) = sin x and g(jr) = -Jx, x e (0, °°). 
By L'Hospital’s rule - II, 


sin* 

hm — j=r- 
*-> 0+0 yJ X 


lim M. 

>+o + og(r) 


cos a: 

= hm -= 

* —>o + o 1/2 v a: 


Note 


while 


= lim (2 Vacosx) 
*—>0+0 

= 0 


sini 
hm- 

* —> o x 


= 1 


,. sin x 

hm —p^- 
* —> o + o Jx 


= 0 


Example 


Show that lim (cos a:) 1 '* =e 
* —> o 


Solution: We have 

lim (cos x) l/x = (1°°) 

x —> 0 

= exp{lim(l/x 2 )log(cosAf)} 


= exp 



log(cosx)^ 

X 2 J 



= exp 



= exp((-lC)lim(^]) 


Example 


3.29 


Show that lim 

* —> o 


1 

e x -l 



-1 

T 


Solution: We have 


lim 

x —> 0 


l 


e x -1 


lim 

* —>o 


'x-e x + l' 
k xe x —x , 



= lim 


*->o 


\e 


l-e x 
+ xe x 



f -e x \ 
= lim --- 

x ~ >0 y2e x +xe x ) 


-1 

y 


Note that 2e x + xe x z 0 for x > -2. 


WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 
Tangents and Normals 

1. If the line lx + my = 1 is normal to the curve y 2 = 4ax. 
then l 3 a + 2aim 2 is equal to 

(A) m 2 (B) m 

(C) 2m (D) - m 2 

Solution: Suppose the line lx + my = 1 is normal to the 
curve at (x 1 ,y 1 ).Then 


lx 1 + my t = 1 


: 4ciX, 


Differentiating y 2 = 4 ax, we get 


dy 

dx 


2 a 

y 


(3.5) 
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Therefore 

dy\ _ 2 a 

■ dx / j c v .) yq 

Equation of normal at (x p yq) to y 1 = 4 ax is 

-yi 


that is 


2a 


xy 1 + lay - (2ay l + xqyq) = 0 


is normal at (x p yq). But lx + my = 1 is normal at (x p yq). 
Therefore 


yq la 2 ay 1 + x^y 1 
I m 1 


Solving we get 


2 al , 1 1 - 2 al 

yq =- and x 1 — — 2 a = - 

m l l 

From Eq. (3.5) we have y\ = 4 ax x . Therefore 

4a 2 / 2 (l-2a/) 

m 2 / 

=> / 3 n = m 2 - 2a/m 2 
=> / 3 n + 2alm 2 = m 2 

Answer: (A) 

2. The distance of any normal to the curve represented 
parametrically by the equations x = a (cos 9 + #sin 9), 
y = a (sin 9- 9 c os 9), a > 0 from the origin is 

(B) a 2 


< A >? 

(C) a 




Solution: Differentiating the given equations we get 
dx 

— = a(-sin9 + sin# + 9 cos 9) = u9 cos 9 
d9 

— = a( cos 9 - cos 9 + 9 sin 9 ) = a9 sin 9 

d9 2 

We can suppose that cos 9i^ 0 so that 

=^* =tan6 , 


dx) e d9 d9 

Therefore the equation of the normal 9 is 

y - a(sin 9-9 cos 9) = - cot 9[x - a( cos 9 + 9 sin 9)\ 

On simplification, we have xcos 9 + ysin 9 = a whose 
distance from (0,0) is a. 


3. The sum of the intercepts made by a tangent to the 
curve y[x + y fy = 2 on the axes of coordinates is 


(A) 2 
(C) 1 


(B) 4 
(D) 2V2 


Solution: Observe that both x and y are positive. Dif¬ 
ferentiating the given equation w.r.t. x, we have 

dy 
dx 

Therefore 

'df | 

Now equation of the tangent at (x v y 1 ) is 


y-yi = -J—(x-xi) 


X + —F= = 2 


i i 

Therefore the sum of the intercepts is 

2^ + 2^y[ = 2(^x7 + V77) = 2x2 = 4 

Answer: (B) 

4. The number of points on the curve y 2 = x 3 at which 
the normal makes intercepts on coordinates whose 
lengths are numerically equal, is 


(A) 4 
(C) 3 


(B) 6 
(D) 2 


Solution: Suppose (x p y x ) is a point on the curve at 
which the normal makes intercepts on the axes that are 
numerically equal. Differentiating y 2 = x 3 w.r.t. x we get 

..2 


dy 3x 
dx 2 y 


so that 


Therefore 


3x, 


dy 

dx J(x 1 ,y 1 ) 


Slope of the normal at (x 1 , y^ = 


~ 2 y 1 

3x 2 


Since the intercepts of the normal are numerically equal, 
we have slope = ± 1. Therefore 


2y\ 

3x-, 2 


= ±1 


• 2y x — ± 3x x 


Answer: (C) 
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■ 2x 1 3/2 = ±3*i 


•*i = ■ 


This gives 


yi = ±- 


27 


Since the curve is symmetric about x-axis, the points are 

’ 27 J 

Answer: (D) 


4 8 i (4 -8 
—, — or 
9 277 19’ 


5. Let P be a point on the curve y = x 2 - x + 1 and Q 
be a point on the curve y = x 3 - x 2 - 2x + 1. Suppose 
the tangent at P to curve y = x 2 - x + 1 is parallel to 
the tangent at Q to the curve y = x 3 - x 2 - 2x + 1. 
Then, the number of such ordered pair of points 

(P, Q) is 

(A) 2 (B) 4 

(C) 3 (D) infinite 

Solution: Differentiating y = x 2 - x + 1 w.r.t. x, we get 

— — 2x — l 
dx 


Therefore 


(£) 


^ I = 2x, -1 




From y = x - x - 2x + 1, 
dy 
dx 


Therefore 


) 

= W - 



—) = 

(dy) 

dxjp 

\dx )q 


■ 2x 1 = 3x2 - 2x 2 -1 


=> 3x 2 -2 x 2 -(\ + 2x l ) = 0 

So, there will be infinitely many values for x 1 such that 
the above quadratic equation in x 2 has real solutions, 
because its discriminant 

-2 


4 +12(1 + 2x l ) > 0 for all x l > — 


Answer: (D) 

1 


6 . The number of common points to the curves y = 


and y = 


1 


1 + x 2 


1 + x 

at which the tangent to the second 


(A) 1 

(C) infinite 
Solution: We have 


(B) 2 
(D) 0 


1 + x 1 + x 2 
=> x 2 -x = 0 
=> x = 0,1 

Therefore the common points are (0,1) and (1,1/2). Now 
1 dy -1 


y = 


Therefore 


Again 


1 + x dx (1 + x) 2 


df\ = _ x 


dx 


(0,1) 


y = 


1 + x 


■m 

ydxji, 


~ =° 
; (o,i) 


Therefore, at (0,1) the tangent to the second curve is 
horizontal. 

Answer: (A) 

7. The length of the normal to the curve x = a {6+ sin 9), 
y = a( 1 - cos 9) at 9= 7tl2 is 

(A) a (B) nV2 

(C) 2a (D) a 2 

Solution: Differentiating the given equations we get 

— = a(l + cos<9) 
d9 

— = a sin 9 
d9 


Therefore 


So 


dy dy dx sin 9 


dx d9 d9 1 + cos# 


Ai =1 


dx) 


and ordinate of the point 9= id 2 is a. Therefore, length of 
the normal is 


1 + 


f—1 = «Vl +1 = a-Jl 

KdxJgjL 


Answer: (B) 


curve is horizontal is 
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8 . The tangent at (x 0 , y 0 ) to the curve x 3 + y 3 = a 3 meets 
the curve again at (xp/j), then 


fu_ + ZL = 

x p yp 

(A) 1 (B) -1 

(C) a (D) -a 


3 3.3 o3/ 3 . 3\ n3 3 

ci — Xq + — A (xj_ + ) — a ci 

which implies A — 1 and hence x Q = x 1 and y Q = y v a con¬ 
tradiction. Therefore x ] y 0 - x u y 1 A 0. Hence from Eq. 
(3.7), 


x o A) = “ ( x Ao + Vi) 


Solution: The given equation is x 3 + y 3 = a 3 . Differentia¬ 
ting both sides w.r.t. x, we have 

dy -x 2 
dx y 2 

Therefore 



Equation of the tangent at (x 0 , y Q ) is 


y-y 0 = -r-( x - x o) 
yo 


=> x p x + yly = xl + yo 
This passes through (x v y ] ). Therefore 


x o x i + ypyi 


3 , 3 

: x 0 + ^0 


_ 3 , 3 

- x i+y 1 


as (x 1 ,y 1 ) lies on the curve. Hence 


Dividing both sides with x Q y Q , we have 


^-+*=-1 

*o yo 


Answer: (B) 


9. The distance of the point on the curve 3x 2 - 4v 2 = 72 
nearest to the line 3x + 2y +1 = 0 is 


(A) 


11 

Vl3 


(C) Vl3 


(B) 

(D) 



Solution: We have to find points on the curve at which the 
tangents are parallel to the line 3x + 2y +1 = 0. Let (x 1 ,_y 1 ) be 
a point on the curve at which the tangent is parallel to the 
given line. Differentiating the curve equation w.r.t. x we get 

6x-8y—= 0 
dx 


Therefore 


dy\ _ 3x 1 
dx k*i,yi) 4 - v i 


x i( x p ~ x i)~ -yi(yo -y?) 
x i( x o + x i) yo-yi 

yi(y 0 + yi) x o~ x i 

= Slope of the line joining (x 0 , y 0 ) and 

( x v y\) 

which is the slope of the tangent at (x Q , y (j ). So from Eq. 
(3.6) 

-X 1 (in + X 1 ) -X 0 2 

yi(y 0 +yi) y 0 2 

x i x pyp + x iyo = yiy 0 x o +yi x o 
x o y 0 ( x iy 0 - x 0 yi) = - ( x iy 0 - x o.vi) ( x iy 0 - x 0 yi) ( 3 - 7 ) 
Suppose x 1 y 0 - x (J y 1 = 0 so that 

^ = (say) 
x i yi 

Hence, x 0 = Ax v y 0 = Ay 1 so that 


The tangent is parallel to the line 3x + 2y + 1 = 0. This 
implies 

3x 1 -3 

4^ = T 

=> x i = -Z/i 

(x p /j) lies on the curve. This implies 
3x( - 4y 2 - 72 
=>12y 2 —4y 2 = 72 
=> yi = +3 

Therefore the points on the curve are (6, -3) and (-6,3) 
whose distances from the line 3x + 2y + 1 = 0, respec¬ 
tively, are ^/l3 and ^/^/l3. Therefore, the nearest point 
is (-6,3) and its distance from the given line is 11A/13. 

Answer: (A) 

10. If the tangent at (4/ 2 ,8f 3 ) to the curve y 2 = x 3 is also nor¬ 
mal to the curve at some other point, then t is equal to 
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Worked-Out Problems 


(A) 

2 

3 

(B) 

3 

2 

£ =<1 

(C) 

3 

(D) 

V3 

2 

Therefore 


Solution: Observe that x = t 2 ,y = t 3 , t e R are parametric 
equations of the curve y 2 = x 3 . Now 

2y— = 3jc 2 
dx 


dy\ = 3T = 3 f 

dx)( t 2 ,t 3 ) 2 1 3 2 


and 


dy 


2\2 


3(40) 


= 3/ 


(3.8) 

(3.9) 


-dx)( 4r 2 .8f 3 ) 2(8t 3 ) 

Therefore, equation of the tangent at (4fi, 8f 3 ) is 
y-8fi = 3t (x - 41 2 ) 

=> y = 3 tx - 4 f 3 

Putting this value of y in the curve equation, we have 

(3rx - 4 r 3 ) 2 = x 3 
x 3 - 9fix 2 + 24fix - 160 = 0 
for which x - 4 fi is a factor. Therefore 

(x - 4fi) (x 2 - 5fix + 40) = 0 
(.x - 4fi) (x - 4fi) (x - fi) = 0 

So, x = 4fi is a repeated root and x = fi is the other root. 
Therefore the tangent at P(4fi, 8 fi) meets the curve again 
at (fi, fi) and (fi, -fi). Now, 

_2 

Slope of the normal at (t 2 ,t 3 ) = — (3.10) 

Equations (3.9) and (3.10) imply 3 1 = -2/3 1 which is not 
true. Therefore the point (fi,-fi) is the point on the curve 
at which the normal is the tangent at (4fi, 8 fi). So 

3t = —=>r 2 =2/9^f= — 

3 t 3 


Answer: (C) 


11. The equation of the normal to the curve 
y = ( 1 + x) y + Sin '(sin 2 x) 

at x = 0 is 


(A) 2x + y = 1 
(C) x - y + 1=0 


(B) 2jc - y + 1 = 0 
(D) x + y - 1 = 0 


Solution: x = 0=>y = lso that the given point on the 
curve is P( 0,1). Differentiating the curve equation w.r.t. 
x, we have 


4fioi(i+x)+-X- 

dx 1+ x 


+ 


2 sin x cos x 


VI 


+ sm x 


(I) 


=2L\ = l(0 + l) + 0 = 1 

dx) ( o,i) 

So normal equation at (0,1) is 

y - 1 = -1 (x - 0) 
or x + y = 1 


Answer: (D) 


12. The sum of the ordinates of the points on the curve 
3x 2 + y 2 + x + 2y = 0 at which the tangents are perpen¬ 
dicular to the line 4x - 2y - 1 = 0 is 


(A) 2 
(C) 1 


(B) -2 
(D) -1 


Solution: Differentiating the curve equation we get 

6x + 2y — + 1 + 2— = 0 
dx dx 

dy _ (6x + l) 

dx 2(y+l) 

But the tangent is perpendicular to the line 4x - 2y - 1 = 
0. Therefore 


(6x +1) -1 


■ y = 6x 


2(7 + 1) 2 

Substituting the value of y = 6x in the curve equation, 
we get 

3x 2 + 36x 2 + x + 12x = 0 
=> 39x 2 + 13x = 0 

=> x = 0, — 

3 

Thus, the points are (0,0) and (-1/3, -2). Sum of the ordi¬ 
nates = 0 -2 = -2. 

Answer: (B) 

13. The angle of intersection of the curves x 2 + 4y 2 = 32 
and x 2 - y 2 = 12 at any point of their intersection is 


(A) ? 
<c) f 


(B) f 


(D) f 


Solution: The given curves are 
x 2 + 4y 2 = 32 


(3.11) 
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and x 2 - y 2 = 12 (3.12) 

Subtraction Eq. (3.12) from Eq. (3.11), we get 
5 y 2 = 20 =t> y = ± 2 

The points of intersection are (±4, ±2) (four points). 
Since both curves are symmetric about both axes, the 
angle of intersection is same at any of these points. Now 
from Eq. (3.11), 

dy -x 
dx 4 y 

dy\ _-4__l 


dx 7(4,2) 8 


^ = £=>f>) =^ = 2 


From Eq. (3.12), 
d) 

dx y Vdx)( 4j 2 ) 2 

Therefore product of the slopes of the tangents to the 
curves at (4, 2) is —1. Hence the angle of intersection of 
the curves is /r/2. 

Answer: (D) 

14. The area of the triangle formed by the coordinate 
axes and the tangent to the curve y = log e x at (1,0) is 
(in square unit) 

1 
2 
3 
2 


y = iog e x 

dy 1 
dx x 
dy 


(A) 1 

(B) 

(C) 2 

(D) 

Solution: We have 



■( *y) =i 

\dx) ( i,o) 


Therefore equation of the tangent at (1,0) is 
y = x — 1 

or x + y = 1 

Area of the given triangle is 




Answer: (B) 


15. If the two curves ax 2 + bx = 1 and a'x 2 + b'y 2 = 1 in¬ 
tersect orthogonally, then 


(A) — 

V a a' b V 


(B) I + I = I + 1 
a a b b 


1111 1111 

(C) "777 T" 7 ( D ) ~ + T~~h' + ~ 

abba abba 

Solution: Suppose the curves 

ax 2 + by 2 = 1 (3.13) 

and a'x 2 + b'y 2 = 1 (3.14) 

intersect orthogonally at (Xp^j). Now from Eq. (3.13), 

-flXi 


dy 

dx \x 1 ,y 1 ) by x 


and from Eq. (3.14) 


dy 

dx )(x 1 ,y 1 ) b y\ 


By hypothesis 


and hence 


' -ax l N 

^ -a' x 1 N 

l b yi J 

l b 'yi) 


= -l 


aa 

W 


\yL 


= -i 


Also from Eqs. (3.13) and (3.14) 

x\ (a - a') + y\(b-b') = 0 

so that 


y\ 


(b-b') 


a —a 


From Eq. (3.15) we have 

aa' ( b - b' A _ 
bb'(u-a')- 

=> aa'b - aa'b' = abb' - bb'a' 
Dividing by aa'bb', we get 

1 11 1 
b' b a' a 
1_J__ 1 _1_ 
a a' b b' 


(3.15) 


Answer: (A) 


16. The slope of the tangent at (#/4,0) to the curve 1 + 
16 x 2 y = tan(x - 2 y) is 

2 1 


< A > , + « 

(C) , 2 

K +4 


(B) 


(D) 


n 2 +4 


7T + 4 
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Solution: Differentiating the curve equation w.r.t. x 
we get 

32xy + 16x 2 — = sec 2 (x -2 y)( 1 — 2—1 

dx v dxJ 

Put x = n!4 and y = 0 so that 



4^1 = _?_ 

\dx)^L ol n 2 +4 


Answer: (C) 


(A) \ 

(B) 1 

(C) 2 

<°) | 

Solution: 

Differentiating the given equation 


(cos y) — = 3x 2 - 5x 4 
dx 


=.(&) = 3 - 5 = -2 

\dx)( to) 


Equation of the tangent at (1,0) is 

y = ~ 2 (x - 1) 

_ „ x V 

=> 2x + v = 2 or — + — = 1 
1 2 

So area of the triangle is 

f(l)(2) = l 


17. The angle of intersection of the two curves 4x 2 + 9 y 2 
= 45 and x 1 - 4y 2 = 5 at any of their common points 
is 

(A) § 

(C) Tan- 1 (2) 

Solution: Since the two curves are symmetric about 
both axes, the angle of intersection is same at any of their 
common points. We have 




the line y = 

(B) 

n 

4 

(A) 2 


n 

3 

(C) 0 

(D) 

Solution: We 


Answer: (B) 

19. The number of points on the curve y = x sin x at which 


(B) 4 

(D) infinite 


(4n + l)(/r/2),neZ. Therefore the line y = x meets the 
curve y = x sin x at infinite number of points. Also 

dy 

y — x sin x => — = sin x + x cos x 
dx 


4x 2 + 9y 2 = 45 (3.16) 

x 2 — 4y 2 = 5 (3.17) 

Solving Eqs. (3.16) and (3.17), the points of intersection 
are (± 3, ± 1). From Eq. (3.16) 


When x = {An + 1) (n/2), we have dyldx = 1 which is also 
the slope of the line y = x. So y = x touches the curve y = 
x sin x at infinite number of points. 


Answer: (D) 


dy _ -4x (dy\ _ -4 

dx 9 y \dx)(xi) 3 

From Eq. (3.17), 

dy 2x 3 

dx 8y vdx/( 3 i) 4 


20. The number of values of x at which the graph of y = 
sec x is horizontal are 

(A) 2 (B) 0 

(C) infinite (D) 4 

Solution: We have 


Product of the slopes of the tangents at (3,1) = -1. This 
implies that the curves cut each other orthogonally. 

Answer: (A) 

18. The area of the triangle formed by the tangent to 
the curve siny = x 3 - x 5 at the point (1, 0) and the 
coordinate axes is 


dy 

y = secx => — = secxtanx 
dx 


Horizontal tangent implies 
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Now 


sec x A0 => tanx = 0 => x = nn, neZ 

Therefore y = sec x has infinite number of horizontal tan¬ 
gents. 

Answer: (C) 


21. The angle at which the curve 3y = sin 3x crosses x-axis is 
(A) Tan-!(±2) (B) Tan '(±1) 


(C) Tan -1 (±V3) 


(D) Ta„-|±ij 


Solution: The curve crosses the x-axis when 

1 . , A nn 

— sin 3x=y = 0=>x = — ,ne£ 

3 3 


Slope of the tangent at line is 

dy 
dx 


dy q 
— = cos 3x 


and at x = nn! 3 is 


— = co&nn = ±1 
dx 

Therefore the slopes of the tangents at x = nn is ± 1. The 
tangents at these points make ±nl4 angle with x-axis 

Answer: (B) 


22. Let c be the curve y 3 - 3 xy + 2 = 0. Let m be the num¬ 
ber of points on c at which tangents are horizontal 
and n be the number of points on c at which the tan¬ 
gent is vertical. Then m + n equals 
(A) 1 (B) 2 

(C) 3 (D) 4 


(A) -1 (B) -j 

(C) | (D) 1 

Solution: We know that 


dy 

dx 


=/'(*> 


A] =/'< 3) 


dx 


(3,4) 


By hypothesis the slope of the normal at (3,4) is 

-1 3 n 

-= tan — 

/'( 3 ) 4 


•/'( 3) = 1 


Answer: (D) 


24. Which one of the following curves cuts the curve 
y 2 = \ax at right angles? 

(A) x 2 + y 2 = a 2 (B) y = e~ x,2a 

(C) y-ax (D) x 2 = 4 ay 

Solution: We have 

y 2 = 4 ax => — = — = m (suppose) 
dx y 

222 dy -x 
x +y = a => — = — = m x (suppose) 
dx y 


y = e 


-x/2a 


-y- = — e = m 2 (suppose) 
dx 2 a 


y 


— = a = m 3 (suppose) 
dx 


Solution: From the curve equation we have 


3 y+-3y-3^ = 0 

dx dx 

dx 


dy = y 

dx y 2 - x 


But y A 0, otherwise 2 = 0. Therefore y 2 = x. This implies 
y 3 - 3y 2 + 2 = 0 


so that y = 1 and x = 1. Therefore m = 0 and n = 1. Thus, 
m + n = 1. 

Answer: (A) 


23. If the normal to the curve y=f(x) at the point (3,4) 
makes an angle 3zr/4 with the positive direction of 
the x-axis, then/'(3) is equal to 


x 


2 


= 4 ay => 


dy_ 

dx 


— = m 4 (suppose) 
2 a 


Now 


mm 4 — —1 
x 2a 

=> — x — = -1 
2 a y 

=> y - -x 

<^> x = y = 0 

[Since point lies on both the curves y 2 = 4 ax and x 2 = 4c/y. 
and the points are (0,0) and (4u, 4u).] Therefore x 2 = 4 ay 
cuts y 2 = 4 ax orthogonally at (0,0). 

We can check that mm 1 A -1, mm 2 A -1 and mm, A -1 at 
the points where the curves x 2 + y 2 = a 2 , y =e~ x,2a and y = ax 
meet. 

Answer: (D) 





Worked-Out Problems 


Note: For the curve y 2 = 4 ax, the y-axis is tangent at (0,0) 
and for the curve x 2 = 4 ay, the x-axis is the tangent at 
( 0 , 0 ). 

25. The point(s) on the curve y 3 + 3x 2 = 12 y where the 
tangent(s) is vertical is (are) 


(A) ^.-2 
(C) (0,0) 




(B) 


(°) 1^.2 


Solution: Differentiating the given equation we get 

3y 2 —+ 6x = 12— 
dx dx 

=> (y 2 - 4) — = -2x 
dx 

Now 

Tangent is vertical <=> y 2 - 4 = 0 
<=> y = ±2 


Therefore 


y = 2=> x = ±—;= 

>/3 

„ 2 -24 + 8 -16 

y = -2 => x =-=-< 0 

3 3 


Therefore the points are 


± vr 21 - 


Answer: (D) 


26. The number of points on the curve y = cos(x + y), 
-2k< x < 2k at which the tangent has slope -1/2 is 


(A) 1 
(C) 4 


(B) 2 
(D) 8 


Solution: Differentiating the given equation, y = 
cos (x + y), we have 

— = -sin(x + y)( — + 1 
dx \dx 

dy _ - sin(x + y) _ -1 
dx 1 + sin(x + y) 2 
=> sin(x + y) = 1 

Now sin(x + y) = 1 => cos (x + y) = 0. Therefore 
x + y= (4n +1) ^ 


Now 

_ n -3 n 

-2n < x < 2 7r => x = —,- 

2 2 

Therefore, the number of points on the curve at which 
the tangent slope equals -1/2 is two. 

Answer: (B) 

27. A curve in xy-plane is parametrically represented by 
the equations x = t 2 + t + l,y = t 2 -t+l where t> 0. 
The number of straight lines passing through the point 
(1,1) which are tangent to the curve is 


(A) 0 
(C) 2 


(B) 1 
(D) 3 


Solution: t = 0 x = 1 and y = 1. Therefore (1,1) is a 
point on the given curve. Also 

dy dy dx 2t-l 


Now 


dx dt dt 2t + \ 


dy\ (dy_ j = AL = 


(S 


\dxj(- o 1 

Equation of the tangent at (1,1) is 
y ! — i(x l) 

=>x+y = 2 


Answer: (B) 


28. The number of points belonging to the set 
{(x, y) |—10 < x < 10 and - 3 < y < 3) which lie on the 
curve y 2 = x + sinx at which the tangent to the curve 
is horizontal is 


(A) 4 
(C) 2 


(B) 8 
(D) 0 


Solution: The given equation is y 2 = x + sin x. Differen¬ 
tiating both sides w.r.t. x, we get 

2y— = 1 + cosx 
dx 

Florizontal tangent implies 

y*0 and ^ = 0 
dx 

Therefore, cos x = -1, which implies that x = (2 n + 1) n, 
bsZ. Now 


-10 


-1 


10 


-1 


-10<X<10: 


<n< 


n 


x + y = (2n + \) — , ne Z 


-92 48 

-< n < — 

44 44 


and 
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Therefore n = -2, -1,0,1. Now 

n = -2 => x = cos(-3^) = -1 

30. The angle of intersection of the curves y 
7 - x 2 at (1,1) is 

but y 2 = -37T+ 0, which is not true. So n A -2. Similarly 
n A —1. This implies n = 0,1. But n = 1 implies x = 3 n 

(A) i 

(B) f 

so that y 2 = 3n =» y > 3. Hence n A 1. Therefore, the 
points in the set are {n, ± 4n). 

(c) I 

(D) Tan“ 1 (7) 


Answer: (C) Solution: Differentiating y = x 2 we get 


29. The triangle formed by the tangent to the curve 
/(x) = x 2 + bx - b at the point (1,1) and the coordi¬ 
nate axes, lies in the first quadrant. If its area is 2, 
then the value of b is 

(A) -1 (B) 3 

(C) -3 (D) 1 

Solution: The triangle lies in the first quadrant implies 
the tangent at (1,1) makes obtuse angle with the positive 
direction of the x-axis. The slope of the tangent at (1,1) is 
negative. From the curve equation, 

f'(x) =2 x + b 

Therefore 


f\l) = 2 + b 

Now /'(1) = slope of the tangent at (1, 1) < 0. This 
implies 

b + 2 < 0 (3.18) 

Equation of the tangent at (1,1) is 


dy_ 

dx 


= 2x 


— I = 2 = m x (suppose) 


dx 


(U) 


Differentiating 6y = 7 - x 2 we get 

dy -x 
dx 3 


— j = — = m 2 (suppose) 


dx 


(U) 


Suppose the acute angle of intersection is 9. Therefore 


tan# = 


1 + /?'(| rn 2 


2 + — 
3 


1 -- 


= 7 


• 6 = Tan 1 (7) 


Answer: (D) 


Now 


y -1 = (b + 2) (x + 1) 


y = 0=>x = 


b + 2 


1+b 
2 + b 


x = 0 => y = -{b + 1 ) 


Therefore 

2 = Area of the triangle 


= -\b + l 
2 


b + 1 
b + 2 


Note: In the above problem, if the second curve is 6y = 
7 - x 3 , then 9= jc!2. 

31. If 9 is the angle of intersection of the curves x 2 + 2xy 
- y 2 + 2ax = 0 and 3 y 3 - 2a 2 x - 4a 2 y + a 3 = 0 at the 
point (a, -a), then tan# is equal to 


(A) 

(C) 


9 

8 

3 

8 


(B) 

(D) 


8 

9 

4 

9 


Solution: Differentiating the first equation, we get 


1 {b+iy 

2 b + 2 


[from Eq. (3.18)] 


2x + 2y + 2x — - 2y — + 2a = 0 
dx dx 


Solving we get 

4 (b + 2) = -{b + l) 2 
=> b 2 + 6b + 9 = 0 
=>(6 + 3) 2 = 0 
=> b = — 3 


d i+-y) 

dx 


-(x + y + a) 


Therefore 


dy) 

dx ) (a. -a) 


-a 
2 a 



(say) 


Answer: (C) 


Again, differentiating the second equation we get 
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Worked-Out Problems 


Therefore 


9y 2 fty. - 2a 2 - 4a 2 — = 0 
dx dx 


=> — (9y 2 - 4a 2 ) = 2a 2 



2a 2 

5a 2 



(s a y) 


Now 


tan# = 


nij — m 2 

1 + «z 1 m 2 


1 2 


2 5 



_ 9_ 5 9 

“ 10 X 4 “ 8 


Answer: (A) 

32. The acute angle of intersection of curves x 2 -y 2 = a 2 
and x 2 + y 2 = a 2 2 is 

(A) f (B) f 

(C) f (D) f 

4 6 

Solution: Suppose the two curves intersect in (x p yq) 
and let # be their acute angle of intersection. Differen¬ 
tiating x 2 — y 2 = a 2 , we get 

fdy\ = x L 
V dx ) [(.y.) 34 

Differentiating x 2 + y 2 = a 2 yjl, we get 
fdy\ __*i 

y dx k*i,yi) yi 


Therefore 


= -j= 4^2+1 and 

V2 


V2 


VV2-1 


we have 


/ 2 \ 

2 — 72^1 

tan# = ^ 2 , -= 1 

-a I 

Therefore #= nt 4. This angle is same, because the curves 
are symmetric about the axes. 

Answer: (C) 


33. The angle of intersection of the curves y = sin x and 
y = cos x in the first quadrant is 


(A) Tan _1 V2 

(C) T “"(i) 


(B)Ta„-|^ 


(D) Tan 1 ( 2 V 2 ) 


Solution: The given curves intersect at ( n/4 ,1/V2) in 
the first quadrant. Now 


dy 

y = sin x => — = cos x 
dx 



dy 

y = cos* => — = -sin* 
dx 



V2 


Therefore if # is the acute angle of intersection of the 
curves, then 


tan# = 


1 



1- 



=> 0 = Tan^ 1 2V2 


A-2^2 

V2 


Answer: (D) 


tan# = 


y\ yi 


1- 


y\ 


2 l*iyi I 

1 2 2 

l>i ~ x i 


Solving the given equations, we have 

x 1 =± ~^= Vs/2+1 and y, = ± \fJT-l 

v2 


34. The sub-normal at any point of the curve x 2 y 2 = 
a 2 (x 2 - a 2 ) varies inversely as 

(A) cube of the abscissa of the point 

(B) square of the abscissa 
3 

(C) — th power of abscissa 
2 

(D) — rd power of abscissa 


Therefore, at the point 


Solution: Differentiating the given equation we get 
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o 2 , o 2 dy 2 
2xy +2x y — = 2 a x 

dx 

d y = « - y 

dx xy 

Now the sub-normal is given by 


dy 

dx 


2 2 
a -y 



X 




2/ 2 2\ 
„z a (x -a ) 


= 

Ct rj 

X 


x 


Answer: (A) 


35. The tangent at any point on the curve x 3 + y 3 = 2a 3 
cuts off lengths p and q on the coordinate axes. Then 

p~ 3,2 + q~ 312 = 

(A) 2 - m a- m (B) 2 - m a- m 

(C) 2 v2 a m (D) 2 V2 a i ' 2 

Solution: Differentiating the curve equation, we get 


dy -3x 2 -x 2 

dx 3 y 2 y 2 

Therefore 

f dy] _ -x\ 
\dx)( Xl y 1 

Equation of the tangent at (x l ,y 1 ) is 


-*1 f X 

y-yi =— 

yi 

Since (x^yq) lies on the curve we have 
x 2 x + y\y = x l+yl = 2 a 3 

Therefore 

2a D , 2 a 3 

P = —T~ and l l = ~ 

x i y r 


So 


p~ 3/2 + q- 3/2 


= 2~ m a- m 

= 2 - m a m 
= 2 - m a m 
= 2 - y2 a~ 312 


{— —\ 
(4+y!) 

(2a 3 ) 


36. The acute angle of intersection of the curves 
y = | x 2 -11 and y = | x 2 - 31 in the first quadrant is 


(A) Tan' 1 


2V2 

\~ 

(C) Tan''f^ 
l 7 

Solution: We have 

y = l * 2 -i| = 


(B) Tan' 1 
(D) Tan 1 


r j2) 

x 7 > 
/ 


4\f2 


V 


x z -l if x < -1 
l-x 2 if — 1 < < 1 

JC 2 -1 if x > 1 

x 2 - 3 if x < -V3 

y = \x 2 - 3\ = { 3 - x 2 if-V3<x<V3 
-3 ifx>V3 

Therefore, the two curves intersect at (\[2, 1) in the first 
quadrant. Now x > 1 implies 

y = x 2 -l =4^) =272 

v dx ) x - ^2 


and 


y = 


3-x 2 f—1 =-272 

\dxj x = q2 


Now, if 0 is the acute angle of intersection of the curves 
at (72,1), then 


tan# = 


272 + 272 


0 = Tan 


l + (272)(-272) 
47T 


472 


-1 


Answer: (D) 


Note: The two curves also intersect at (-72,1). 

37. The acute angle of intersection of the curves x 2 + y 2 = 
5 and y = [| sinx | + | cosx |] where [■] is the greatest 
integer function is 

(A) Tan' 1 (272) (B) Tan ^2 

(C) Tan' 1 72 (D) Tan' 1 

Solution: Since 0 < | sinx | < 1 and 0 < | cosx | < 1, 
sin x = 0 <=> cos x = +1 
and vice versa. Also 

. k k 1 

sin - = cos— = — j= 

4 4 72 



Answer: (A) 


We have 
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1 < | sinx | + | cosx | < V2 

Therefore 

y = [| sinx | + | cosx |] = 1 

So, the points of intersection of the two curves are (2,1) 
and (-2,1). Differentiating x 2 + y 2 = 4 we have 

dy x 
dx y 

= 4 -) = 2 

\dxj( 2 ,- 1 ) 

The angle made by the tangent at (2, -1) to the circle 
with the line y = 1 is Tan '2. Also 

f -1 =~ 2 

V dx J ( 2 j i) 

This implies that the acute angle between the tangent to 
the circle with the line y = 1 is Tan '2. 

Answer: (B) 


38. The tangent at any point of the curve x = a cos 3 9,y = 
a sin 3 9 meets coordinate axes in A and B. Then, the 
locus of the mid-point of the segment AB is 

2 

(A) x 2 + y 2 = a 2 (B) x 2 + y 2 = ~~ 

2 

(C) x 2 +y 2 = y (D) x 2 +y 2 = 2a 2 


Solution: Differentiating both the equations we get 


c/Jv o 

— = -3a cos 9 sin 9 
d9 


and 

Therefore 


— = 3a sin 2 9 cos 9 
d9 


dy dy dx 
dx d9 d9 


= -tan 9 


Equation of the tangent at (a cos 3 9, a sin 3 9) is 


y-asin 3 9 = - tan 9(x -acos' 9) 


=t> A + —— = a(cos 2 9 + sin 2 9) = a 
cos 9 sin 9 

Therefore A = (a cos 9, 0) a nd B = (0, a sin 9). Let 
(x,, y 1 ) be the mid-point of AB. Then 

acos9 , asin9 

X, =- and y, =- 

1 2 71 2 


So, 



= cos 2 9 + sin 2 9 = 1 


2 2 a 

t 


Therefore the locus of (x^yq) is 


x +y = ■ 


Answer: (C) 


39. If the algebraic sum of the intercepts on the axes cut 
off by tangent to the curve x 1/3 + y 1/3 = a 1/3 at (a/8, 
a/8) is 2, then the value of a is 

(A) 8 (B) 4 

(C) 2 (D) 4J2 


Solution: Differentiating the curve equation, we get 


Therefore 


— x~ 2/3 + - y 2/3 — = 0 
3 3 dx 



=-l 

dx J(alS.alS) 


Equation of the tangent at (a/8, a/8) is 



a 

=> x+ y = - 
7 4 


The intercepts of the tangent on the axes are a/4 and a/4. 
By hypothesis, 


a a 

- + — = 2 =$ a ■■ 

4 4 


Answer: (B) 


40. If tangents are drawn from the origin to the curve 
y = sin x, then their point of contact lies on the 
curve whose equation is 
(A) x 2 - y 2 = 1 (B) x 2 + y 2 = 1 

(C) = (D) x 2 - y 2 = x 2 y 2 

x y 

Solution: Let the tangent at (x 1 ,y 1 ) to the curve pass 
through (0,0). Therefore the tangent at (x 1 ,y 1 ) is 

y - y 1 = cos x x (x —x : ) 
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This passes through (0,0) which implies 
jc 1 cos x 1 - y 1 = 0 


y i 


= cos 


x 1 - yj 1-sin 2 x 1 - yJl - 


y\ 


V 1 2 

• = 1 - y 1 (squaring both sides) 

. — = — -1 
2 2 
*t 3d 

■ 4 - 4=- 1 

*1 yi 


Therefore (x^yq) lies on the curve 


—- - = -l 

x 2 y 2 


Answer: (C) 


41. If py and p 2 are the lengths of the perpendiculars 
drawn from origin onto the tangent and normal, 
respectively, to the curve x 2/3 + y 2i: = a m , then 
4Pi + P 2 i s equal to 
(A) a 2 (B) 2a 2 

(C) a (D) 2 a 

Solution: Differentiating x 2/3 + y 213 = a 213 we get 

,1/3 


dy 

dx 


Let P(x 1 ,y 1 ) be a point on the curve. Then 


2/3 


2/3 _ „2/3 


+ y ^ = a 


(3.19) 


Therefore the equation of the tangent at (x v y ] ) is 


y-yi = - 


f \ 1/3 

Zi 

\ x u 


(x-Xi) 


1/3 ■ V3= x ~i + y 1 =Cl ~ 

x \ y\ 


[By Eq. (3.19)] 


So 


Pi = 


-a 


2/3 


2/3 + 2/3 

h y i 


, , n 2/3 

1/3 1/3 

r 1 yi I po 


1/3 1/31 1/3 


E 9i 


a 


2 _ 2/3 2/3 2/3 


(3.20) 


Equation of the normal at (x 1 ,y 1 ) is 




y-y i = 


yiJ 


( x ~ x i ) 


1/3 1/3 , 4/3 4/3 n 

•E *-yi y + E =o 


1/3 1/3 , / 2/3 2/3 N / 2/3 , 2/3x n 

*i x ~y i y + (E -yi Me + yj ) = o 


1/3 1/3 , 2/3/ 2/3 2/3x n 

E x ~y 1 y + a (e -y 1 ) = 0 


Therefore 


Pi = 


2/3/ 2/3 2/3 \ 

a -j/j ) 




_| 1/3/ 2/3 2/3x1 

(E “El ) 


2 2/3/ 2/3 2/3x2 /a oi \ 

^ Pi = a (x, ) (3.21) 

From Eqs. (3.20) and (3.21), we have 

X 2 , 2 2/3r 4 2/3 2/3 , / 2/3 2/3x2i 

4Pi +Pi=a [4x, yi + (jq -y 1 ) ] 

= a 2J3 (xf+yf) 2 


= a 213 ■ a m = a 2 


Answer: (A) 


Advice: The curve is parametrically represented by the 
equations x = a cos 3 9,y = a sin 3 9 so that dy/dx = - tan 6. 
Now proceed. 

42. A tangent to the curve x 2/3 + y 213 = a 2/3 meets x-axis 
in A and y-axis is B. Then the point which divides the 
segment AB internally in the ratio 2:1 lies on the 
curve whose equation is 


2 2 

(A) x 2 +^ = — 
v 2 4 9 

2 2 2 

K 2 4 1 9 


2 2 2 

(B) ^ + ^ = ^ 
v 4 1 9 


(D) x 2 + y 2 = 36a 2 


Solution: The parametric equations of the curve are 
x = a cos 3 9,y = a sin 3 9 so that dy/dx at any 9 is -tan 9. 
Therefore the equation of the tangent is 

y - a sin 3 9= -tan 9 (x - a sin 3 9) 


=> ——i- —— = u(sin z 9 + cos z 9) = a 
cos 9 sin 9 

Therefore 

A = (a cos 9, 0) and B = (0, a sin 9) 
Suppose P(x v y l ) divides AB in the ratio 2:1. then 

a cos 9 2a sin 9 

x i = —z —,yi = —„— 


So, 


9x 


9 9 

a 4a" 
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2 2 

Therefore P(x v }\) lies on the curve x 2 + 

Answer: (A) 

43. Tangent to the curve xy = a 2 at point P meets the 
x-axis in A and y-axis in B. Then the ratio AP.PB is 

(A) 1:2 (B) 2:1 

(C) 1:1 (D) 2:3 

Solution: xy = a 2 is represented parametrically. So, 


x = at and y = — , O^tel 


Now, 


dy 1 

dx t 2 

Therefore, the tangent at (at, alt) is 

a 1 . . 

y--=- T (x-«t) 
t t 


■ x + t 2 y = 2 at 


A = (2at.O) and B= 0,— 


(°'T) 


so that 


Mid-point of AB = — J = P 

Therefore, the ratio AP.PB is 1:1. 

Answer: (C) 

44. Angle of intersection of the curves x 3 - 3 xy 2 = -2 and 
3 x 2 y - y 3 = 2 is 


< A) f 

(c) f 


(B) I 

(D) f 


Solution: Suppose the two curves intersect in (x 1 , y 1 ). 
Differentiating the first curve equation, we get 


3x 2 -3y 2 -6xy| — 1 = 0 


dy 


f-) 

ydxji 


dx 


2 2 
-yi 


■ dx J( X] ^ ) 2x^yi 
Differentiating the second equation, we get 

6 xy + 3x 2 — - 3y 2 — = 0 
dx dx 


(3.22) 


From Eqs. (3.22) and (3.23) it follows that the product of 
slopes of the tangents to the curves at (x x , y x ) is —1. Flence 
the two curves intersect orthogonally. 

Answer: (A) 

45. The curve y = be~ xla crosses the y-axis at P. The 
equation of the tangent at P is 


(A) — + j = 2 
a b 

(C) - + £ = 1 
a b 


(B) ~~l = 2 
a b 

(D) --|=1 
a b 


Solution: x = 0 => y = b. Therefore P = (0, b). Now 

dy = zt e -^ 

dx a 


-b 


(0,6) 


Equation of the tangent at P( 0, b) is 

y-b = ——(x - 0) 
a 


x - + y -=i 
a b 


Answer: (C) 


46. The curves y 2 = 4 ax and ay 2 = 4.r 3 where a > 0 inter¬ 
sect at a point P (not the origin). If the normals to 
the curves at P meet the x-axis in A and B, then the 
distance AB is 


(A) 2 a 
(C) 4 a 


(B) 3 a 
(D) 5 a 


Solution: It can be easily seen that the two curves 
intersect in the points (0, 0), (a, 2a) and (a, - 2a). Take 
P= (a,2a).Then 

7 . dy 2a 

y = 4nx => — = — 
dx y 

dy \ 2 a 


dx) P 2a 


2,3 dy 12 x 2 
ay = 4x => — = 


dx 2 ay 

dy\ 12a 2 


dx 


4 a 1 


= 3 


Therefore, the equations of the normals to the curves at 
P are, respectively, 

y - 2 a = —l(x - a) 
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Therefore, A = (3a, 0) and B = (la, 0). So 
AB = la - 3a = 4a 

Answer: (C) 

Note: At Q(a, -2a) also, you can see that A = (-a, 0) and 
B = (-5 a, 0) so that AB = 4a. 

47. For the curve x = 3 cost?- cos 3 9 ,y = 3 sin??-sin 3 9, the 
equation of the normal at 9= n!4 is 

(A) x + y = 0 (B) 2x-y = 0 

(C) x — 2y = 0 (D) x-y = 0 

Solution: Differentiating both the given equations 
w.r.t. 9 we get 



' dx' 1 

Jy, 


y^4a 2 x 2 +(x 2 - a 2 ) 2 
2 ax 

y(x 2 +a 2 ) 

2 ax 


Sub-tangent is 


dx 

dy 


y(x 2 - a 2 ) 
2 ax 


Therefore the sum of tangent and sub-tangent is 


y(2x 2 ) _ xy 
2 ax a 


— = 3 cos 6-3 sin 2 ?' cos 9 
d9 

dx t 

— = 3cos“ #sm#-3sm# 
d9 


Therefore 


dy 3 cos 9 -3 sin 2 9 cos 9 cos 2 9 
dx 3cos 2 1?sin??-3sin# sin 3 # 



4 


Answer: (A) 

49. For the curve y n = a" 1 x, the sub-normal at any point 
is constant. Then the value of n equals 

(A) 0 (B) 1 

(C) 2 (D) -1 

Solution: Differentiating the given equation we get 

ny n-ldl = a n-l 
dx 

Therefore 


Now 9= n!4 implies 
3 1 


5 a 5 

and y = 


V2 2V2 2V2 

Therefore the equation of the normal at 


2V2 

5 5 


2 V 2 ’2V2 


IS 


y 


2 V 2 

x-y = 0 


= 1 x- 


2V2 


Answer: (D) 



n -1 


ny 


,,n -2 


= Constant if n - 2 = 0 


So, n = 2. 


Answer: (C) 


50. Let f(x) = x - x 3 for -2 < x < 2. If the line y = mx + b 
is a tangent to the curve y = x - x 3 at the point (-1, 
0),then (m, b) is 

(A) (2,2) (B) (-2,-2) 

(C) (-2,2) (D) (2,-2) 


48. For the curve y = a log(x 2 - a 2 ) where a is positive, 
the algebraic sum of the tangent and sub-tangent at 


any point on the curve is 


(A) ^ 

(B) ^ 

a 

a 

(C) f- 

2 a 

(D) 

a 


Solution: y is defined for \x\>a. Differentiating the 
given equation we get 

dy 2 ax 

dx x 2 - a 2 
The tangent at (x, y) is 


Solution: Let y = x - x 3 . Differentiating we get 


*= 1 - 3 ^ 

dx 


dy 


dx 


LT = 1 - 3 = -2 


(- 1 . 0 ) 


So, m = -2. The point (-1,0) lies on the line. Now 
y = mx + b => 0 = (—2)(—1) + b 
=> b = —2 


Therefore, (m, b) = (-2, -2) 


Answer: (B) 

























Worked-Out Problems 


Rate Measure 

51. Each edge of a cube is expanding at the rate of 1 
cm/sec. Then, the rate of change of its volume, when 
each edge is length 5 cm, is 

(A) 75 cm 3 /sec (B) 125 cm 3 /sec 

(C) 25 cm 3 /sec (D) 175 cm 3 /sec 

Solution: Let x be the edge of the cube. It is given that 
dx/dt = 1 where t is the time. Let V be the volume of the 
cube. Then 


V = x 


dV „ 7 dx 

- = 3x z — 

dt dt 


When x = 5 and dx/dt = 1, then 


dV -i 
^- = 3(5) 2 (1) = 75 


Answer: (A) 


52. A particle moves along the curve 6 y = x 3 + 2. The 
number of points on the curve at which the y-coor¬ 
dinate is changing eight times the x-coordinate is 

(A) 4 (B) 3 

(C) 2 (D) 1 


rate of change of its abscissa, then the sum of the ordi¬ 
nates of the points is 

(A) 2 (B) 3 

(C) 0 (D) 4 

Solution: By hypothesis 

— = 2— (3.26) 

dt dt 

Differentiating the curve equation, we have 

3— = 6x 2 — (3.27) 

dt dt v ' 

Substituing the value obtained in Eq. (3.26) in Eq. (3.27) 
gives 

, dx ^ 2 dx 
6— = 6x— 
dt dt 

v-2- 


Now 


x 2 = 1 or x = ±1 


x = 1 => y = — 
3 


Solution: Differentiating the given equation we have 

3 7 dx 


But by hypothesis 


dt 6 dt 


dy dx 
dt dt 


From Eqs. (3.24) and (3.25) we have 

_ dx 1 7 dx 
8 — = -x — 
dt 2 dt 


Now 


and 


x z =16 
x = ±4 


x = 4 => y = 11 

. -31 

x = —4 => y =- 

3 


(3.25) 


Therefore the points on the curve are (4, 11) and (-4, 
-31/3). 

Answer: (C) 

53. A particle moves along the curve 3y = 2x 3 + 3. If the 
rate of change of the ordinate of a point is twice the 


x = -1 => y = - 
3 


(3.24) Therefore the sum of the ordinates is 


5 1 „ 

—I— — 2 

3 3 


Answer: (A) 


54. The length and width of a rectangle are respectively 
decreasing 5 cm/sec and increasing 4 cm/sec. When 
the length is 8 cm and width is 6 cm, the rate of 
change of the area is 

(A) 4 cm 2 /sec (B) 8 cm 2 /sec 

(C) 2 cm 2 /sec (D) 1 cm 2 /sec 

Solution: Let x and y be the length and width of the 
rectangle and A its area. By hypothesis 

— = —5 cm/sec 
dt 


and 


— = 4 cm/sec 
dt 


Now A = xy implies 


dA dx dy 

-= v — + x — 

dt ' dt dt 


When x = 8 and y = 6 , 
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= 6(—5) + 8(4) = 2 V = ^nr 3 


Therefore 


Differentiating this we get 


as i _ 9, 

— = 2 cm /sec 
dt 


dV 2 dr 

-= 47ZT - 

dt dt 


Answer: (C) 


55. A spherical ball of napthlene loosing its volume at 
time t is proportional to its surface area. (The con¬ 
stant of proportionality is k < 0.) Then the radius of 
the ball decreases at the rate of 


(A) 


-k 

~ 2 ~ 


(C) 


-2 k 

~Y~ 


(B) 


-k 

~Y 


(D) -k 


Solution: Let r be the radious of the ball, V the volume 
and S the surface area. Then 


S = Anr 2 


and 



It is given that 


But 


Therefore 


— = kS = 4 knr 2 
dt 


dV A 2 

-= Anr 

dt 


dr 

dt 


Aknr 2 



dV 

dt 


■ Anr 


dr 

dt 


Since k is negative, the radius of the ball is decreasing 
constantly at the rate of -k. 

Answer: (D) 


56. A balloon which is always spherical is being inflated 
by pumping in gas at the rate of 900 cm 3 /sec. When 
the radius of the balloon is 15 cm, the rate of change 
of the radius is 

4 3 

(A) —cm/sec (B) —cm/sec 

n n 


(C) —cm/sec (D) —cm/sec 

n n 

Solution: Let r be the radius and V be the volume. 
Then 


Now dVIdt = 900 and r = 15. Substituting these in the 
above equation, we get 

dr 

900 = 4^(225)- 
dt 

dr 1 

=> — = — cm/sec 
dt n 

Answer: (D) 

57. A small stone is dropped into a quiet lake and the 
waves move in a circle at a rate of 3.5 cm/sec. At the 
instant when the radius of circular wave is 7.5 cm/sec, 
the rate of change of the area of the nearest circle is 

(A) cm 2 /sec (B) (50)/rcm 2 /sec 

(C) (51);rcm 2 /sec (D) (52);rcm 2 /sec 

Solution: Let r be the radius of the circle and A its area. 
Then 


A = nr 2 


Differentiating we get 


dA 

— = 2nr 
dt 



When r = 15/2 we have 



58. A ladder of 5 m length is leaning against a wall. The 
bottom of the ladder is moving on the ground away 
from the edge of the wall at a rate of 2 cm/sec. When 
the foot of the ladder is 4 m away from the wall, the 
height of the top of the ladder on the wall decreases 
at the rate of 


(A) — cm/sec 

g 

(C) — cm/sec 


(B) 2 cm/sec 
(D) 3 cm/sec 


Solution: PQ = 5 (ladder), Q being the foot of the 
ladder. Let OQ = x and OP = y (see Fig. 3.13). 
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FIGURE 3.13 Single correct choice type question 58. 

Now by Pythagoras theorem, 

x 2 + y 2 = 5 2 

Differentiating we get 

dy —x dx 

dt y dt 

Now x - 4 => y = 3 and dxldt is given to be 2 cm/sec. 

Therefore 

dy 4 ... 8 

— = —(2) = — cm/sec 
dt 3 W 3 

Hence y decreases at the rate of (8/3) cm/sec. 

Answer: (C) 

59. A man of height 2 m walks at a uniform speed of 5 
km/hour away from a lamp post of 6 m height. His 
shadow length increases at the rate of 
(A) 2.5 km/hour (B) 2 km/hour 

(C) 3 km/hour (D) 3.5 km/hour 

Solution: In Fig. 3.14, AB = 6 (lamp post), PQ = 2 (man), 

BP = x (distance from the lamp post) and PS = y (length 

of the shadow). From the similar triangles property, we 

have 


60. A water tank is in the shape of a right circular cone 
with vertex down. The radius of the base is 15 feet and 
height is 10 feet. Water is poured into the tank at a 
constant rate of c cubic feet per second. Water leakes 
out from the bottom at a constant rate of one cubic 
foot per second. The value of c for which the water 
level is rising at the rate of 4 feet per second at the 
time when the water level is 2 feet deep, is given by 

(A) c =\+ 9 k (B) c = 1 + 4;r 

(C) c = 1 + 18;r (D) c = 1 + 36;r 

Solution: See. Fig. 3.15. At time t, let r be the radius 
of the water surface and h be the depth of the water 
level. Let V be the volume of the water at time t. By the 
hypothesis 

dV 

— = c 


V = ~ r2 h (3.28) 

From the similar triangles property 
15 10 3 , 

— = — => r = —h 
r h 2 

Substituting this value of r in Eq. (3.28), we get 



Therefore 

dV _ 9 n 2 dh 
dt 4 dt 

When h = 2, dhldt = 4 and dvldt = 1, we get 


6 

2 


y + x 

y 


•y = - 


Differentiating we have 

dy 1 dx 
dt 2 dt 




1 = 36^- 


Therefore 


c -1 = 36^ 


=> c = 1 + 36^ 



FIGURE 3.15 Single correct choice type question 60. 

Answer: (D) 


FIGURE 3.14 Single correct choice type question 59. 

Answer: (A) 


61. A particle moves along the curve y = 2x 3 - 3x 2 + 4. If 
x-coordinate is increasing at the rate of 0.5/sec, the 
rate of charge of the v-coordinate when x = 2 is 
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(A) 4/sec (B) 6/sec 

(C) 8/sec (D) 2/sec 

Solution: Differentiating the given equation we get 

dx 


— = (6x 2 
dt v 


■6x) 


dt 


When x = 2 and dxldt = 0.5, we get 

S= ( 24 - 12 ) r 6 


Answer: (B) 


62. A plane is flying parallel to the ground at a height 
of 4 km/hour over a radar station. A short time later, 
the radar station staff announces that the distance 
between the plane and the station is 5 km. They also 
announced that the distance between the plane and 
the station is increasing at a rate of 300 km/hour. At 
that moment, the rate at which the plane is moving 
parallel to the ground is 

(A) 300 km/hour (B) 400 km/hour 

(C) 500 km/hour (D) 600 km/hour 

Solution: See Fig. 3.16. Let S be the radar station. At a 
time t, P is the position of the plane. Let x be the distance 
horizontal to the ground and y be the distance SP. Then 

y 2 = 4 2 + x 2 

Therefore 


dy dx 
y— = x — 
dt dt 

When y = 5,then x = %/5 2 -4 2 = 3. 
dy 

When y = 5 and — = 300, we get 
dt 


5 x 300 = 3 x — 
dt 


— = 500 
dt 


P (plane) 



FIGURE 3.16 Single correct choice type question 62. 

Answer: (C) 


63. Water is pouring into a conical vessel with vertex up¬ 
wards at the rate of 3 cubicmeters per minute. The 
radius of the base is 5 m and the height is 10 m. When 
the water level is 7 m from the base, the rate at which 


water level increases is 



<A)f 

(B) 

9 n 

~T 

(c) T 

(D) 

9 

In 



Solution: Let r be the radious of the water surface and 
h its height from the base at time t (Fig. 3.17). Let V 1 be 
the volume whole cone. Then 

Vi = -7F(5) 2 (10) = 250- 

Let V ? be the volume of the cone above the water sur¬ 
face at time t. Then 


V 2 = ~ zrr 2 (10 — /z) 

Also we have 

10 5 

10 — h r 
=>2r = 10-/7 


Therefore 


V, = — 


nflO-h 


K 


(10-A) = —(10-/0* 


Let V be the volume of the water at time t. Then 
V = Vl-V 2 


3 12 v 2 


Differentiating we get 


d JLPJL m - h f± 

dt 12 v 2 dt 


When h = 7, we have 


dV_ 

dt 

= — (10-7) 2 — 
4 J dt 
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K „ dh 
= —x9x — 
4 dt 


(C) 


— radian/sec 
8 


(D) 1 radian/sec 


This implies 

dh 4 
dt 3 k 

Answer: (C) 

64. Consider Fig. 3.18. ABCD is a square. A runner 
starts at C and is running towards D at a rate of 20 
ft/sec. The rate of change of the distance of the run¬ 
ner from the point A when he is at a distance of 60 ft 


from the point C is 
(A) -2-v/lO ft/sec 

(B) -VIO ft/sec 

(C) --VTO ft/sec 

2 

(D) - —VlO ft/sec 
2 



FIGURE 3.18 Single correct choice type question 64. 

Solution: In Fig. 3.18 x is the distance of the runner 
from D and y is the distance between A and the runner 
at a time t. Using Pythagoras theorem for triangle ADR 
we get 


y 2 = x 2 + 90 2 

Differentiating we have 

dy x dx 
dt y dt 

When x = 90 - 60 = 30, then y = v/90 2 + 30 2 
From Eq. (3.29) we have 


(3.29) 

30Vl0. 


dy 

dt 


30 

30V10 

-2V10 


(-20) (v x is decreasing) 


Answer: (A) 


65. A ladder of 26 ft length is leaning against a wall. The 
bottom foot of the ladder is moving away from the 
base of the wall at a rate of 3 feet per second. When 
the bottom of the ladder is 10 ft away from the wall, 
then the angle 0 made by the ladder with the ground 
decreases at the rate of 

(A) —radian/sec (B) —radian/sec 

V 2 4 V 6 



FIGURE 3.19 Single correct choice type question 65. 

Solution: See Fig. 3.19. AB = 26 (ladder), BC is wall, 
CA = x is the distance of the bottom of the ladder at time 
t from the base of the wall. Now, 


Differentiating we get 


. . d6 1 dx 

-sm0 — =- 

dt 26 dt 


get 


w , . BC 24 12 dx 

When x = 10, sm# =-= — = — and — = 3 we 

AC 26 13 dt 


M__26 J_ _1 
~dt ~ _ 24 X 26 X “~8 


Answer: (C) 


Mean Value Theorems 

66 . The value of c in Rolle’s theorem for the function 
f(x) = x m - 2x 113 for x e [0,8] is 

(A) l - (B) 1 

(C) 2 (D) | 

Solution: Clearly/is continuous on [0,8J and 

f'(x)- 2 x- m - 2 x- m 
w 3 3 

exists for x > 0. Therefore, / is differentiable in (0, 8). 
Also 

/(0) = 0 and /(8) = 4-2(2) = 0 

Thus, /(0) = /(8). Hence by Rolle’s theorem, /'(c) = 0 
for some ce (0,8). So 
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/'(c) = 0=>|c^ ly3 -|c- 2/3 =0 
^ c -l/ 3 _ c -2/3 =0 
^ c 2/3_ c l/3 =0 

=> c V3 (c V3 - 1) = 0 
=> c = 1 (•/ c A 0) 


Answer: (B) 


67. Let 


/w= 


c 3 - 2x 2 - 5x + 6 


jc — 1 
-ft 


for x A 1 and x e [-2,3] 
for x = 1 


/(l+72) = (l + 72) 3 -3(l+72) 2 + (l+72) + l 

= (1 + 372+ 3x2 + 272)-3(1 + 272+2) +1 
+ 72 + 1 

= (7 -9 +2)+ 672 -672 
= 0 

Thus, /(l) = /(1 + 72). Hence by Rolle’s theorem, 
f'{c) = 0 for some c e (1,1+72). That is 


3c 2 - 6c +1 = 0 
6±724 


c- 


= l+-76 

3 


Now 


Then, value of c in the Rolle’s theorem for the func¬ 
tion/(x) on [-2,3] is 

(A) 1 (B) 2 

(O -\ (D, \ 

Solution: We have 

.. . [x 2 -x-6 ifxAl and xef-2,31 

/W = i -6 ifx.l 

Clearly lim/(x) = -6 = /(1) => / is continuous at x = 1 

X —^1 

and hence / is continuous on [-2,3]. /is also differentia¬ 
ble in (-2,3).Further, 

/(—2) = 4 + 2- 6 = 0 

and /(3) = 9- 3- 6 = 0 

Thus /(-2)= 0 = /(3). Hence /'(c) = 0 for some c e (-2,3). 
Therefore /'(c) = 0 implies 

2c -1 = 0 or c- — e (-2, 3) 

Answer: (D) 


68 . Let /(x) = x 3 - 3x 2 + x +1, x e [1,1 + 72]. The value 
of c in the Rolle’s theorem for /(x) is 

(A)l + ^76 (B)l + ^76 

(C)l + |76 (D)-| 

Solution: Since /(x) is a polynomial, it is differentiable 
for all x and in particular on [1 + 1 + 72]. Also /(1) = 0 
and 


1 + ^76 <1+72 

3 


■ c = 1 + — 76 
3 


Answer: (A) 


69. Let 


lx 2 if 0 < x < 1 
[2 -x ifl<x<2 


Then the value of c in Rolle’s theorem for f(x) in 
(0,2) is 


(A) 1 



(B) 

(D) 


1 

2 

does not exist 


Solution: Obviously 

/(I — 0) = 1 and /(1 + 0) = 2-1 = 1 


This implies/is continuous at x = 1 and hence continuous 
on [0,2].Therefore 


/'(*) 


I2x, 0 < x < 1 
[-1, 1 < x < 2 


which implies /'(1) does not exists. Hence, Rolle’s theo¬ 
rem cannot be applied. 

Answer: (D) 


70. Let 


/(x) = log 


x 2 + ab 
(a + b)x 


\ 


/ 


where 0 < a < b. Then value of c in Rolle’s theorem 
for /(x) on [«, b ] is 
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(A) 


a + b 
2 


(C) 


a + b 
ab 



Solution: Since /(x) is a log function, it is continuous 
and differentiable for all x > 0 and in particular continuous 
in [a, b] and differentiable in (a, b). Also 


f(a) = log 


' a(a + b)\ 
K a(a + b)) 


log 1 = 0 = /(b) 


Therefore, Rolle’s theorem is applicable. Now 


/'(*) 


2 x 1 
x 1 + ab x 


x 2 - ab 
x(x 2 + ab) 

Therefore, /'(x) = 0 for some xe(a, b) => x = yjab. 
Hence c = -Job and a < -Jab < b. 

Answer: (B) 


71. If Rolle’s theorem is applied for /(x) = (x -2) log x 
on the interval [1,2], then one of the following equa¬ 
tions has solution in (1,2). 

(A) (x-2)logx = 2 (B) (x-2)logx = x 

(C) (x-2) logx = 2-x (D) xlogx = 2-x 

Solution: Since / is continuous on [1, 2] and differen¬ 
tiable in (1,2) and/(l) =0=/(2),by Rolle’s theorem/'(l) 
= 0 for some x e (1,2).That is 

i x 2 

logx +-= 0 

x 

Hence x log x = 2 - x has a solution in (1,2). 

Answer: (D) 


72. The number of values of c in Rolle’s theorem for 
/(x) = (x - 1) (x - 2) 2 ,1 < x < 2 is 

(A) 2 (B) 1 

(C) 0 (D) not applicable 

Solution: Clearly / is continuous on [1, 2] and differ¬ 
entiable in (1, 2). Further /(1) = 0 = /(2). Therefore, by 
Rolle’s theorem, 


73. In [0,1], Lagrange’s mean value theorem is not ap¬ 
plied to 


(A) /(*) = « 


(B) /(x) = 


1 

— x 
2 

1 

— x 
2 


., 1 
if x < — 
2 

if x>- 
2 


smx 


, x ^ 0 


1, x = 0 

(C) /(x) — x | x | 

(D) /(x) = |x| 

Solution: 

(A) Clearly/is continuous on [0,1]. Now 


/'(*) = 


-1 


for x < — 
2 


Clearly 


-2 — x for x > — 


,(1 


/' f"0| = -l and /'|A + o| = 0 


That is, / is not differentiable at 1/2 e(0,1). There¬ 
fore Lagrange’s mean value theorem is not appli¬ 
cable to/(x) on [0,1], Hence (A) is correct. 

(B) We have 

lim — = l = /(0) 

J £->0 x 

This implies / is continuous on [0,1], Also (sin x)/x 
is differentiable for all x ^ 0 and hence Lagrange’s 
mean value theorem is applicable. 

(C) We have /(x) = x 2 (v x > 0) is continuous on [0,1] 
and differentiable on (0,1). Hence Lagrange’s mean 
value theorem is applicable. 

(D) We have /(x) = | x ] = x (v x > 0) and hence 
Lagrange’s mean value is applicable. 

Answer: (A) 


74. Let /: [0, 4] —> R be a differentiable function. Then 
there exist real numbers a, b belonging to (0,4) such 
that 

l/(4)J 2 _ [/(0)] 2 = kf'(a)f(b) 


f'(x) = (x-2) 2 +2(x-l)(x-2) = 0 
for some x e (1,2). That is 

(x - 2) (3x - 4) = 0 

Therefore c = 2,4/3. Since c e (1,2), we have c = 4/3. 

Answer: (B) 


where k is 

(A) 4 (B) 8 

(C) ^ (D) 2 

Solution: By Lagrange’s mean value theorem, there 
exists a e (0,4) such that 
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m-m 

4-0 


/'(«) 


Therefore 


/(4)-/(0) = 4/'(«) (3.30) 

Since [/(4) + /(0)]/2 lies between /(0) and /(4), by the 
Intermediate value property of a continuous functions 
(Theorem 1.32, Chapter 1), there exists he(0, 4) such 
that 


(A) 

3 

4 

(B) 

(C) 

5 

3 

(D) 


Solution: Using Lagrange’s mean value theorem for / 
on [0,2], there exists x Q e (0,2) such that 


/'(* o) 


m-m 

2-0 


1-0 _ 1 
2 


=»/(4) +/(0) = 2/(6) (331) 

From Eqs. (3.30) and (3.31), we have 

[/(4)] 2 ~[/(0)] 2 = Sf'(a)f(b) 

So, the value of k is 8. 

Answer: (B) 

75. Let a, b, c be real numbers and a <b < c.f is continu¬ 
ous on [a, c] and differentiate in (a, c ). If f'(x ) is 
strictly increasing, then (c - b ) /(«) + (b - a) /(c) is 


Now, using Rolle’s theorem for / on [1, 2], there exists 
y 0 e (1,2) such that f'(y 0 ) = 0. Observe that, 

/'(}'o) = 0<^<i = / , (x 0 ) 

Hence, by Intermediate value theorem for derivative 
(Darboux theorem, Theorem 3.10), there exists x x lying 
between x 0 and y Q and hence in (0,2) such that 

/'(u) = y 

Answer: (D) 


(A) greater than (c - a ) /(h ) 

(B) less than (c - a)/( h) 

(C) equal to (c - a) f(b ) 

(D) greater than 2(c - a)/( h) 


Solution: Using Lagrange’s mean value theorem for / 
on [a, b] and [h, c], we have 


m-m 

b-a 


/» 


and 


m-m 

c-b 


m 


for some u e (a, b) and v e (h, c). Since a<u<b<v<c 
and f'(x ) is strictly increasing, we have that 

b-a 

</'(v) 

m-m 


c-b 


Therefore (v b-a> 0 and c - b > 0) 

(c - h)[/(h) -/(fl)] < (h - fl)[/(c) -/(h)] 

(c - h) /(a) + (h - a) /(c) > (c - h + h - a) /(h) = (c - a) /(h) 

Answer: (A) 


76. Let / be continuous on [0, 2], differentiable in (0, 
2) and /(0) = 0, /(1) = 1 and /(2) = 1. Then for 
some x e (0, 2), f'(x ) is equal to 


77. / is twice differentiable function on [a, h] such that 
/(a) =/(h) = 0 and/(x) > 0 for all x e (a, h).Then 

(A) f"(x) > 0 V x e (a, h) 

(B) f"(x) < 0 V x e (a, h) 

(C) /"(x 0 ) < 0 for some x Q e (a, b) 

(D) f"(x 0 ) = 0 for some x Q e (a, b) 

Solution: Using Rolle’s theorem for / on [a, h], there 
exists c e (a, h) such that /'(c) = 0. Now, using Lagrange’s 
mean value theorem for/on the intervals [a, c] and [c, h], 
there exists c x e (a, c) and c 7 e (c, h) such that 

Mziw = r(ci) 

c — a 


and 


m-m 

b-c 


f'(c 2 ) 


Now, use Lagrange’s mean value theorem for /' on the 
interval [c 1; c 2 ] so that there exists x Q e (c p c 2 ) such that 


nc 2 )-f\c x ) 


=r m 


L 2 ~ L 1 


f"(x 0 ) = 


/'(U)-/'( C1 ) 


1 


C 2 -c, 


-/(c) /(c) 
h-c c-A 


[•■• /(«) = f(b ) = 0] 


<0 [ v / (c) > 0] 


Answer: (C) 
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78. Consider the following two statements: 

P: Suppose f : R — > R is a differentiable function 
such that f'(x) > f(x ) VreR and f(x Q ) = 0 for 
some x 0 g R. Then f(x) > 0 for all x > * 0 . 

Q: If/is continuous on [a, b\. differentiable in (a, b) 
and f'(x ) ^ 0 for all x in (a, b), then for at most one 
value of x,f(x) is zero. 

Then, 

(A) both P and Q are true 

(B) both P and Q are not true 

(C) P is true whereas Q is not true 

(D) Q is true, but P is not true 

Solution: Statement P is true. Define h(x) = e~ x f(x) for 
x e R. Clearly h is differentiable and 

h'(x) = e~ x lf'(x) - f(x )] > 0 V x e R 

Therefore h is increasing in R (see Theorem 3.6). So, 
x > x Q implies 

h(x) > h(x 0 ) = e~ Xo f(x n ) = 0 (given) 

=> e x h(x ) = h(x) > 0 for* > x 0 
=> f(x) > 0 for x > x Q 

Thus P is true. 

Statement Q is true: Suppose / has two different zeros 
say a < a< jB< b. Hence by using Rolle’s theorem for/'on 
[a,P\, there exists some x Q in (a,fi) such that f'(x 0 ) = 0. 
But by hypothesis f'(x) ^ 0 V x e (a, b). Hence/cannot 
have more than one zero (if it has). Thus Q is also true. 

Answer: (A) 


79. Consider the following two statements: 

P x : Let/and g be continuous on [a, b] and differen¬ 
tiable in (a, b). There exists c g (a, b) such that 

nc)[g(b)-g(a)} = g'(c)[f(b)-f(a )] 

P 2 : If/is continuous on [a, b], differentiable in (a. b) 
and f(a ) =f(b ) = 0, then for any real A, the equation 
f'(x ) + A f(x) = 0 has at least one solution in (a, b). 
Then, 

(A) both Pj and P 1 are false 

(B) Pj is true, but P 2 is false 

(C) both Pj and P^ are true 

(D) Pj is false whereas P n is true 

Solution: P 2 is true. Define 

0(x) = f(x)[g(b) - g(«)J - g(x)[f(b) - f(a)\ 

Clearly (p is continuous on [a, b ] and differentiable in 
(a, b). Further 

0(a) = f( a )[g(b) - g(«)J - g(a)(f(b) ~ f(a)\ 

= f(a)g(b) ~ f(b)g(a) = (j)(b ) 


Hence, by Rolle’s theorem, there is ce(a, b ) such that 
0'(c) = 0. Hence 

f(c) [g(b) - g(a)] - g'(c) lf(b) - /(«)] = 0 
Thus P | is true. 

P 2 is true. Define 0(x) = e' lx f(x) so that <f>{x) satisfies all 
the conditions of Rolle’s theorem. Hence, there exists c 
g (a, b) such that <p\c) = 0. That is 

e^[f\c) + Af{c)] = 0 

Hence 

/'(c) + A/(c) = 0 (ve^O) 

Thus, the equation f(x) + A f(x) = 0 has a solution in 

( a,b ). 

Answer: (C) 


80. If /is continuous on [a , b\ and differentiable in (a, b) 
(ab > 0), then there exists c g ( a , b) such that 

f(b)-f(a) 

(1 / 6 ) — (1 / a ) 

(A) c 2 /'(c) (B) cf'(c) 

(C) -cf\c) (D) - c 2 f\c) 

Solution: We have ab > 0 => 0 i. ( a , b). Define 


/ n w 

i i 

- VXG 



_b' a _ 


Obviously C is continuous on [1 lb, 1/uJ and differentiable 
in (1 lb, 1 la). Hence, by Lagrange’s mean value theorem, 
there d g (lib, 1/a) such that 


But 


Therefore 


F\d) 


F(Va)-F(Vb) 

(Va)-(Vb) 


n<D-r(b) 



-/' 




F(lla)-F(Vb) 
(Va) - (lib) 

. f(a)~f(b) 
(lla)-(llb) 


- F'(d) 





Now, put 1 Id = c. Therefore 



/ (b) ~ f (a) 

(llb)-(lla) 


-c 2 f'(c) 


Answer: (D) 
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ALITER 


Solution: Define 


Define 

F ( x ) = f “-1 fix) ~ — [f[b) ~ /(«)] 

\b a J x 

for x e [a, b] and use Rolle’s theorem for F(x) on [a, b]. 


81. Consider the function /(x) = 1 - x 4/5 for x e [-1,1], 
Then, the number of conditions of Rolle's theorem 
that are not satisfied by /(x) is 

(A) 1 (B) 2 

(C) 3 (D) 0 

Solution: Clearly /(-1) = 0 = /(1) and / is continuous 
on [-1,1]. But 


fix) 



implies that /is not differentiable at x = 0 and 0 e (-1,1). 
That is,/is not differentiable in (-1,1). Thus, only one 
condition is not satisfied. 

Answer: (A) 


82. A(l, 0) and B(e, 1) are points on the curve y = log^ 
x. If P is a point on the curve at which the tangent 
to the curve is parallel to the chord AB, then the ab¬ 
scissa of P is 


(A) 

(C) 


e-1 

2 

(B) 

e-1 

e+1 

(D) 

e-1 

V2 

V2 


Solution: Using Lagrange’s mean value theorem for 
/(x) = log e x on the interval [1, e], there exists x Q e (1, e ) 
such that 


f'(x 0 ) = 


/(«)-/( 1) 


e-1 


1 1-0 


e-1 


.x„ = e-l 


Answer: (B) 


83. Let / be continuous on [a, b] and differentiable 
in (a, b). If f'(x) £ 0 V x e[a,b], then there exists 
9e(a, b) such that 


m 


(A) 


1 

-b 

a + 9 


1 

b + 9 


(B) 


1 

-b 

a-9 


1 


b-9 


(C) 


a + b 

~W 


(D) 


a + b 
~9~ 


F(x) = (a-x ) (b-x)f(x) 

for a<x<b. Since both /(x) and (a - x) (b - x) are con¬ 
tinuous and differentiable on [a, b] and ( a , b), it follows 
that F(x) is continuous on [a, b] and differentiable in (a, 
b). Further F(a) = 0 = F(b). Hence by Rolle’s theorem, 
there exists 9e ( a , b) such that F\9) = 0. Now 

F'(x) = -(b - x)/(x) -(a- x)/(x) + (a - x)(b - x)f'(x) 

So, F'(9 ) = 0 implies 

(a -9)(b- 9)f\9) = (b-9)f(9) + (a -9)f{9) 

f\e) i | i 

f(9) a-9 b-9 

Answer: (B) 


84. /is continuous on [0, 5] and differentiable in (0, 5). 
Further /(0) = 4 and /(5) = -1. If 


for 0 < x < 5, then there exists ce (0, 5) such that 
g'(c ) is equal to 


(A) T 

(B) t 

(C) § 

6 


Solution: We have 0 <x<5=>x + 1a 0. Obviously g 
is continuous on [0,5] and differentiable in (0,5). Hence, 

by Lagrange’s 

mean value theorem there exists c e (0,5) 

such that 

5-0 

Now, 

m-^-1 

Therefore 

5 6 


Answer: (D) 

85. Let / be continuous on [ a , b\, differentiable in ( a , b ) 
and /(«) =f(b) = 0. Further, suppose g is continuous 
on [a, b] and differentiable in (a, b ). Then for the 
function 
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Worked-Out Problems 


H(x) = f'(x) + f(x)g'(x) 

one of the following statements is definitely true. 

(A) H(x) = 0 for infinitely many x in (a. b ) 

(B) H (x)> 0 for infinitely many x in ( a , b) 

(C) H\x) > 0 for infinitely many x in (a, b) 

(D) H(x) = 0 for atleast one x in (a, b) 

Solution: Let F{x) = e g ^f(x) for x e [a, b]. Since F{x) 
satisfies the conditions of Rolle’s theorem, there exists 
c e [a, b] such that F'(c) = 0. Therefore 

e s(c) [g\c)Kc) + f\c)} = 0 

f'(c ) + f(c)g'(c ) = 0 (••• e e(c) * 0) 

Thus 7/(x) = 0 has a solution in (a, b). 

Answer: (D) 



FIGURE 3.20 Single correct choice type question 87. 

/'(x) = sec 2 x-l>0 in |^0, ^j 

Hence /is strictly increasing in (0, n!7). In (k/ 2, n). tan x is 
negative so that f(x) = tan x - x < 0. 

We consider the interval (k, 3kI2). Now 

lim /(x) = lim f{n + h) 

X^>7T + 0 /Z—>0 

h> 0 


86 . On the interval [-V2, -s/2] one of the values of c in 
Rolle's theorem for f(x) = 2x 3 + x 2 -Ax -2 is 

(A) | (B, | 

(O f (D) ± 

Solution: f(x) being a polynomial function, is continu¬ 
ous and differentiable for all real x. Also 

/( x) = (x 2 - 2) (2x + 1) 
and /(-V2) = 0 = /(V2) 

Hence by Rolle’s theorem for at least one x e (-s/2, 

s/2) 


f'(x) = 6x 2 + 2x - 4 = 0 

=> 3x 2 + x - 2 = 0 
=> (3x - 2) (x + 1) = 0 


= lim[tan(M: + h) - (n + h)] 

ft—> o 
ft> o 

= lim (tan h — n — Yi) 
ft^O 

-- n< 0 


Also, 


lim /(x) = lim / 


--o 


h^> 0 
ft> 0 


3 K 


-h 


= lim 

/z—>0 




3k 


= lim cot h + h - 

ft^o( 2 


= -j- oo 


Therefore,between n and 3^/2,/changes sign. So/ must 
vanish in between the two values. Therefore /(x) = 0 has 
solution in (k, 3n 12). 

Answer: (C) 


88 . If a + b + c = 0 where a, b, c are real, then the equa¬ 
tion 3ax 2 + 2bx + c = 0 has 


Note that 2/3 and 1 e [-s/2, s/2]. 

Answer: (C) 

87. The smallest positive root of the equation tan x - x = 
0 lies in 

(A) (»,§) (B, (f.„ 

<C) (*•?) ,D) (f- 2 *) 

Solution: See Fig. 3.20. Let/(x) = tan x-x. Clearly/(x) 
is continuous at x ^ odd multiple of 7ti 2. Therefore 


(A) at least one root in [0,1] 

(B) one root in [2,3] and another root in [-2, -1] 

(C) imaginary roots 

(D) one root in [1,2] and another root in (-1,0) 

Solution: Let f(x ) = ax 3 + bx 2 + cx. So that /is continu¬ 
ous in [0,1] and differentiable in (0,1). Also/(0) = 0 and 
/(1) = a + b + c = Oby hypothesis. Hence, by Rolle’s theo¬ 
rem, f'(x) = 0 for some x e (0,1). But 

f'(x ) = 3ax 2 + 2 bx + c 
Thus, 3ax 2 + 2bx + c = 0 has a root in (0,1). 

Answer: (A) 
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89. The function f(x ) = x 3 + bx 2 + ax + 5 satisfies all the 
conditions of Rolle’s theorem. Further it is given 
that the value of c such that /'(c) = 0 is 2 + (1A/3). 
Then, 


(A) a = 5,b = ll 
(C) a = -ll,b = 6 


(B) a = ll,b = -6 
(D) a = -11, b=-6 


Solution: We have/(l) =/(3).This implies 

b + a + 6 = 9b + 3a + 32 
=> a + 4b = —13 


(3.32) 


Now c = 2 + (l/V3) and /'(c) = 0 implies 

2b(2j3+l) + ^l3a = -12-13j3 (3.33) 

Solving Eqs. (3.32) and (3.33), we have a = 11, b = -6. 

Answer: (B) 


90. lim 

X->1 


cos(;r/2)x 

log(Fx) 


(A) 0 


(B) 


(O 5 


(D) 1 


Solution: We use Cauchy’s mean value theorem. Take 

/(x) = cos ^ x and g(x) = log x 

with a = x > 0 and b = 1. That is the interval is [x, 1]. By 
Cauchy’s mean value theorem, there exists 9e (x, 1) such 
that 

/(!)-/(*) no) 

g(i)-s(*) g'(0) 


k n n ■ (n 

cos-cos — x - — sin — t) 

2 2 _ 2 v2 


log 1- log X 


+ - 


1 

e 


(3.34) 


Since x < 9 <\\x — »1=>0—>1. Taking limits x -> 1, on 
both sides of Eq. (3.34), we have 


lim 

x->\ 


lim 

*->i 


f n ^ 

-cos — x 
2 

log- 

V X ) 

cos(7t/2)x 

log(Fx) 


= lim 

e->i 


n 

2 


n 

— sin 
2 


Kf 9 ) 


n 

2 


Solution: Let f(x) = x 3 -3x - k and suppose 0 < a< ft 
< 1 are two distinct real roots of f(x) = 0. Using Rolle’s 
theorem tor f(x) on the interval [ a. ft\, there exists c e (a, 
ft) such that /'(c) = 0. That is, 

3c 2 - 3 = 0 
=> c = ± 1 e (a, ft) 

Therefore, for no real k , f(x) = 0 has two distinct real 
roots in (0,1). If at all/(x) =0 has real root in (0,1), it can 
have only one real root. 

Answer: (A) 

92. If f(x) = (1 - x) 5/2 satisfies the relation 


/(x) = /(0) + x/'(0) + y /"(tfx) 

then as x —> 1, the value of 9 is 

4 25 25 9 

(A) — (B) — (C) — (D) — 

v t 25 v ' 4 V ’ 9 V ’ 25 


Solution: We have 


Also 


and 

Therefore 


/'W = -f( i -*) 3/2 

/"W = y( 1-*) V2 


/(0) = l,/'(0) = -- 
f"(9x)^(l-9x) V2 


5 U „ „ ^. 15 


(1 - xy 2 =1- — x + — (1- 9xy x — 
2 2 4 

Taking limit i->lon both sides, we get 

0 = 1-- + — {l-9) m 
2 8 

=>u -9) m = - 
25 25 


Answer: (C) 


Answer: (D) 


91. The number of real values of k such that the equa¬ 
tion x 3 - 3x - k = 0 has two distinct real roots in the 
interval (0,1) is 

(A) 0 (B) 1 (C) 2 (D) 4 


93. Rolle’s theorem holds for the function f(x) = x 3 + 
mx 2 + nx on the interval [1, 2] and the value of c is 
4/3. Then 


(A) m = 8, n = -5 


(B) m = -5, n = 8 



















(C) m = 5, n = -8 

Solution: We have 
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(D) m = -5, n = -8 


/’(l) = /(2) => 1 + nz + n = 8 + 4/-/Z + 2n 

=>3m + n = -7 (3.35) 




/'I - | = 0 ^> 3| - ] + 2m^-j + n = 0 

=> 8m + 3n = -16 (3.36) 

Solving Eqs. (3.35) and (3.36), we obtain m = -5,« = 8 . 

Answer: (B) 


94. Rolle's theorem is not applicable to one of the fol¬ 
lowing functions: 

( A ) /(*) = x 2 on [- 1 , 1 ] 

(B) f{x) = x 2 - 3x + 2 on [1,2] 

(C) f{x) = tan .r on [0, n\ 

(D) f{x) sin a on [0, n\ 

Solution: 


Therefore 

H(0)=H(1) 

Hence by Rolle’s theorem, there exists ce (0, 1) such 
that 

H'(c) = 0. 

=> f'i c ) - 2 g'ic) = 0 

=>/'(c) = 2 g'(c) 

Thus k = 2. 

Answer: (A) 

96. Suppose f{x) is twice differentiable for all real x. 
Further suppose |/(a)| < 1 and |/"(a)| < lfor all real 
a. Then |/'(a)| is 

(A) less than or equal to 1 

(B) greater than 2 

(C) less than or equal to 3/2 

(D) greater than 3/2 

where 


(A) fix) = a 2 is continuous and differentiable for all 
real a. Further /(-1) = 1 = /(1). Hence, Rolle’s 
theorem is applicable. 

(B) We have 

fix) = a 2 - 3a + 2 = (a - 1)(a - 2) 

/(l) = 0=/(2) 

Therefore, Rolle’s theorem is applicable. 

(C) tan a is not defined at x = nt2 and hence Rolle’s 
theorem is not applicable. 

(D) sin a is continuous on [0, zr], differentiable in 
(0, n) and sin 0 = 0 = sin n. Hence, Rolle’s theorem 
is applicable. 

Answer: (C) 

95. Suppose / and g are differentiable functions on [0,1] 
and /(0) = 2, g (0) = 0, / (1) = 6, g(l) = 2. Then, there 
exists c e (0,1) such that f'ic) = kg\c) where the 
value of k is 

(A) 2 (B) | 

(C) | (D) 3 

Solution: Consider Z/(a) =/( a) - 2g(A) V a e [0,1], 
Clearly //(a) is differentiable in [0,1], Also 

//(0)=/(0)-2g(0)=2-0 = 2 

H(l)=/(l)-2g(l) = 6-2(2)=2 


and 


fix + l) = fix) + lM + lM. 
/(A-l) = /(A)-^+ r(r?) 


U [2 


for some £and 7 . 
Solution: By hypothesis 


fix +1) - fix -1)= 2 /'(a)+- [ns) - rm 


Therefore 
21 fix) 


fix + 1 ) — fix -l) + -if"irj) -f"it)) 


<l/(A + i)| + |/(A-i)| + -ir(7)-na 
<l/(A + i)i + i/(A-i)i+i[int7)i+i/"(a] 
- i+i + “(i+ 1 ) - 3 


Therefore \f\x)\ < 3/2. 


Answer: (C) 


97. Let / be a twice differentiable function for all real a, 
/(1) = l,/(2) = 4 and/(3)= 9. Then which one of the 
following statements is definitely true? 

(A) fix) = f\x) = 5 for some a e (1,3). 

(B) /"(a) = 2 for all a e (1,3). 
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(C) f"{x) = 3 for all xe (1,3). 

(D) /"(;t) attains the value 2 for some x e (1,3). 
Solution: Consider the function 

g(x)=f(x)-x 2 forrs[1,3] 

so that g(l) = g(2) = g( 3) = 0. Therefore, by Rolle's theo¬ 
rem, g'(ce) = 0 for some a e( 1 , 2) and g'(/3) = 0 for 
some J3e (2,3). That is f\a) = 2a and /'(/?) = 2fi where 
\<a<2</3<3. Now, using Rolle’s theorem for 
h(x) = f’(x) — 2x on the interval [a, fi\, there exists 
x Q e ( a,/3 ) such that h\x 0 ) = 0. That is 

f"M = 2 

Answer: (D) 

98. Suppose / is differentiable on R, /(0) = 0 and 
1 < f\x) < 2 for all x e R. Then 

(A) x < f(x) < 2x for all x > 0 

(B) 2x </(x) < 3x for all x > 0 

(C) 3x < /(x) < 4x for all x > 0 

(D) 4x < /(x) < 5x for all x > 0 

Solution: Let x > 0. Using Lagrange’s mean value theo¬ 
rem on [ 0 , x], there exists x Q e ( 0 , x) such that 

x-iJ 

=>/(x) = x/'(x, o) (3.37) 

So 


1 < f\x) < 2 => x < x/'(x 0 ) < 2 x 

x < /(x) < 2x [By Eq. (3.37)] 

This is true for all x > 0. When x = 0, we have /(x) = 0. 
Thus, the equality holds. Hence x < /(x) < 2x V x > 0. 

Answer: (A) 


99. Value of c in the Lagrange’s mean value theorem for 
the function 


/(x) = x + — on 
x 


V 


IS 




(C) 1 


<B)f 


Solution: /(x) = x + (1/x) is continuous and differen¬ 
tiable for all real x A 0. Hence by Lagrange’s mean value 


theorem, there exists c e ( 1 / 2 , 2 ) such that 


f\c) = 


=> 1 - 


1 


/( 2 )-/(l/ 2 ) 

2 -( 1 / 2 ) 

(5/2) - (5/2) _ Q 
3/2 


Therefore c = ±1. But -1 £ (1/2,2).Therefore c = 1. 

Answer: (C) 


100. Let /(x) = 3x 4 - 4x 2 + 5. Then a value of c in 
Lagrange’s mean value theorem for /(x) on the in¬ 
terval [- 1 , 1 ] is 


(A) 

-1 

~2 

(B) i 


[2 

2 

(C) 

h 

< D > -3 


Solution: We have /'(c) = 12c 3 - 8 c. Now since the 
function satisfies Langrange’s mean value theorem, we 
have 


12 c 3 - 8 c = 


/(!)-/(-!) 

l-(-l) 


= 0 


=> c(3c 2 -2) = 0 


=> c = 0 , ± 



So, c = tJ2/3 is one of the values. 


Answer: (C) 


Monotoncity; Maxima and Minima 

101. The function /(x) = 2x 2 -log|x| is 


(A) decreasing in | — ,o° 


(B) decreasing in | 0, — 


° 4 ) 


(C) increasing in 


(D) increasing in | - — 


Solution: The function /(x) = 2x 2 — log|x| is defined 
for all x * 0. Differentiating we get 
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fix) = 4x - 

X 

4x 2 -1 


Now 


( 2 x + l)( 2 x-l)x 


fix) > 0 <=> either - < x < 0 or x> ~f 


Therefore,/increases in —, 0 u — , 00 


1 


1 


Again 


fix) < 0 » either x<“Or 0 <x<^ 


Therefore,/is decreasing in I -oo ; — I u I 0. 


1 


Thus, (B) is correct. 


Answer: (B) 


102. If 


f(x) - and g(x) = —^— 

sin x tan x 

where 0 < x < 1 , then in this interval 

(A) both f(x) and g(x) are increasing functions 

(B) both f(x) and g(x) are decreasing functions 

(C) /(x) is an increasing function 

(D) g (x) is an increasing function 
Solution: We have 


f(x) = -^—,0<x<l 
smx 

Differentiating we get 

... x sinx —x cos* 

/ 0) =-r~2- 

sin x 

Since sin 2 x > 0, we have to determine the sign of sin x - 
x cos x. Now, let 

F(x) = sinx - x cosx 

so that 

F'(x) = cos x — cos x + x sin x = x sin x > 0 

for 0 < x < 1. Therefore F(x) is increasing so that 

0 < x =t> T (0) < F(x) 

=> 0 < sinx - x cosx 


Therefore 


... , sinx-xcosx 

/ i x ) =--> 0 

sin x 

for 0 < x < 1. So/is increasing in (0,1]. Now 


g(x) = 


tanx 


tanx-xsec x 

'«(*) =-5- 

tan x 


Let H(x) = tanx - xsec z x. Then 


H'(x) = sec 2 x-sec 2 x- 2 xsec 2 xtanx 
= - 2 xsec 2 xtanx < 0 

for 0 < x < 1. Therefore //(x) is decreasing in (0,1]. Now 

0<x=>H(0)>H (x) 

=> 0 > tan x - x sec 2 x 

Hence, g'(x ) < 0 in (0,1] so that g is decreasing. So, (C) is 
correct. 

Answer: (C) 


103. Let/(x) =cosx-l + (x 2 /2).Then 

(A) /is increasing on R 

(B) /is decreasing on R 

(C) /increases in (-», 0] and decreases in [0, °°) 

(D) /decreases in (-°°, 0] and increases in [0, °°) 

Solution: We have 

f{x) = - sinx + x 

and f"(x ) = 1 - cosx > 0 

for all real x. Therefore f\x) is increasing for all real x. So, 
x < 0 => f\x) < f'(0) = 0 

So, for x < 0,/'(x) < 0 => /is decreasing for x < 0. Also 
x > 0 => f{x) > f(0) = 0 

Therefore, for x > 0,/'(x) > 0 /is increasing for x > 0. 

Answer: (D) 


104. Suppose fix) is a real-valued differentiable func¬ 
tion such that fix) fix) < 0 for all real x. Then 

(A) fix) is an increasing function 

(B) |/(x)| is an increasing function 

(C) fix) is a decreasing function 

(D) |/(x)| is a decreasing function 

Solution: Let g(x) = (/(x )) 2 so that g'(x) = 2 /(x) /'(x) 
< 0 for all real x. Hence, g(x) is decreasing so that |/(x)| 
is decreasing. 


Answer: (D) 
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105. Consider the following two statements. 

I: If /(x) and g (x) are continuous and monotonic 
functions on the real line R, then /(x) + g (x) is 
also a monotonic function. 

II: If/(x) is a continuous decreasing function for all 
x > 0 and/(l) is positive, then/(x) = 0 exactly at 
one value of x. 

Then 

(A) both I and II are true 

(B) both I and II are false 

(C) I is true and II is false 

(D) I is false and II is true 

Solution: 

I: Consider /(x) = x + sinx and g(x) = -x. Since 
/'(x) = 1 + cosx > 0 
and g'(x ) = 1 < 0 


Note: f\x) = 2x +1 < 0 for x < -1/2 and greater than zero 
for x > - 1/2. Thus, / is decreasing in (-°°, -1/2) and 
increasing in (-1/2, °°). Similarly, g'(x) = 1 - 2x => g is 
decreasing for x > 1/2 and increasing for x < 1 / 2 . 

Answer: (A) 

107. Consider the following two propositions P 1 and P r 
Pji If/and g are increasing functions on [a, b], then 
/+ g is also increasing on [a , b]. 

P,: If/(x) = x and g (x) = 1 - x are defined on [0,1], 
then the product fg is increasing on [0, 1 ]. 

Then 

(A) both and P, are true 

(B) ?! is true, but P, is false 

(C) Pj is false whereas P, is true 

(D) both P and P, are false 

Solution: P x is true: Let x , x 2 e [a, b] and x < x 2 . Now 


we have that /is increasing and g is strictly decreasing. 
But/(x) + g (x) = sinx is neither increasing nor decreas¬ 
ing for x > 0. Observe that the monotonicity nature of 
sinx can be decided on an interval only. Thus (I) is 
false. 

II: Consider the function 


f(x) = -,x> 0 

X 


so that 


/( 1 ) = 1 > o and f{x) = -\< 0 

x 

Hence / is continuous and decreasing for x > 0. But 
/(x) A 0 for all x A 0. Thus (II) is false. 

Answer: (B) 


(/+g)C*i) = /(*i)+g(*i) 

< /(x 2 ) + g(x 2 ) (v / and g are increasing) 

= (/ + £)(* 2) 


Therefore,/+ g is increasing. 


P, is false: We have 

(fg)(x)=f(x)g(x)=x-x 2 
Differentiating we get 


(fg)'(x) 


Jl - 2 x < 0 for x > 1/2 
|l - 2 x > 0 for x < 1/2 


Thus, fg decreases for x > 1/2 and increases for x < 1/2. 
That is, in [0, 1/2], fg is increasing and in [1/2, 1], fg is 
decreasing. Thus P, is not true. 

Answer: (B) 


106. Consider the following two statements. 

P: If /is differentiable and strictly increasing on R, 
then /'(x) > 0 for all x e R. 

Q:If/(x) and g(x) are not monotonic functions on 
R, then /(x) + g(x) is also not monotonic on R. 
Then 

(A) both P and Q are false 

(B) P is false and Q is true 

(C) P is true whereas Q is false 

(D) both P and Q are true 

Solution: P is false: Consider /(x) = x 3 , x e M. Then 

/'(x) = 3x 2 > 0 for x A 0 

Thus/is strictly increasing on R and /'(()) = 0. 

Q is also false: Let /(x) = x 2 + x and g(x) = x - x 2 so that / 
and g are not monotonic on R. But the sum /(x) + 
g(x) = 2x is monotonic on R. 


108. The function /(x) = xe -3x 

(A) increases on R 

(B) decreases on R 

(C) increases in (-°°, 1/3) 

(D) decreases in (- 00 , 1 / 3 ) 

Solution: Differentiating the given function we have 

/'(x) = e _3x + x(-3)e~ 3x = e _ 3 x (l-3x) 

We know that e _3x > 0 for all real x. Therefore 
f’(x) >0<=>l-3x>0 


So f\x) > 0 for all x < 1/3 and hence / increases in 
(- 00 ,1/3) and decreases in (1/3, °°). 


Answer: (C) 
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109. In [0, l],/is twice differentiable and f"(x) < 0. Let 
0(x)=f(x)+fO~x) 
for x e [0, l].Then 

(A) </> is increasing on [0,1] 

(B) cj) is decreasing on [0,1] 

(C) (j) increases on [1/2,1] 

(D) (j) decreases on [1/2,1] 

Solution: Differentiating the given function we have 
f(x) = /'(x)-/'(l-x) 

f"(x) < 0 for x e [ 0 , 1 ] =>/'(x) is decreasing in [ 0 , 1 ].There¬ 
fore 

, 1 
2 

so that for 0 < x < 1 / 2 , we have 

fW = /'(x)-/'( l-x )>0 
Therefore (j) is increasing in [0,1/2], Again 
x>l-x<=>x>l /2 


m < - 3 or m > 0 
So, m e (-oo, -3) u (0, °o). 

Answer: (A) 

111. Let/be differentiable on R and 

h(x)=f(x)-\f(x)] 2 + [f(x)f 

Then 

(A) h is increasing whenever / is increasing 

(B) h is increasing whenever/is decreasing 

(C) h is decreasing whenever / is decreasing or 
increasing 

(D) h is decreasing whenever/is increasing 
Solution: Differentiating the given function we get 

h'(x) = f'(x) - 2/(x)/'(x) + 3 f (x)/'(x) 


= /'(x)[3/ 2 (x)-2/(x)+1] 



Therefore 


Therefore (v /' is decreasing) 


h\x) > 0 <=> f'(x ) > 0 


/'(x)-/'(l —x) < 0 for ^ < x < 1 

So (p’(x ) < 0 in [1/2,1], ^is decreasing in [1/2,1], 

Answer: (D) 

110 . If/(x) = (m + 2)x 3 - 3 mx 2 + 9mx— 1 decreases on R, 
then m belongs to 

(A) (—°°, -3) u (0, oo) (B) (-<=0,3] 

(C) (-oo,0] u (0,3] (D) [-1,0] u (0,1] 

Solution: Differentiating the given function we get 

/'(x) = 3 (m + 2)x 2 - 6 mx + 9m 
= 3[(»j + 2)x 2 - 2 mx + 3m] 

Since / is decreasing on R, we have f'(x ) < 0 V x e R. 
Therefore 


So h is increasing whenever/is increasing. 


Answer: (A) 


112. The function / (x) = sin 4 x + cos 4 x increases if 


(A) 0 < x < — 
v 2 8 

.... 3k 5k 

(C) — < x < — 
v 2 8 8 


/T3 , n 3 k 

(B) - < x < — 

v 2 4 8 

5k 3k 

(D) — < x < — 
8 4 


Solution: We have 


/(x) = sin 4 x + cos 4 x 

= (sin 2 x + cos 2 x ) 2 - 2 sin 2 xcos 2 x 

= 1 —— sin 2 2 x 
2 


Differentiating we get 


(m + 2)x 2 - 2 mx + 3m < 0 V x e R 


Am 2 - 1 2m (m + 2) < 0 

and 

m + 2 < 0 

m 2 - 3m(m+2) < 0 

and 

m < — 2 

—2m (m+3 ) < 0 

and 

m < - 2 

m(m+ 3) > 0 

and 

m< — 2 

m < - 3 or m > 0 

and 

m < - 2 

m < - 3 

or 

m> 0 


But, when m = — 3 or m = 0,/(x) is not decreasing for all 
xet (check this point). Therefore 


f'(x ) = -^-( 2 sin 2 x)(cos 2 x)( 2 ) 

= - 2 sin 2 x cos 2 x 
= - sin 4x 

Now -sin4x > 0, if sin4x < 0. But sin4x < 0, if ^<4x < 
3nl2ox3nl2<\x< 2n .Therefore 


sin 4x < 0, 


.. k 3k 3k k 

it — < x < — or — < x < — 
4 8 8 2 


So (B) is the correct answer. 


Answer: (B) 
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113. If / is a real-valued function defined on E such 
that 

f'(x) = e x (x- 1 )(jc-2 ) 
then/decreases in the interval 

(A) (—,-2) (B) (-2,-1) 

(C) (1,2) (D) (2, + oo) 

Solution: We have to determine the values of x for 
which f'(x) < 0. Observe that e x > 0 V e R. Therefore 

f'(x) < 0 <+> (x - l)(x - 2) < 0 
<=> 1 < x < 2 

Hence, (C) is the correct answer. 

Answer: (C) 


114. For all x e (0,1) 

(A) e x < 1 + x (B) log e (l + x) < x 

(C) sinx>x (D) log e x>x 

Solution: 

(A) Let /[(x) = e x - 1 - x. Then 

// (x) = e x -1 > 0 for x > 0 
So f x (x) increases in (0,1). Therefore 

0 < x => / (0) < f (x) 

=> 0 </(x) = e*-(l + x) 

=> e x >1 + x 

So (A) is not the correct answer. 

(B) Let / 2 (x) = log/1 +x)—x. Then 

fi ( x ) = —-- 1 =- - < 0 for x > 0 

1+x 1+x 

So f\(x) is decreasing for x>0. Therefore 

0 < x => / 2 (0) > f,(x) 

^ 0 >/ 2 (x)=log e (l+x)-x 
=> log f (1 +x) <x forx >0 

So (B) is the correct answer. 

(C) Let / (x) = sin x-x. Then 

/ 3 ( x) = cos x -1 < 0 for x > 0 


So / (x) is decreasing for x > 0. Therefore 

x > 0 => / 3 (x) < / 3 ( 0 ) = 0 
=> sinx < x 

Hence (C) is not the correct answer 
(D) Let/ 4 (x) = log e x-x. Then 

f 4 ' (x) = — -1 = -—— > 0 (-.- 0 < x < 1 ) 

X X 


0 < x < 1 => lim log„ x = ->» 

jr—>0+0 

so that 

lim /,(x) = -°o 
x^0 + 0 

So/ 4 (x) < 0 in (0, l).This implies log e x < x in (0,1). 
Hence (D) is not the correct answer. 

Answer: (B) 


115. If /(x) = x e x(1 ~ x \ then /(x) is 

(A) increasing in [-1/2,1] 

(B) decreasing in [-1/2,1] 

(C) increasing in E 

(D) decreasing in E 

Solution: Differentiating the given function we get 
/'(x) = e t( 1 - l) +xe l(1 - ,) ( l- 2 x) 

= e x(1 ~ x) [l + x-2x 2 ] 

= - e x< - t ~ x> [2x 2 - x- 1 ] 

= —e jc ^ 1_jr) ( 2 x + l)(x — 1 ) 

Now 

f'(x)> 0 <=>( 2 x + l)(x-l )<0 



So/increases in [-1/2,1] and decreases in ( —oo ? — 1 / 2 ) u 
(1, + oo). Thus (A) is correct. 

Note : If / (x) = xe x(x ~ 1) , then /'(x) = e x( ' x ~ 1 \2x 2 -x + 
1) > 0 V x e E and hence /(x) increases in E. 

Answer: (A) 

116 . If/(x) is a function whose derivative is 

e~ {x ~ +1)2 ( 2 x)-eT- t 4 ( 2 x) 
then / (x) increases in 

(A) (1,2) (B) no value of x 

(C) (0, oo) (D) (-oo, 0) 

Solution: Given that 

/'(x) = (2x) e -*V 2 * M -l) 

= ( 2 x)tT ( * 2+1)2 (l-e 2x2+1 ) 

Since e* > 1, for x > 0, we have 1-e 2 * +1 <0 for all x. 
Therefore /'(x) > 0, only when x < 0. So / (x) increases in 
(-°°, 0 ). 

Answer: (D) 

117. The function / (x) = 2 log(x - 2) - x 2 + 4x + 1 


Therefore/ 4 (x) is increasing in (0,1). So, 
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(A) increases in (2,3) 

(B) decreases in (2,3) 

(C) increases in (3, +°°) 

(D) cannot be determined 

Solution: Note that/(x) is defined for x > 2. Now 

= 2x + 4 

x-2 

= -^--2{x-2) 
x-2 

_ 2[l-(x-2 ) 2 J 
x —2 

2 (l + x- 2 )(l-x + 2 ) 
x-2 

= --—^-(x-l)(x-2)(x-3) 

(x-2) 2 

Therefore,/'(x) >0forx<lor2<x<3.But 
x > 2 => f'(x ) > 0 for x e ( 2 ,3) 

So/increases in (2,3). Thus, (A) is the correct answer. 

Answer: (A) 

118. The set of all values of the parameter a for each of 
which the function 

/ (x) = sin 2x - 8 (a + 1) sin x + (4a 2 + 8a - 14)x 
increases for all xeK and has no critical points is 

(A) (-°o,-2-V5)u(V5,oo) 

(B) (-oo,-V5)u(V5,5) 

(C) (-oo,0)u(0,V5) 

(D) ( 0 , 5) u (-oo,2-V5) 

Solution: Differentiating the given function we get 

f'(x) = 2 cos 2x - 8(a +1) cos x + 4 a 2 + 8a -14 
= 4 cos 2 x - 8(a +1) cos x + 4a 2 + 8a -16 
= 4 [(cos x - (a + l) 2 - 5] > 0 
« either cosx - (a +1 ) < ->/5 
or cosx-(a + l) > V5 
for all xeK. That is 

cosx<n + l-V5 for all real x 
or cosx > (a + 1 ) + sj~5 for all x 

But -1 < cos x < 1 for all real x. Therefore, 

either l<n + l- V5 or -l>n+l + V5 
So 

-2-V5 >a 


Hence a e (-°°, - 2 - V5) u (V5, °°). 


Answer: (A) 


119. Consider the tunction 

[x e ax 


f(x) = 


for x < 0 
- 3 for x > 0 


[x + flx“ — x J 
where a > 0 is constant. Then f'(x ) is 


(A) increasing in ( —, — 


(B) increasing in 

(C) decreasing in f—,— 

V a 3 

( -2 

(D) increasing in —oo ? - 


Solution: Differentiating the given function we have 


/'(*) = 
/"(*) = 


e ax (ax + 1 ) 

1 + 2 nx —3x 2 

2 ae ax +a 2 xe“ 


for x < 0 
for x > 0 


for x < 0 

[2a - 6x for x > 0 

We determine the values of x for which f"(x) > 0. 


(i) f"(x) = 0 at x = — when x < 0 


(ii) f"(x) = 0 at x = ^ when x > 0 
Also, when x < 0, 

f"(x ) = ae ax (2 + ax) >0 if x > - — 

a 

When x > 0, 

f"(x) = 2a-6x>0 if x < ^ 

Therefore f"(x) > 0 if -2 la < x < a/3. Hence /'(x) increases 
in (- 2/a, a/3). 

Answer: (A) 


120. The function / (x) = 3cos 4 x + lOcos 3 x + 6 cos 2 x - 3, 
0 < x < n is 

(A) increasing in ^0, ^ j 


(B) increasing in 



(C) decreasing in 


n 2 k\ 

2’Tj 


-Js < a or 
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(D) neither increasing nor decreasing in [0, n\ 
Solution: Differentiating the given function we get 

f'{x) - 12 cos 3 x(-sinx) 

+ 30 cos 2 x(- sin x) +12 cos x(- sin x) 

= -3sin 2x (2cos 2 x + 5 cos x + 2) 

= -3sin 2x (2cos x + l)(cos x + 2) 

Observe that cosx + 2 > 0 V x e [0, ri\. Therefore 
fix) > 0 <=> sin 2 x( 2 cosx+ 1 ) < 0 for 0 < x < n 
(i) When 0 < x < n, 

sin 2x < 0 <=> — < x < 7T 
2 


and 


2 cosx +1 > 0 <=> cosx > — 

2 


<=> x > 


2 n 


(H) We have 


and 


sin 2 x > 0 <=> 0 < x < — 
2 

1 2 n 
cos x < — <=> x < — 

2 3 


From (i) and (ii) we have sin2x(2cosx + l) < 0 for x e 
k 2n' 


2 3 

Therefore fix) > 0 for x e 


(n 2n\ 

U’Tj' 

(!• 


This implies/is increasing in — 


Ixl for 0 <|x |<2 
121. Let fix) = •! 1 1 1 

w |l for x = 0 

Then atx = 0,/has 

(A) a local maximum 

(B) no local maximum 

(C) a local minimum 

(D) no extremum 
Solution: We have 

-x for - 2 < x < 0 


fix) = 1 

x 


for x = 0 
for 0 < x < 2 


Answer: (B) 



FIGURE 3.21 Single correct choice type question 121. 

See Fig. 3.21. Clearly / is discontinuous at x = 0. But this 
cannot disturb the local extremity of the function. Clearly 
in a neighbourhood of zero, 

fix) = |x] < 1 = /( 0 ) 

Hence / has local maximum at x = 0. 

Note: This question is purely based on the concept. 

Answer: (A) 

122. If fix) = nlog | x | +bx 2 + x has its extremum val¬ 
ues at x = - 1 and x = 2 , then 

(A) a = 2,b = - (B) a = ^,b = 2 

(C) a = 2,b = ~ (D) a = -2, b = ~~ 

Solution: fix) is defined for all x + 0. Now 

fix) - —+ 2 bx + l 
x 

Since x = -1 and x = 2 are critical points, we have 

/'(-1) = 0=>-a-26 + 1 = 0 (3.38) 

and /'(2) = 0=» ^ + 46 + 1 = 0 (3.39) 

Solving Eqs. (3.38) and (3.39), we get 

a = 2,b= — 

2 

Answer: (C) 

123. Let P(x) = Uq+c^x 2 +a 2 x A +■■■ + «„x 2 " be a polyno¬ 
mial in real variable x with 0 < a 0 < <a 2 <■■■< a n . 

The function F(x) has 

(A) neither maximum nor minimum 

(B) only one maximum 

(C) only one minimum 

(D) only one maximum and only one minimum 
Solution: Differentiating the given function we get 

P\x) = 2 t/jX + 4 a 2 x 3 + • • ■ + (2 n)a n x 2n ^ 

Since all the powers of x are odd and coefficients are posi¬ 
tive, P\x) A 0 for all real x A 0 and F/O) = 0. Thus x = 0 is 
the only critical point. Further, 
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P"(x) = 0 = 2a 1 > 0 

Hence P(x) has only one minimum at x = 0. 

Answer: (C) 

124. On the interval [0,1], the function x 25 (1 - x ) 75 takes 
its maximum value at the point 
(A) 0 (B) 1/4 (C) 1/2 (D) 1/3 

Solution: Let f(x) = x 25 (1 - x) 75 . Differentiating we get 

f'(x) = 25x 24 (1 - x) 75 - 75x 25 (1 - x) 74 
= x 24 (1 - x) 74 [25(1 - x) - 75x] 

= x 24 (1 - x) 74 (25 - lOOx) 

Also 0 < x < 1 and /'(x) = 0 => x = 1/4. 

Now 

x<^=*/'(x)> 0 


and 


x > - => f\x) < 0 


That is f'(x) changes sign from positive to negative (see 
the testing procedure given in Sec. 3.4.1).Therefore,/(x) 
has maximum at x = 1/4. 


Note that /"(0) =/" (1) = 0. 


Answer: (B) 


125. The minimum value of 

f (x) = x 8 + x 6 - x 4 - 2x 3 - x 2 - 2x + 9 

on the real number set IR is 

(A) 1 (B) 5 (C) 0 (D) 3 

Solution: The given function can be written as 

/(x) = (x 4 -1) 2 + (x 3 -1) 2 + (x 2 -1) 2 + (x -1) 2 + 5 > 5 

for all real x and equality holds if and only if x = 1. There¬ 
fore, the minimum value of / is 5 and it attains its mini¬ 
mum value at x = 1. 

Answer: (B) 

126. The minimum value of 

Z = 2x 2 + 2xy + y 2 - 2x + 2y + 2 
is 

(A) 2 (B) -2 (C) 3 (D) -3 

Solution: The given function can be written as 

Z = (x + y +1) 2 + (x - 2) 2 - 3 > -3 V x, y 


and equality holds when x = 2, y = -3.Therefore, the min¬ 
imum value of Z is -3. 

Answer: (D) 

127. The value of “a” such that the sum of the squares of 
the roots of the equation 

x 2 — (a - 2) x -a - 1 = 0 
assumes least value is 

(A) 0 (B) -1 (C) +1 (D) 2 

Solution: Let a, ft be the roots. Therefore 

a+ fi= a - 2, ap=- (n+1) 

Let 

Z = a 2 + p 2 
= (a + P) 2 -2 ap 
— (u — 2) 2 + 2 (u +1) 

= a 2 -2u + 6 


Then 


Also 


dZ 

— = 0<t=>2a-2 = 0<=>a = l 
da 


d 2 Z 

da 2 


= 2 < 0 


Thus Z is minimum at a = 1. 


Answer: (C) 


128. /(x) = 2 - (x - 1) 2/3 is maximum at 

(A) x = - 1 (B) x = l 

(C) x = 0 (D) x = 2 V 2 

Solution: The given function is continuous V real x. 
Now, 

/'(x) = -|(x-l)“ 1/3 

so that/'(l) does not exist. Also/'(x) t- 0 for any value of 
x ^ 1. Hence x = 1 is the only critical point for/(x). Also 

x < 1 => /'(x) > 0 

and x > 1 => /'(x) > 0 

Thus, /'(x) changes sign from positive to negative at 
x = 1. Hence,/is maximum at x = 1. 

Answer: (B) 

129. f(x) is a function satisfying the following condi¬ 
tions. 
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(i) /(0)=2,/(l) = l 5 

(ii) / has minimum value at x = — and 


(iii) f'(x) = 


2 ax 2 ax -1 2 ax + b + 1| 

b b +1 -1 

2 (ax + b) 2ax + 2b + l 2 ax + b 


Then 


1 . 5 

(A) a = —,b = — 
v ' 4 4 

(B) a 

(C) a = --,b = -~ 
v , 4 4 

(D) a 


for all x where a and b are constants. 

1 / 5 
4 4 

I 

4’ 4 

Solution: On/'(x) perform the following elementary 
row operation. That is, applying i? 3 - R l - 2 P, we get 

2 ax 2ax -1 2 ax + b +1 

b b +1 -1 

0 0 1 

Therefore 




f'(x) = 2 ax{b +1) — b(2ax -1) 
= 2ux + b 

f has local minimum at x = 5/2. This implies 

r(])=° 

=>2^|j+b = 0 

=> 5a + b = 0 

Now, 

f'(x) = 2 ax + b 
=> f(x) = ax 2 +bx + c 
where c is constant. Again 

/(0) = 2 => c = 2 

and /(1) = l=>a + h + 2 = l 

This gives 

a + b = -1 

Solving Eqs. (3.40) and (3.41), we get 

a = — and ft = - — 

4 4 


(3.40) 


(3.41) 


Answer: (A) 


130. If p(x) is a polynomial of degree 3 satisfying P(-l) 
= 10, P(l) = -6, P'(x) has local minima at x = 1 and 
P(x ) has maximum at .t = -1, then the distance 
between local maxima and local minima of the 
curve is 


(A) 2>/65 (B) 3y[65 

(C) 4^65 (D) 5V65 

Solution: Since P(x) is a polynomial of degree 3, let 
P(x) = ax 3 + bx 2 + cx + d 

Therefore 


P(-l) = 10=$-a + b-c + d=10 (3.42) 

p(l)=-6=>a + b + c + d = -6 (3.43) 

New 


P'{x) = 3 ax 2 + 2 bx + c 

P'(x) has local minimum at x = 1 ^ P"(l) = 0. That is 
6a + 2b = 0 

=>3u + b = 0 (3.44) 

Now P(x) has maximum at x = - 1 => P'(- 1) = 0. This 
means 


3a-2b + c = 0 (3.45) 

Solving Eqs. (3.42)-(3.45), we obtain that a = 1, b = - 3, 
c = -9,d = 5. Therefore 

P(x) =x 3 - 3x 2 - 9x + 5 

Differentiating we get 


P'(x) = 3x 2 -6x-9 
= 3(x 2 -2x-3) 
= 3(x-3)(x+1) 
So P\x) = 0 => x = 3, -1. Also 

P"(x) = 6x — 6 

This implies 

P"(3) = 12 > 0 

and P"(-l) = - 12 < 0 


Therefore, P{x) is maximum at x = -1 and minimum at x = 3. 

Let A and B be the points on the curve y = P(x) at 
which P(x) is maximum and minimum, respectively. 
Therefore A = (-1,10) and B = (3, - 22). So 


Distance AB = V(- 1-3) 2 +(10 + 22) 2 
= V16 + 1024 
= V1040 
= yll6x65 
= 4^65 

Answer: (C) 


131. Let f(x) = 


j2-x + fl-9a-9 forx<2 
[2x - 3 for x > 2 

where a is a positive constant. If f(x) has local min¬ 
imum at x = 2, then a lies in the interval 
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(A) (0,1] (B) [10, oo) 

(C) [1,10] (D) [2,10) 

Solution: Since / has local minimum at x = 2, we have 
/(x) > /(2) for all x < 2. Therefore 


hm /(*)>/(2) = l 

x— >2-0 


So 


which implies that 


a 2 - 9u - 9 > 1 

(« + l)(fl-10)>0 
■a < -1 or a > 10 


But u is positive. Hence a > 10. That is a e [10, °°). Note 
that when a = 10, 


/(*) = 


3 - x for x < 2 
2x - 3 for x > 2 


so that / is continuous at 2, /'(2) does not exist and 
/'(x) ^ 0 V x e R. Therefore, x = 2 is a critical point and 
/'(x) changes sign from negative to positive at x = 2. 

Answer: (B) 

132. The sum of an infinitely decreasing geometric pro¬ 
gression is equal to the least value of the function 

/(x)=3x 2 -x + — 

W 12 

and the first term of the progression is equal to the 
square of its common ratio. Then, the common ratio is 

(A) V2-1 (B) V3-1 

2 V 2 


(C) 2-V3 


(D) 


Solution: Differentiating the given function we have 

/'(x) = 6x-l = 0=>x = - 
6 

/"(x) = 6 => /is minimum at x = 1/6 and the least value of 

/is 

/|TL.l_I + 25 = 2 

UJ 36 6 12 

Let r be the common ratio (|r| < 1) so that the progres¬ 
sion is r 2 , r 3 , r 4 .... By hypothesis, 


■ = 2 


1 —r 


r + 2r - 2 = 0 


r=-2 ±^- lt V3 


Now Irl < 1 => r = -1+ -s/3. 


Answer: (B) 


133. The values of the perameter “a” for which the val¬ 
ues of the function 

/(x) = x 3 — 6x 2 + 9 x + a 

at the point x = 2 and at the points of extremum, 
taken in a certain order, form a geometric progres¬ 
sion are 


(A) 

3 3 
(C) 

3 3 


(B) 

3 3 
(D) 

3 3 


Solution: We have 

/(x) = x 3 - 6x 2 + 9x + a 


Now 


f(2) = a + 2 (3.46) 

/'(x) = 0 => 3x 2 - 12x + 9 = 0 
=> 3(x 2 - 4x + 3) = 0 
=> 3(x-l)(x-3) = 0 
=> x = 1, 3 


Now, 


and 


/(l) = a + 4 

/( 3 ) = a 


(3.47) 

(3.48) 


By hypothesis /(2) = a + 2,/(l) = a + 4 and /(3) = a form 
a geometric progression taken in a certain order. We can 
easily show that a, a + 2, a + 4 cannot be in GP. So 

a, a + 4, a + 2 are in GP <=>(« + 4) 2 = a (a + 2) 

6a = - 16 
8 

<=> a = — 

3 


Again 


a + 2, a, a + 4 are in GP <=> (a + 2)(a + 4) = a 2 
<=> 6a + 8 = 0 


<=> a = — 
3 


Therefore a = - 8/3, - 4/3. 


Answer: (D) 


134. The number of minima of the polynomial 
/(x) = 10x 6 - 24x 5 + 15x 4 + 40x 2 + 108 


is 


(A) 5 (B) 1 (C) 2 (D) 3 
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Solution: Differentiating the given function we have 


fix) = 60x 5 - 120x 4 + 60x 3 + 80x 
= 20x[3x 4 - 6x 3 + 3x 2 + 4] 

= 20x[3x 2 (x — l) z + 4] 

Therefore 


/'(x) = 0 <=> x = 0 

So x = 0 is the only critical point. Also /'(x) changes sign 
from negative to positive at x = 0. Hence,/is minimum at 
x = 0 and the minimum value of/is 108. 

Answer: (B) 


135. For x > 0, the least value of the expression 


(A) V2 
(C) 2(V2+1) 

Solution: Let 


/(*) = 


1 + x 
1 + x 


(B) 1 
(D) 2(V2-1) 


, x > 0 


l + x z 
1 + x 


IS 


Differentiating we get 
/'(*) = 


2x(l + x)-l(l+ x 2 ) 
(1 + *) 2 
x 2 +2x —1 


(1 + x) 2 
2 


= 1 - 


(1 + x) 2 


Now 


f'(x ) = 0 (x + Y) 2 =2 

<=> x = (±V2) — 1 

Now x > 0 => x = V2 -1 is the only critical point. Also 

4 


/"« = 


(1 + x) 3 


and 


/"(V2-l) = ^>° 

/is least at x = V2 -1 and the least value is 

/(V2-l)= 1 + (V ^~ 1)2 

1 + V2-1 

4-2V2 

= 2V2 -2 

= 2(V2-1) 


136. Let /(x) = 5 - 4 (x - 2) 2,3 .Then at x = 2,/(x) 

(A) attains minimum value 

(B) attains maximum value 

(C) is neither maximum nor minimum value 

(D) is not defined 

Solution: Differentiating we get 

/'(x) = -|(x — 2)- 1/3 

f'(x) A 0 V x A 2 and /'(2) is not defined. Hence, x = 2 is 
the only critical point. Also 

f\x) > 0 for x < 2 

and f\x ) < 0 for x > 2 

Thus,/is maximum at x = 2. 

Answer: (B) 


137. As x varies over all real numbers, the range of the 
function 


,, . x 2 -3x + 4 
nx)= 


IS 




(A) 

[-7,7] 

(B) 


(C) 

[H 

(D) 


Solution: 

The given function can be written as 


/(*) = !— if— 

x + 3x + 4 


Observe that 


x + 3x + 4 — xH— H— >0 


for all real x. Now 


m=- 


6[l(x 2 + 3x + 4) - x(2x + 3)] 
(x 2 +3x + 4) 2 
6(4-x 2 ) 


(x 2 +3x + 4)“ 


6(x 2 -4) 

~ (x 2 +3x + 4) 2 
6(x + 2)(x-2) 

” (x 2 +3x + 4) 2 

N ow fix) = 0 <=> x = -2,2. That is -2,2 are the only critical 
points. Also 


Answer: (D) 
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f'(x ) > 0 when x < - 2 

and f'(x ) <0 whenx > - 2 

Hence /is maximum at x = - 2. Similary, we can see that 
/is minimum at x = 2. Therefore 

Minimum value of / = /(2) - —— (l + ^- = — 
v ' 4+6+4 7 


Maximum value of / = /(-2) 


4 + 6 + 4 
4-6 + 4 


So 


Range of / 



Answer: (C) 


€ 


Try it out Try the above problem by using qua¬ 
dratic equation. 


138. Let/'(x) = (l+6 2 )x 2 + 2bx + 1. Let m(b) be the mini¬ 
mum value of f(x) (that is least value). As b varies, 
the range of m(b ) is 

(A) [0,1] (B) (0,1/2] 

(C) [1/2,1] (D) (0,1] 

Solution: Differentiating the given function we get 
f'(x) = 2(l+b 2 )x+2b 

Now 

f'(x ) = 0 x = — 

1 + b 2 

So 

X < - Kr => f'(x) < 0 

1 +b 2 

and x > —^-= => f'(x) > 0 

1 +b 2 

So /is minimum at x = - b/(l+b 2 ) and the minimum value 
of f(x) is 


/ 



(1 + b 2 ) 
b 2 

1 + b 2 


(1 + b z Y 


2 b z 


1 + b z 


- + 1 


2 b z 

l + b 2 


- + 1 = 1 -- 


1 +b z 


Therefore 


m(b) = 1 


b 2 

l + b 1 


(3.49) 


Differentiating we get 


m'(b) = - 


[2b(l + b 2 )-b 2 (2b)] 


2\2 


(i + b 2 ) 


2b 


(l + b 2 ) 2 

So m'(b) = 0 <=> b = 0. Now, 

b < 0 =t> m'(b) > 0 

and b > 0 => m'(b) < 0 

Hence m(b) is maximum at b = 0 and the maximum value 
of m (b) = m (0) = 1 [by Eq. (3.49)]. Also 


m(b) = 1 — 


l + b 2 l + b 2 


>0 


That is m(b) > 0 and m(b) < 1 and m(b) = 1 when 6 = 0. 
So 

Range of m(b) = (0,1] 

Answer: (D) 


139. The maximum value of f(x) = cosxVsinx on the 
interval [0, k! 2] is 

(A) 2 1/2 • 3~ 3/4 (B) 2 1/2 -3 3/4 

(C) 2 3/4 ■ 3 1/2 (D) 2 3/4 ■ 3 _1/2 

Solution: We have f(x) = cos>/sinx. So, 


/( 0 ) = 0 ,/||| = 0 


K 


f(x)> 0 for 0<x< — 


and 

Differentiating we get 

f'(x) = - sin xVsinx + cos 


n 


2%/si 


sin x 


cosx 


= -(sinx) 3/2 + 


cos 2 x 


2Vsinx 
-2 sin 2 x + cos 2 x 


2Vsi 


smx 


l-3sin“ x 


2Vi 


smx 


Now (since sinx>0) we have 


f'(x) = 0 => sinx 


1 

V3 


Also f'(x)> 0 when sin x < 1/V3 and f'(x) < 0 when 
sin x > V\/3. Therefore, / is maximum when sin x = 1/V3 
and the maximum value of/is 
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/|Sin "iN 1 -Wjr 2Kr3 " 


Answer: (A) 


140. The greatest value of the function 


/(*) =— 2 —7 
ax + b 


is 


(A) 


(B) 


\[ab V ! 2\fab 

(C) 2 jab (d) 2 ab 

Solution: Differentiating the given function we have 
... , (ax 2 + b)-x(2ax) 

f ( X ) = - , 2 .,2 - 

(ax + Z?) 
b-ax 2 


(ax 2 + by 


So 


Now 


and 


f'(x) = 0=>x = +. - 


x < . — => b-ax 2 > 0 
V a 


x > , — => b - ax 2 < 0 
V a 


Therefore,/'(x) changes sign from positive to negative 
at x = Jb/a. Hence, / is maximum at x = ,Jbla and the 
maximum value is 


/ 


'lb' 

Jay 


\Jb / a 1 

a(b I a)+ b 2-Job 


Answer: (B) 


Now/'(x) = 0 « x = 2/5. Also/(x) is defined and continu¬ 
ous at x = 0,/is not differentiable at x = 0. Thus, zero is a 
critical point. Therefore, 0 and 2/5 are critical points of 
fix). 

(i) x < 0 => f'(x) > 0 and x > 0 => f'(x ) < 0. Therefore at 
x = 0, f is maximum and the maximum value = 
/( 0 ) = 0 . 

(ii) x < 2/5 ==> f'(x ) < 0 and x > 2/5 => f'(x ) > 0. Thus / is 
minimum at x = 2/5 and the minimum value 


■&r 


Answer: (C) 


142. Consider the function f(x) = x 3 -3x+3 on the inter¬ 
val [-3,3/2]. Let M = Max f(x) and m = Min f(x) on 
[-3,3/2], Then 

(A) M = 15,m-5 (B) M = 5,m = -15 

(C) M = 15, m = -5 (D) M = -5,m = -15 

Solution: Differentiating the given function we have 

f'(x) = 3x 2 - 3 = 3 (x 2 - 1) 

Therefore f'(x) = 0 <=> x = ±1. That is 1, -1 are the only 
critical points. Now 

/"(x) = 6x =* r (1) > 0 and /"(-1) < 0. 

Therefore, / is maximum at x = -1 and minimum at 
x = 1. Let 

A = |/(-3), /(-l), /(l), /(f)} 

= {-15, 5,1, j 

According to the procedure given in Sec. 3.4.2, the maxi¬ 
mum of f(x) = 5 = M and m = minimum of f(x) = -15 on 
the interval [-3,3/2]. 

Answer: (B) 


141. The number of values of x at which the function 
f(x) = (x - 1) x 2/3 has extremum values is 

(A) 4 (B) 3 (C) 2 (D) 1 

Solution: Differentiating the given function we have 

/'(x) = x 2/3 +(x-l)-x- 1/3 

3x + 2(x-1) 

= 3^ 

_ 5x-2 

“ 3 ?^ 


143. Let/(x) = sinx cos 2 x,x e [0, ji\. Let m be the number 
of values of x at which /(x) is minimum and n be the 
number of values of x at which f(x) is maximum. 
Then 

(A) m =2,n=2 (B) m = 2,n = l 

(C) m = 3,n = 2 (D) m = l,n = 2 

Solution: Differentiating the given function we get 

f'(x ) = cosxcos 2 x-2sin i xcosx 
= cosx[cos 2 x - 2 sin 2 x] 

= cos x[3 cos 2 x - 2] 
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Now f'(x) = 0 implies 


cosx = 0 or cos x = ±,j— 

n „ J P 

■ x = — or x = Cos . — 

2 



Again differentiating we get 


(A) one maximum and one minimum 

(B) only one maximum 

(C) only one minimum 

(D) neither maximum nor minimum 
Solution: Differentiating the given function we get 

f'(x) = 1 + sec 2 x > 0 


f"(x) = - sin x(3 cos 2 x - 2) + cos x (-6 cos x sin x) 


Now 


/"If l = -l(-2) = 2>0 


/" 


'“■■I' 


= 0 - 6|-|(+)<0 


Similary, /"(Cos 1 (-V2/3)) is also negative. Therefore 
m = 1, n = 2. 

Answer: (D) 


144. The range of the function f(x) = 


is 


1 1 
2 ’ 2 


l + x z 
(B) [-1,0] 


(A) 

(C) [-2,-1] (D) 

Solution: Differentiating the given function we get 


4 ° 


So / is strictly increasing. Therefore, / has neither maxi¬ 
mum nor minimum. 

Answer: (D) 


146. The range of the function f(x) = x (log x) 2 is 
(A) [1, e 2 ] (B) [0,4c- 2 ] 

(C) [0, e 2 ] (D) 10, e] 

Solution: f(x) = x (log x) 2 is defined for all x > 0. Now 


Therefore 


Now, 


f'(x) = (logx) 2 + 2(10gx)x 

X 

= logx(logx + 2) 


f'(x) = 0 => x = 1 or x = e 


-2 


/ . w= 21og £+ 2 

X X 

/"(l) = 2 > 0 


l(l + x 2 )-x(2x) 
0+* 2 ) 2 
1-x 2 
~ (1 + x 2 ) 2 
_ (l-x)(l + x) 

(1 + x 2 ) 2 


Therefore 


f'(x) = 0 => x = ±1 


(i) x < - 1 => f'(x) < 0 and x > - 1 => f'(x) > 0. 
Therefore,/is minimum at x = -1 and the minimum 
value =/(-l) = -1/2. 

(ii) x < 1 => f'(x) > 0 and v > 1 => f(x ) < 0. 

Therefore, / is maximum at x = 1 and the maximum 
value =/(l) = 1/2. 


Range of / 


1 1 
2’2 


Answer: (A) 


and f'(e~ 2 ) = _ 4^ 2 + 2e 2 < 0 

Hence, / is minimum at x = 1 and maximum at x = e~ 2 . 
Now 

/( 1 ) = 0 

and /(e- 2 ) = e- 2 (log e~ 2 ) 2 = 4e' 2 

Therefore 

Range of/= [0,4e~ 2 ] 

Answer: (B) 

147. The number of critical points for the function 
1 , 

f(x) = — sin 9 tan ;c + (sin 6 - 1) tan * + 
where n< Q< 2n\% 

(A) 4 (B) 2 (C) 1 (D) 0 

Solution: Differentiating the given function we get 

f'(x ) = sin <9(3 tan 2 x sec 2 x) + (sin 6-1) sec 2 x 
= sin 9 tan 2 x sec 2 x + (sin 9-1) sec 2 x 



145. The function f(x) = x + tan x has 
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Now 


fix) = 0 => sin 0 tan 2 x + sin 9 -1 = 0 

? l-sin<9 „ , „ „ . 

=> tan 2 x =-< 0 (•■■ n < 0 < In) 

sin 0 

which is absurd. Therefore, /(x) has no critical points. 

Answer: (D) 


148. Let f{x) 


x 2 -1 
x 2 +1 


xel. Then the minimum value 


of/ 

(A) does not exist because /is unbounded 

(B) is not attained even though / is bounded 

(C) is equal to 1 

(D) is equal to -1 


Solution: We have for xeM 


Now 


fix) 


x 2 -l 
X 2 +1 
x 2 +1-2 
x 2 +1 


= 1 - 


2 

x 2 +1 


fix) 


—2(—2x) 

(* 2 +l) Z 


4x 

{x 2 + \? 


Therefore f'{x) = 0 <=> x = 0. Also at x = 0, /'(x) changes 
sign from negative to positive. Hence, / is minimum at 
x = 0 and the minimum value /(0) = — 1. 

Answer: (D) 


f2 + cos x 

149. For x e (0, n ), the least value of /(x) = -— 

is V sinx 

(A) 2 (B) 3 (C) 4 (D) V3 

Solution: We have 

f(x) A2^t 

sin x 

Put t = cosx so that - 1 < t < 1. Let 




i -t z 


Differentiating we get 


m 2(2 + Q(1 -t 2 )- (~2Q(2 + tf 


2\2 


(i-t 2 ) 


2(2t + l)(f + 2) 

(1-t 2 ) 2 

Since -1 < t < 1 ,t- -1/2 is the only critical point. Also 
0'(O < 0 fort<-^- 

and tf>'(t ) > 0 for t > 

Hence </> is minimum at t = -1/2. Now 

Least value of/(x) on (0, rc) = Least value of <j> on (-1,1) 



4 


(See Note after Example 3.16.) 

Answer: (B) 

150. Let f(x) — \x 2 - 5x + x e [0,2.4]. Then,the sum 
of the maximum and minimum values of / on [0, 
2.4] is 

(A) 6 (B) 5 (C) 6.5 (D) 5.5 

Solution: The given function can be written as 

/(x) = |(x — 2)(x — 3)| 

jx 2 -5x + 6, 0<x<2 

|-(x 2 -5x + 6), 2<x<2.4 

Now differentiating we get 

12x — 5, 0 < x < 2 

fix) = < 

1 y ’ j-2x + 5, 2 < x < 2.4 

Now 


/'(x) = 0^x = |g [0,2.4] 

Also /'(2) does not exist. Therefore x = 2 is the only 
critical point./'(x) changes sign from negative to posi¬ 
tive. So / is minimum at x = 2 and the minimum value = 
/( 2 ) = 0 . 

Also/(0) = 6 and/(2.4) = 0.24. Therefore, on the inter¬ 
val [0,2.4], 

Minimum value of/+ Maximum value of/= 0 + 6 = 6 

Answer: (A) 

151. A closed circular cylinder of volume k cubic units 
is to be formed with minimum amount of material. 
The ratio of its height to the radius of the base is 

(A) 4 (B) 3 (C) 2 (D) 3/2 
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Worked-Out Problems 


Solution: Let h be the height and r the radius of its 
base. By hypothesis, 


nr 2 h = k (constant) (3.50) 

Let S be the total surface area of the cylinder. Therefore 
S = 2 7rr 2 + 2 nrh. 

= 2nr 2 -t-2/zr^-^-j [from Eq. (3.50)] 


= 2 nr 2 



Solution: Let R be the radius of the sphere. Then 


- 2 }+ r ‘ = R ‘ 


(3.52) 


Let V is the volume of the cylinder, so that 

[from Eq. (3.52)] 


V = nr 2 h 

f u2\ 

,2 « 


= nh 


R A - 

v 4 / 


Differentiating we get 


where 2 nr = sum of the areas of the base and the top and 
2nrh is the lateral surface area. Therefore differentiating 
we get 


dS „ 2k 


Now 


dS n 3 k 
— = 0 => r = — 
dr 2n 


k_ 

2k 


1/3 


Since r > 0, k > 0, we have 


d 2 S 


I A 

= 47T+ —r > 0 


dr r 

So, S is minimum when r = (. k / 2 j£) m . Hence 

h _ klnr 2 
r r 
k_ J_ 
n r 3 

b- 0 Tf 

[fromEq. (3.51)] 

n k 
= 2 


(3.51) 


Answer: (C) 


152. If h is the height and r is the radius of the base 
of a circular cylinder of greatest volume that can be 
inscribed in a given sphere, then h is equal to (Fig. 
3.22) 

(A) 2 r (B) 3 r 

(C) Sr (D) S r 



dV n2 3kIi 2 

— = nR - 

dh 4 


Now 


^ = 0=>tf 

dh 


4 R 2 

5 



Also since h > 0 


d 2 V 
dh 2 


2>k 

- h < 0 

2 


So, V is greatest, when h = 2 RlS- In such a case 



4 R 2 

3x4 


2 R 2 

~ 


Therefore 


and 




Sr 


Answer: (D) 


153. From a rectangular cardboard of size 3x8, equal 
square pieces are removed from the four cor¬ 
ners, and an open rectangular box is formed from 
the remaining. The maximum volume of the 
box is 

250 ,, . „ 250 

(A) -cubic units (B) cubic units 

6 3 

(C) 125 cubic units (D) cubic units 

Solution: See Fig. 3.23. Let x be the side of the square 
piece removed. Therefore the dimensions of the box are 
3 - 2x, 8 - 2x and x. 


FIGURE 3.22 Single correct choice type question 152. 
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FIGURE 3.23 Single correct choice type question 153. 

Let V be the volume of the box so that 
V = x(3-2x) (8 - 2x) 

Now, 

dV 

-= (3 - 2x)(8 - 2x) + x(8 - 2x)(-2) + x(3 - 2x) (-2) 

dx 

= (24 - 22x + Ax 2 ) + {Ax 2 - 16x) + (Ax 2 - 6x) 

= 12x 2 - 44.v + 24 
= A(3x 2 - Ux + 6) 

= A(3x-2)(x-3) 

Therefore the critical points are x = 2/3 and x = 3. Now ,r = 3 
is impossible. Hence x = 2/3 is the only critical point. So 


d 2 V 

dx 2 


fd 2 V^ 


= 24x - 44 


dx 2 J x _ 2 

3 


= 241 - |-44 = -28 <0 
3, 


Hence, V is maximum at x = 2/3 and the maximum 
volume is 


2( A V 4S 2 (5 V 20^ 200 

— 3— 8— =- — =-cubic units 

3 v 3A 3) 3UA3J 27 

Answer: (D) 


154. Let x, y, z be positive numbers such that 
x + y + z = 26 and y = 3x 
If x 2 + y 2 + z 2 is to be least, then the value of x is 
(A) 3 (B) 4 

(C) 3.5 (D) 4.5 

Solution: Let 

S = x 2 + y 2 + z 2 
= x 2 + 9x 2 + (26 - Ax) 2 

(y y = 3x, z = 26 - x - y). Now 

13 

0<z = 26-4x=>x< — 

2 

Therefore, S' is a function of x on the interval (0,13/2). Now 

j C 

— = 0 => 2x + 18jc - 8(26 - Ax) = 0 
dx 

=> 52x = 8 x 26 


8x26 „ . _ 

52 e l°’ — 




Also 


d 2 S 

dx 2 


= 20 + 32 > 0 


Therefore S is least at x = A. 


Answer: (B) 


155. If h is the height of a circular cone of greatest vol¬ 
ume of given slant height /, then h is equal to 

(A) J 3 (B) (C) (D) ^ 1 



FIGURE 3.24 Single correct choice type question 155. 

Solution: See Fig. 3.24. Let r be the radious of the base 
circle. Therefore 


h 2 + r 2 = l 2 

The volume of the cone is 


(/ is constant) 


V = —Jir 2 h = —(l 2 -h 2 )h 
3 3 


Differentiating we get 


Now 


Also 


dh 3 K 2 


dv n , 1 

-= 0 => h = —== 

dh v3 


U 2 V^ 


dh 2 


= -2nh < 0, if h = —= 

73 


So Lis maximum when h = —==. 

73 


Answer: (A) 


156. The least distance of the point Q (0, -2) from the 

16 
73jt 


point P(x, y) where y = j= - 2 and x > 0 is 
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Worked-Out Problems 


(A) 4/3 (B) 4V3 (C) 4/V3 (D) 3V3 

Solution: We have 

D = distance PQ = <Jx z + (y + 2 ) 2 

Therefore 


D 2 = x 2 + 


f 16 ^ 2 


vV3x 3 


2 256 

= * +—T 
3x 6 


Now 


(2D)^ = 2*-^V 

v 2 di 3 


So 


= nr{ 1 - r 2 ) 

= n{r-r 3 ) 

Now 

dV n 

-= 0 => ;r(l- 3r 2 ) = 0 

dr 

1 

=>r= —j= 

V3 

Also 


d 2 V 


dr 


„ = - 67 ZT < 0 when r = —= 

2 V3 


So F is maximum if r = 1/V3 and the greatest volume is 


— = 0 => x 8 = 256 
dx 


• x = 2 (y x > 0) 


Also when x = 2 


d 2 P 

dx 2 


{2D) = 2 + 7(2 x 256)x~ 8 > 0 


So D is minimum if x = 2 and the minimum value of D is 


4 + 


16 1 


V3 8 


x- =J4 + - = -= 


V3 


Answer: (C) 


157. The greatest volume of a circular cylinder whose 
total surface area is 2n, is 

2 n 2 n 27r 47 t 


(A) 


3V3 


<B)f 


<C) I 


(D) 


3V3 


Solution: Let r be the radius of the base circle and h is 
the height of the cylinder (Fig. 3.25). By hypothesis 

2 2nP + 2 Krh 

=$r 2 + rh = 1 (3.53) 

The volume of the cylinder is given by 


V = nr 2 h 


= nr 


2 


a-r 2 ) 


[from Eq. (3.53)] 



r 



' 

,V3 


3> V 

) 


= n 


V3 




2 n 
3^3 


Answer: (A) 


158. ABCD is a trapezium in which AB and CD are 
non-parallel sides with BC and AD of lengths 
of 6 and 10 units, respectively. Further it is given 
that AB is perpendicular to the parallel sides BC 
and AD. Thus, the greatest area of the rectangle 
inscribed in the trapezium so that one of its sides 
lies on the larger side of the trapezium, given that 
AB is of length 8 units is 
(A) 46 square units (B) 48 square units 

(C) 36 square units (D) 72 square units 


Bee 



FIGURE 3.26 Single correct choice type question 158. 


Solution: Let APMN (see Fig. 3.26) be a rectangle 
inscribed in the trapezium with AN on the larger side 
AD. Let AN = x and AP = y so that 6 < x < 10 and 0 < y 

< 8. Now, Area of trapezium ABCD = —-8 -(6 +10) = 64 
Also, 

Area of ABCD = Area of PBCM + Area of APMN 
+ Area of A MND 


FIGURE 3.25 Single correct choice type question 157. 
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64 = ^(8-y)(6 + x) + xy + i(10-x)y 

128 = (48 + 8x - 6y - xy) + 2 xy + (lOy - xy) 
= 8x + 4y + 48 

Therefore 


2x + y = 20 (3.54) 

Let S be the area of the rectangle APMN, so that, using 
Eq. (3.54), 

S = xy = x(20 -2x) 
where 6 < x < 10. Now 


— = 20-4x 
dx 


so that 


_ = 0 <=* x = 5 g; [6,10) 
dx 

Further dSIdx < 0 for x > 6. Therefore S is decreasing for 
x > 6 and hence S is maximum at x = 6. The greatest value 
of S is 


Then 


Now 


A = 2y{2a-x) 

= 4ay - 2xy 

fy 2 ) 

= 4ay — 2 2— 
U p) 

y 3 

= 4ay — — 

P 


(3.55) 


dA 


3 / 


— = 0 => 4 a -= 0 

dy p 

4-0 ftp 

=> y = ±2 — 


For this value of y 


d 2 A 


= -^<0 


dy P 

Therefore, A is maximum, when y = ± 2-JapB and the 
greatest area is 


6 x 8 = 48 

because, from Eq. (3.54), x = 6 implies y = 8. 

Answer: (B) 

159. The area of the greatest rectangle inscribed in the 
segment of the curve y 2 = 2 px cut off by the line 


x = 2n is 


(A) « 

(b, 

3V3 

(C, 

(D) 4 

Solution: See. Fig. 3.27. First, observe that the curve 


y 2 = 2px passes through (0, 0) and is symmetric about 
the x-axis. That is, if P(x, y) is a point on the curve, then 
Q(x, -y) is also a point on the curve. Draw PN and QM 
perpendicular to the line x = 2a. Therefore, PQMN is a 
rectangle inscribed in the segment. Let its area be A. 



FIGURE 3.27 Single correct choice type question 159. 


Greatest area = 4ay-— [from Eq. (3.55)] 
P 


= y 


2 ^ 

4n - — 
P ) 


where y = 2 s ]apl3, so that the greatest area equals 



16 a 312 Jp 
3o/3 

Answer: (B) 


160. A person wishes to lay a straight fence across a 
triangular field ABC with \A < \B < [C so as to di¬ 
vide into two equal areas. The length of the fence 
with minimum expense is 



FIGURE 3.28 Single correct choice type question 160. 
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Worked-Out Problems 


Solution: Let PQ be the fence opposite to the vertex 
A (see Fig. 3.28). Let AP = x, AQ = y and PQ = Z A . By 
hypothesis 

— xysin A = Area of A APQ 

= ^-(Area of A ABC) 

= —[— bcsin A 

2 v2 

Therefore 


xy = — be 


(3.56) 


Now, 


7 A = (PQY 


= x 2 +y 2 - 2 xycosA 

= x 2 + b C -bccosA [from Eq. (3.56)] 

4x 2 


Therefore 


Now 


2Zj^M = 2x- 

ax 


b 2 c 2 

2 x 3 


dZ 4 
dx 


■ = 0 => x 4 = 


■ x =. 


b 2 c 2 

4 

Ibe 


It can be easily seen that 


d 2 Z l 


dx 1 


>0 


Therefore, Z A is minimum if x = ylbc/2 and minimum 


value of Z, is 

A 


Similarly, if Z tf and Z are the lengths of fences opposite 
to the vertices B and C, respectively, then 


B 


Z B = x j 2Atan— and Z c =^j2Atan — . 


C 


Since \A<\B_<\C_, Z A = ^2Atan(A/2) is the length of the 
fence with minimum expense. 

Answer: (A) 

L'Hospital's Rule 

161 . The integer n> 0for which 

(cosx- 1 ) (cosx-e*) 
hm ----- 

x^O x n 

is a finite non-zero number is 

(A) 1 (B) 2 (C) 3 (D) 4 

Solution: We have 


Um (cosx- 1 ) (cosx-e x ) = Hm ( 2sm 2 J ^ C0S V e } 

x^O x" x^O X n 

If n = 1 or 2, the limit is zero and hence n > 3. There¬ 
fore, the above limit is equal to 


(cosx-e*) 



f 

( ■ -0 

2 > 

lim 

-2 

sin — 

2 

l 

X - 

x->0 


X 

4 


\ 

{ 2 J 



1 [ cos x — e" 


2 x —>o 


x n ~ 2 j 


n- 2 


© 


1 ,. (-sinx-e' Y ) 

= — hm- 

2 «o ( n -2)x n - 3 

If n > 3, then this limit does not exist and hence n = 3. 

Answer: (C) 


^- + ^--bccosA = y Jbc(l-cosA ) 


= J2bcsin 2 — 


2A 2 A 

- 2 snr — 

sin A 2 


= J 2 A tan ^ 


Note: Here afterwards, if a certain limit is of | — J form, 
it means that L'Hospital’s rule is going to be applied. 

162 . If /'(2) = 6 and /'(1) = 4, then 

Um f{2h + 2 + h 2 )- f{2) 

h ^o f {h - h 2 +!)-/(!) 
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(A) does not exist 
3 

(C) is equal to 


(B) is equal to - — 
(D) is equal to 3 


Solution: Since/is differentiable at x = 1 and 2,/is 
continuous at 1 and 2. Therefore 


lim f(2h + 2 + h 2 )- f(2) (0 


o f(h-h z + l)-f(l) 


= lim 


(2 + 2h)f'(2h + 2 + h 2 ) 


2/'(2) _ 2x6 _ 3 
1/'(1) 1x4 


Answer: (D) 


(A) 3 (B) -3 (C) 1 (D) -1 

is ^ jj j form. It equals 


_ . . x + sin2x 

Solution: lim- 

x->o x-sin2x 


l + 2cos2x 1 + 2(1) 

lim-=-— = -3 

jt^o l-2cos2x 1-2(1) 


Answer: (B) 


cos2x-cosx . 

166. lim-r- is 

sin z x 

(A)-f (B)i (C, f CD) -| 


Solution: The given limit is form. Hence 


log x 

163. lim—is equal to 


x->i tan7rx 

(A) 1 


(B) - (C) n (D) 

K 

Solution: The given limit is — form. Therefore 


lim lim- Vx 


1 


x->itan;rx *-»t 7 rsec z 7 rx K 


Answer: (B) 


,. cos 2x - cos x ,. -2 sin 2x + sin x 

lim---= lim ■ 


*->o sin x 


x->o 2 sin x cos x 
-2 sin 2x + sin x 


= lim 


ao sin2x 


which is again — form. So the limit becomes 


.. -4cos2x + cosx -4 + 1 3 

lim-=-= — 

x^o 2cos2x 2 2 


Answer: (D) 


164. lim 


e 3x -1 


x—>o tanx 

(A) 1 
(C) 3 


IS 


(B) s 

(D) does not exist 


Solution: The given limit is — form. Therefore 


lim 


e 3x -1 


= lim 


3e 3x 3-1 


x—»o tanx j->o sec x 


Note: Without using L'Hospital’s rule, 


= 3 


Answer: (C) 


lim 


e 3x -1 


= lim 


x —>0 tcin x x —>o 


lil-3 

3x J 1-3 
1 


(T) 


( e x -1 tanx A 

-> 1 as x —> 0 and lim-= 1. 

x x —>o x 


167. lim (cosec x -cotx) is 

x->0 

(A) 0 
(C) -1 


(B) 1 

(D) does not exist 


... 1-cosx . 0 . 

Solution: lim (cosec x-cotx) = lim-is— form. 

x->o x —>0 sinx 0 

Therefore, it equals 


(sinx^ 

lim - 

vcosxy 


= ° = 0 
1 


x 


ao 2x 


Answer: (A) 


l+x-e* . 

168. lim - -- is 

x^0 X Z 

(A) | (B) (C) 1 (D) -1 

Solution: The given limit is jj form. So 


,. 1 + x-e* ,. l-e x 

lim-=-= lim 


,. x + sin 2x . , 

165. lim- is equal to 

*—>o x -sin2x 


which is again | j form. Hence we have 
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lim 

x —>0 



2 


1 

2 


Answer: (B) 


169 . lim (sin x) tan * is 

x^0+0 

(A) 1 (B) oo (C) 0 (D) -1 

Solution: The given limit is of the form 0°. As x -+ 0 + 
0, both sinx and tanx are positive and hence (sinx) tanx is 
defined. Let y = (sinx) taiu . Then 


, , . logTsmx) 

log e y = tan x log e sin x = - 

cotx 


Now, let 


I = lim log. y 

x^0+0 


.. logTsinx) 
lim —^ 
x^U+0 cotx 


Solution: The given limit is of the form | — |. Therefore 


lim 

x—>0 


( x 2 

e' -cosx 


N 2xe x + sinx 

= lim 


V x y 


*o 2x 


r (l + x) ux -e. 
172. lim ---- is 


x—>0 


,. , r 2 sin x 

= lim e + 


x—>0 


=i + i=! 
2 2 


2x 


Answer: (A) 


—e 


—e 


(A) - (B) — (C) - (D) — 


which is of the — form. Therefore the limit is 

oo 


lim — C ° tX 7 — = - lim (cosxsinx) = 0 
x— >u+u — cosec 2 x x— »o+o 


Solution: We know that lim (l + x) 1/jr = e so that 

x—>0 

the given limit is of the form —. First, we calculate the 
derivative of (l+x) 1 '* w.r.t. x. Let 


Therefore / = e° = 1. 


Answer: (A) 


170 . 


lim 

X-A + oo 


' 2 *' 


Vx 10 j 


is equal to 


(A) 


(l°gg 2) 10 
10 ! 


(C) 


log 2 
10 ! 


(B) (l°gg 2) 10 
(D) +°° 


Solution: The given limit is— form. Therefore 

-{-oo 


lim 


'2*' 


Vx 10 J 


lim 

X-> + oo 


(log, 2) 2* 

10 x 9 



Applying L'Hospital’s rule 9 more times the given limit 
becomes 


lim 


(log, 2 ) lu 2 
10 ! 


- = -{-oo 


Answer: (D) 


171 . 


e x -cosx . 

lim--- is equal to 

x—>0 x 2 


(A) § (B) \ 


y = (l+x) Vx 


=> logg y 


l 

X 


logg(l + x) 


Differentiating both sides w.r.t. x we get 

i j —-log. (l+x) 

Idy l + x 6eV > 

y dx x 2 

_ x-(l + x) log e (l + x) 

2 1 

X +X 

So 

dy _ y|x- (l + x) logg (l + x)] 
dx x 2 + x 3 

Now 


lim 

x-aO 


(1 + x) 1/j -e 

X 


yjx- (l + x) logg (l + x)] 
~o x 2 +x 3 


lim e t x ~ C 1 + x ) log g C 1 + X )1 

-r^O X 2 +X 3 


(•.■ lim y = e) 

X -A 0 


lim «U-log(l + p~l] 
2x + 3x" 


— form 
0 


(C) 1 (D) 2 
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= elim 


-1 
1 + x 


= e 


*^>o 2 + 6x 

-V 


-e 


Answer: (B) 

173. Let/be differentiable on some interval ( a , +°°) and 
suppose 

lim [/(*) + /'(*)] = / 


Then lim /(x) is equal to 


(A) 0 (B) -/ (C) / (D) - 

Solution: We have 


/(*) = 


f(x)e x 


lim /( x)= lim 


X—X —>°° Q \oo ; 

lim e*[f(x) + f\x)\ 
x e x 

= lim [f(x) + f'(x)] = l 

X —>°° 

Answer: (C) 


.. xsma-asmx . 
174. lim - is 

*->a x — a 

(A) sin a 
(C) a sin a 


(B) sina-a 
(D) sin a - a cos a 


Solution: The given limit is jj form. So 


.. xsma-asinx isina-acosx 
lim-= hm 


x—»a X — Cl x-»a\ 1 

= sin a-a cos a 


Solution: The given limit is — form. So 


lim 


x a -a x ax a 1 -a x loga 


= hm 


+« x x -u a x*(l + logx) 

a“ - a “log a 
a" (1 +log a) 
1-logu 


1 + logrz 


Answer: (A) 


176. lim (x"log e x) is 

AT->0+0 

(A) °° 

(B) — 

(C) 0 

(D) does not exists either finitely or infinitely 

Solution: lim (x'^og^x) is of the form of 0 x (-oo). 

*—> 0+0 

Therefore it equals 


lim 


log e x 


*^o+oy x 

—oo 

which is of the form-. So it can be written as 


lim 


Vx 


, .-= lim 

*->o+o —nx ( " +i) *^>o+o 


V n J n 


x U- = o 


Answer: (C) 


177. lim (x x ) is 

x—»x+0 

(A) °° 

(C) 0 


(B) 1 

(D) does not exist finitely 


Solution: lim (r‘) is of the form 0°. Let y =x x .Then 

*->o+o 


log y = xlog x 


lim loe„ y = lim 

*—> 0+0 “ *—> 0+0 


log c X 

V Bx J 


Answer. (D) which is of the form —. It equals 


175. lim 


(A) 


equals 


1-logu 
1+ logfl 


(C) 1 


(B) 


1+ log a 


1-loga 
(D) does not exist 


Vx 


= - lim (x) = 0 


Therefore 


lim , - ..... . 

*->o+u -Vx~ *^o+o 


lim y = e u = 1 
*—>o 


Answer: (B) 
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Worked-Out Problems 


178. lim x(e 1/x -1) is equal to 

(A) oo (B) 0 (C) 1 (D) -1 

Solution: The given limit is of the form °° x 0. There¬ 
fore 


lim x(e Vx -1) = lim 


Vx 




V / 

e Vx (-Vx 2 ) 
- Vx 2 

- lim e Vx = e° = 1 


Answer: (C) 


179. lim (cos x + sin x) ljx equals 

x—>0 


(A) 1 (B) 0 (C) -1 (D) 2 


Solution: The given limit is - form. So 

lim n&zM. = lim 2xf\x 2 )-f\x) 


0 ) /'(*) 
= o[,f(o)]-,r(o) 

m 


=-i 

Answer: (C) 


,. a x -1 - x log a . 
181. Inn---— is 


x^O 


(A) -logo 
(C) (logfl) 2 


(B) -(log a) 2 
(D) 1 


(A) e (B) -e (C) 1 (D) -1 

Solution: lim (cosx + sinx) 1/x is of the form 1”. Let 

x —>0 


Vx 


Therefore 


y = (cosx + sinx) 


log, y = — log, (cosx + sinx) 
x 

_ log, (cos x + sin x) 


Now 


Solution: The given limit is of the form —. So 


lim 

x->0 


a x — 1 - x log a 


= lim 

*->0 


( a x log a - log a x 
7.x 


,. . (u A -l) 1 

= lim log a -x — 

>o x 2 

= logfl(loga)| 


= -( lo gu)- 


Answer: (B) 


lim (log, y) = 

lim - 

x—>0 

x—>0 


lim - 


*->0 


1-0 


1 + 0 


cosx - smx 


cosx + sini 


1 


= 1 


So lim (y) = e 1 = e. 

x ->0 


Answer: (A) 


log(l + x 3 ) . 

182. lim 5 -- is 

sin 3 x 

(A) 4 (B) 3 

Solution: The given limit 

3 


(C) 0 (D) 1 


limlim 4108(1+ J 1 

sin 3 x 3sinx-sin3x 

is jj form. Therefore, it equals 

< 3x 2 ^ 

Vl + X~ 


4 lim 


= 4 lim-=- 

o 3 cosx - 3 cos3x x^o (l + x )(2sin 2x sin x) 


180. If /(x) is differentiable and /'(0)^0, then the 
value of 
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= lim 

x ->0 


3 x | sin 2 x sin x 


( 1 +jO 


2x 


1 


(1 + 0 )( 11 ) 


= 1 


Answer: (D) 


183. lim 

x —>0 


n 


4x 2x(e nx +1) 


equals 


(A) | (B) ^ (C) ^ 


(D) — 
v 2 8 


Solution: The limit is of the form ( 00 — oo). The given 
limit equals 


a.. e nx — 1 
— lim 


4 *->o x(e nx +1) 


So 


l.m(io 8 ,.y)=lim| 10s ' c ° SV )isgform 


x ->0 


Therefore 


*->(>V tan x 

.. -tanx 

= lim- 3 — 

2 tan x sec x 

_1 

~~2 


lim y = e 1/2 = — 
*->0 xje 


185. lim I -cosec 2 x I is equal to 


(A) - 
v 2 8 


-1 


-1 


(B) T (C) T 


Answer: (D) 


(°) | 


which is — form. Hence 

. 0 . 


k e KX -1 k 
lim-= —lim 


ne 


4 -v—>o x (e KX + 1 ) 4 *->o e “ +1 + nx(e KX +1) 

2 

n n n 
~ 4 X 2“~8~ 


ALITER 


Given limit = — lim 


4 x(e* x +l) 


= — lim 

4 V—>o 


e^-l 

\ KX J 

.2 


K 


e KX +1 


4 w 2 8 


Answer: (D) 


184. lim(cosx) cot * is 


(A) e (B) -e (C) (D) 


Solution: The given limit is 

lim f - cosec 2 x)) = lim [ ^- - 

x^o \ x 2 ) *^oVx 2 


sin 2 x 


[(oo-oo) form] 

= lim jgsAAl f 2'| form 


^->0 x 2 (l -cos2x) V0 


= 2 lim 

X ->0 


(sin 2 x - 2 x) 


2x(l-cos2x) + 2x sin2x V0 


= lim 


( 2 cos 2 x- 2 ) 


= 2 lim 


0 x (2 sin 2 x) + (1 - cos 2 x) + 2 x sin 2 x + 2 x 2 cos 2 x V 0 
cos 2 x-l (0 


4xsin2x + 2 x 2 cos 2 x + l-cos 2 x V 0 


= 2 lim 


-2 sin 2 x 


4 sin 2x + 8 x cos 2x + 4x cos 2x - 4x sin 2x + 2 sin 2x 


= -4 lim 


sin 2x 


*->0 6 sin 2x + 12x cos 2x - 4x sin 2x V 0 


= -4 lim 


2 cos 2x 


x^o 12cos2x +12 cos 2x - 24x sin 2x - 8x sin 2x - 8x cos2x 
-4(2) -8 -1 


12 + 12-0-0-0 24 3 


Answer: (C) 


Solution: lim (cosx) co * is of the form 1”. Let 

x —>0 

y = (cosx) cot *. Then 


log c y = cot 2 xlog e cosx 
log c cosx 


186. Let / : R —»R be such that/(l) = 3 and /'(1) = 6 . 
Then 


lim 

J £->0 


/(! + *) 

. /(I) 


tan 2 x 



































307 


Worked-Out Problems 


(A) e 1 (B) e 3 (C) e 4 (D) e 
Solution: The given limit is (1“) form. Let 


y = 


fO+x) 


1 lx 


Therefore 


log, y = 


/(l) 

log, /(l + Jt)-log e /(l) 


So 


lim (log, y) = lim 

x—>0 x^O 


\og e f(l + x)-log e f(l) (0 

0 


-lim 

x^O /(1 + x) 

_A1)_6_ 2 
/(l) 3 


So lim y = er. 

x^O 


Answer: (A) 


187. If 


.. [Yfl-nlnx-tanxlsinnx 
li m —--r---= 0 


*->o x 

then a is equal to 

(A) 0 (B) — 


Solution: Given that 


(C) n (D) n + - 
n 


[Yfl-n)«x-tanxlsinnx 
li m —------= 0 


*^0 


Left-hand side limit is of the form —. Therefore 

0 


lim 

.r=>0 


[(« - n)n - sec 2 x] sin nx + n[(a - n)nx - tan x] cos nx 
2x 


So 


n 2 +1 


1 

= n + — 
n 


Answer: (D) 


188. If /'(9) = 9, f\9) = 4, then 


(A) 3 


lim = 

x^9 Jx-3 

(B) 4 (C) 9 

0 


(D) 2 


Solution: The given limit is | — | form. Hence 


f\x ) 


V 7 w -3 ,. 

lim -j= -= lim 

*->9 yJx-3 x—>9 


2 V 7 w 


2\[x 


= lim Aoa 

V 7 w 


79(4) 

79 


= 4 


Answer: (B) 


189. lim —cot* is equal to 

A^O^X ) 

(A) 0 (B) 1 (C) -1 (D) -oo 

Solution: The given limit is of the form ( 00 — 00 ). So 


. 1 \ sinx-xcosx 

lim — cot x = lim 


a->ovx 


(?) 


*->0 xsmx 

cosx-cosx + xsmx 


= lim 


x — 3 O sinx + xcosx 

x sin x ( 0 


lim 

*->o 


r , . .srnnx. . (, x tanx 

[(a-n)n-secxj- {n) + n\ ( a-n)n -|cosnx 

nx v x 

[(« - n)n - 1J n + n[{a — n)n — 1J = 0 

(a — n)n — 1 = 0 

an = n 2 + 1 


= lim 

*->0 sin x + x cos x V 0 
sinx + xcosx 

= lim- ; — 

x —30 cos x + cos x - x sin x 

0 + 0 


2-0 


= 0 


Answer: (A) 


190. lim sec — logx equals 
Jr—>1 2x 
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Solution: We have 


JC y logx (0 

lim sec — log x = lim — 5 — — 
*->1 2x x—>i n yO 


= lim - 


cos — 

2x 

Q) 


n n 


2x ( 2x 


.. e x +e x - 2 cosx . 

193. lim- ; - is equal to 

/i—>o 2 xsinx 


(A) 0 (B) 1 


(Q \ 


(D) -1 


Solution: Given limit is of the form | — |. Therefore 


(- 1 ) - 


n \ n 


Answer: (C) 


_ 2 sinx-sin 2 x . 

191. lim--- is equal to 


*->o tan x 
(A) 0 (B) 1 (C) 2 (D) -1 


e +e - 2 cosx e -e + 2 sinx (0 

lim-= lim- - 

*^>o 2 xsinx >o 2 sin x + 2 xcos x y 0 

e x + e~ x + 2 cosx 

= lim- ; — 

■r^o 2 cosx + 2 cosx - 2 xsinx 

4 - = l 


4 + 0 


Answer: (B) 


Solution: The given limit is form. So 

2 sinx-sin 2 x 2 sinx(l-cosxlcos 3 x 
lim- 5 -= lim- 


*—>o tan x 


sin' x 


= 2 lim 


(l-cosx)cos 3 x 


*->o sin x 


cos 3 x 


= 2 lim 

-t->0l + COSX 

= 2 x —=1 
2 


Answer: (B) 


€ 


Try it out In the above problem, use of L'HospitaFs 
rule is a lengthy process. Direct method is easy. Try it. 


log. (1 + 2h) - 2 log„ (1 + h) . 
192. lim—^- L i s 

h^0 h 2 


(A) 0 (B) 1 (C) -1 


(D) 


Solution: Given limit is of the form — . Therefore 

, 0 , 


lim log e ( 1 + 2^)-21og.(l + ^) = lim 


h^> 0 


/ i —>0 


= lim 


(2 2 ^ 
1 + 2 h 1 +_h 
v 2 h ) 

-h 


= -l 


h^o h(l +h)(l + 2h) 

Answer: (C) 


sec 2 x- 2 tanx . 

194. hm- is 

* l + cos4x 

4 


(A) \ (B) 1 (C) ± (D) 2 


Solution: Given limit is of the form — . Therefore 




sec z x- 2 tanx 2 sec 2 xtanx- 2 sec 2 x (0 

hm-= hm — 


^ l + cos4x 

4 


-4 sin 4x 


sec x tan x —sec" x ( 0 

= hm- - 

, » -2sin4x v0 


2 sec 2 xtan 2 x + sec 4 x- 2 sec 2 xtanx 
= hm- 


4 


-8 cos 4x 


4+4-4 1 


— 8 (— 1 ) 2 


195. lim (cosec x) x is 

x-»0+0 


Answer: (A) 


(A) 1 (B) 0 (C) - (D) 2 


Solution: We have y = (cosec x) x , x > 0 . Now 


log,, y-x log e (cosec x) 
= -xlog e (sinx) 

































Worked-Out Problems 


log e (sinx) 

1 /x 


Therefore 


F\x) = 


f'(x + a) f\x + 2a) f'(x + 3a ) 

/(«) /(2a) /(3a) 

f\a) /'(2a) /'(3a) 


lim log, y = lim 

*->0+0 *->0 + 0 1/x 


= lim 


- cot X 


*-> 0+0 -\lx 


= lim 


x cos x 


x —> 0+0 sinx 


(?) 


= lim 

x—>0+0 

l 

Therefore lim y = e° = 1. 
*->0 + 0 


196 . lim log sinx (sin 2x) is equal to 

x->0+0 


o 2 • \ 

2xcosx-x sinx 


cosx 


(A) 2 (B) 1 

Solution: We have 


lim log sinA . (sin 2 jc) = lim 
*—>o+o 


(C) 0 
log, sin 


Answer: (A) 


(D) 


*—>o+o log 

( 2cos2jA 
V sin 2 x ) 


sin 2x f -oo \ 
sinx 00 / 


= lim 

*->0+0 


( cosx'i 
V sin x ) 


= 2 lim 

*^0+0 


sin x cos 2 x 
cosx sin 2 x 


= lim 

*->0+0 


v 

sinx 


2 x 


( cos 2 x^ 
V cosx ) 


x /Vsin 2 x, 
=lxlxl=l 

Answer: (B) 

197 . /is a real-valued differentiable and “a” is a real con¬ 
stant. Further /' is continuous. If 

/(x + a) f{x + 2a) f(x + 3a ) 

F(x) = f{a) /(2a) /(3a) 

/'(«) /'(2«) /'(3a) 

then lim F(x)lx is 


*->o 


(A) 1 


(B) -1 


(C) 2 


(D) 0 


Solution: Since /(x) is differentiable, F(x) is also dif- 
fernentiable. Flence 


and F'(0) =0 (•.• Two rows are identical) 

Now lim^—- is | 1 form. Therefore 


* —>0 x 


lim I ^- = lim = F'( 0 ) = 0 

x->0 X x->0 1 


Answer: (D) 


log, 


198 . lim 


(^). 

—7-f IS 

( 


log, 

(A) 0 (B) 1 

Solution: We have 


(C) -1 


(D) 


log, 


lim 


log, 


x + 1 

= lim 

x — 1 1 *-><*. 


log, 1 + 


1 


log, 1 - 


1 HO 


= lim 

X —>°° 


= lim 

X —>°o 

= -l 


1 

l + (l/x)(. x 2 

i rr 


1 


l-{Vx)W) 


\ 

' -1 


1+ (1/x) 


\ 

f 1 1 

/ 

J-{Vx) J 


Answer: (C) 

e x 

199 . lim — is 

-t-^x 2 

(A) 6 (B) 1 (C) 3 (D) 00 

Solution: The given limit is of — form. Therefore 


.. e .. e " 100 

lim — = lim —- 

x— x i x—>°° 3x 2 

= lim —I — 

*^~ 6x 


= lim — = ■ 


Answer: (D) 
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Multiple Correct Choice Type Questions 

1. If the line ax + by + c = 0 is a normal to the curve 
xy = 1 , then 


(A) a > 0, b > 0 
(C) a<0,b>0 


(B) a > 0, b < 0 
(D) a < 0, b > 0 


Solution: Suppose ax + by + c = 0 is normal to the curve 
xy = 1 at (x _yj). Differentiating xy = 1 with respect x, we 
have 


(£) 


_ -i 

K x \,y\) x i 


(v x- [ y 1 = 1 => x 1 A 0 and y 1 A 0). Therefore equation of 
the normal at (x v y 1 ) is 

=> x\x - y + y 4 - xf =0 

But ax + by + c = 0 is the normal at (x , _y 3 ). Therefore 


x i 


b_ 

-1 


A ~ x i 


a 2 n 

=> — = -xf < 0 
b 

So a and b must have opposite signs. This means 
a>0,b <0 or a < 0 , h > 0 

Therefore, both (B) and (C) are correct. 

Answers: (B), (C) 

2 . The tangent at a point P (other than origin) on the 
curve y = x 3 meets the curve again at P . The tangent 
at P 2 meets the curve again at P 3 and so on. Then 

(A) The abscissae of P x ,P 2 ,...,P n are in AP 

(B) The absscissae of P 1 ,P 2 ,..., P, are in GP 

(C) (Area of AP 1 P 2 P 3 ):(Area of P 2 P 3 P 4 ) = 1:8 

(D) (Area of AP ] P 2 P 3 ):(Area of P 2 P 3 P 4 ) = 1:16 

Solution: Let P { be (x 1 , ). Now 

y=x i => ^y = 3x 2 

dx 

t) =3x ‘ 

ax A*i.yi) 

So the equation of the tangent at P 1 (x 1 , xj 1 ) is 
y — x j 5 = 3xj (x — jq) 

Suppose this meets the curve at P 2 (x 2 , x 2 ). 


So 


x\ - xj 5 = 3xj (x 2 —x 1 ) 


So 


As x 2 A jq, we have 

x\ + x 2 x x + xf = 3xf 
=> xf + x 2 x 1 - 2xf = 0 
=> ( x 2 + 2x 1 )(x 2 -Xj) = 0 

x 1 A x 2 => x 2 = —2x 1 

Similarly, if the tangent P 2 (x 2 , x\) meets the curve in 
P 3 (x 3 ,x 3 ), then 

x 3 = -2x 2 = -2(-2x 1 ) = 4x 1 

Continuing this process, the abscissae of P 1 , P 2 ,..., P n are 
respectively 

x 3 , - 2xj, 4x x , - 8 x, 16x x ,... 

which are in GP with the common ratio -2. Hence (B) is 
correct. 

Area of AP 3 P 2 P 3 is the absolute value of the determi¬ 
nant 


x i 


X 2 

x 3 


Now 


*1 

4 

1 


x i 

-! 3 

1 

x 2 

4 

1 

= 

—2x 1 

- 8 xj 

1 

X3 

4 

1 


4 x, 

64 x( 

1 


= X 1 


111 
-2 -8 1 
4 64 1 


(3.57) 


Again area of AP,P P is the absolute value of 


*3 


Now 


x 2 

4 

1 


- 2 x 1± 

-8x 3 

1 

x 3 

4 

1 

= 

4x 1 

64x 3 

1 

x 4 

4 

1 


1 

00 

* 

512xj 

1 


= (-2)(-8)xf 


111 
-2 -8 1 
4 64 1 


(3.58) 
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Worked-Out Problems 


From Eqs. (3.57) and (3.58), we get 


Area of AP 1 P 2 P J 1 
Area of A/)/)/) 16 


Thus (D) is correct. 


Answers: (B), (D) 


3. The abscissae of the points on the curve y 3 + 3x 2 = 1 2y 
where the tangent is vertical are 


(A) 

(C) 


4 

V3 

(B) 

11 

-11 

(D) 

-4 

13 

V3 


Solution: Differentiating the curve equation w.r.t. x we 
get 


3/^ + fa=12 fA 

dx dx 


~r~(y 2 - 4) = -2x 


4x 3 -18x 2 +26x-10 = 2 
=> 2x 3 - 9x 2 + 13x -6 = 0 
Clearly x = 1 is a root. So 

(x - l)(2x 2 - lx + 6) = 0 
=> (x-l)(x-2)(2x-3) = 0 

Therefore x = 1, x = 2, x = 3/2. So the points are (1, 3), 
(2,5), (3/2,15/6) at which the tangents are parallel to the 
line y = 2x and the tangents at (1,3) and (2,5) are same 
and the common tangent is y = 2x +1. Therefore, (A) and 
(B) are correct. 

Answers: (A), (B) 

5 . The slopes of the tangents drawn to the curve y 2 - 2x 3 
- 4v + 8 = 0 from the point (1,2) are 

(A) 2V3 (B) 4V3 

(C) -2V3 (D) -4V3 

Solution: Differentiating the given equation with re¬ 
spect to x we get 


Therefore 

dy —2x 
dx y 2 — 4 

Now 


So 


Tangent is vertical y 2 = 4 
<^>y = + 2 


2 y 



dx 



= 0 


dy 3x 2 
dx y — 2 



3 h 2 


k-2 


Now equation of the tangent at (h, k ) is 


y = ± 2 => (± 8 ) + 3x 2 =12(± 2) 

Therefore 


x 

=> x 




-2 => x 2 < 0 ) 


Hence (A) and (D) are correct. 


Answers: (A), (D) 


4. The number of points on the curve y = x 4 - 6x 3 + 13x 2 
-lOx at which the tangents are parallel to the line 
y = 2x and the number of points having the same tan¬ 
gent that is parallel to the line y = 2 x is 

(A) 3 (B) 2 

(C) 4 (D) 4 

Solution: Differentiating y = x 4 - 6 x 3 + 13x 2 -lOx we get 

— = 4x 3 -18x 2 +26x-10 
dx 

Since, the slope of the line y = 2x is 2, we have 


. 3 h 2 

y-k = -j—(x- h ) 

This tangent passes through the point (1,2). This implies 

3 h 2 

2-k= — — (1-h) 
k-2 y ’ 


3h 3 - 3h 2 + 2k - 4 - k 2 + 2k = 0 

(3.59) 

Also (h, k) lies on the curve. This implies 


k 2 - 2h 3 - 4A: + 8 = 0 

(3.60) 

Adding Eqs. (3.59) and (3.60), we have 


h 3 - 3/z 2 + 4 = 0 



=$ (h + 1 )(h - 2) 2 = 0 
h = — 1,2 

Now h = -1 => k is imaginary. So 

h = 2 and k = 2±2\l3 
Hence the slopes are ± 2^3. 


Answers: (A), (C) 
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6 . The line y = x is a tangent to the curve y = ax 2 + bx 
+ c at the point .v = 1. If the curve passes through the 
point (- 1 , 0 ), then 

(A) a = -1/2 (B) b = 1/2 

(C) c= 1/4 (D) a + c-b = 0 

Solution: Differentiating the given curve we have 

dy , 

— = 2ax + b 
dx 

Since the line y = x touches the curve, at the point 
x = 1 , we have 

l = — -2a + b 
dx 

=> 2a + b = 1 (3.61) 

Also (1,1) lies on the curve implies 

a + b + c = 1 (3.62) 

Again, the curve passes through the point (-1,0) implies 

a - b + c = 1 (3.63) 

Solving Eqs. (3.61)-(3.63), we get 

1.1 1 
a = —, b — — , c = — 

4 2 4 

Hence (B), (C) and (D) are correct. 

Answers: (B), (C), (D) 

7 . The points on the curve 4x 2 + 9y 2 - 1, at which the 
tangents are parallel to the line 8x = 9 y are 


< A > (H 


(Ql-f-i 


<■» (-H 
(D) (H 


Solution: Differentiating the curve equation w.r.t. x, 
we have 

8x + 18y— = 0 
dx 

dy 8a 4x 8 
dx~~18y~ 9y ~ 9 

so that x = -2 y. Since the point lies on the curve, we 
have 

4(-2y) 2 + 9y 2 =1 
1 


Now 


=>y = ± 


, 1 - 2 

y = + — => a: = + — 
5 5 


Therefore the points are ] and [ —, - — | 

l 5 5) v5 5 ) 

Answers: (B), (D) 

8 . For the curve x = 2cos t + cos 2t, y = 2sin t - sin 2r at any 
point t 

, . , . . t t . 3t 

(A) the tangent equation is xsin —+ ycos—= sin — 

, . . t . t „ 3t 

(B) normal equation is a: cos — -ysm— = 3cos — 


(C) sub-tangent length = 

(D) sub-normal length = 


t 


ycot- 


V.™- 


Solution: Differentiating both the equations we get 

dx „ . „ . „ 

— = -2 sin t - 2 sin 2 1 
dt 


Therefore 


— = 2 cosf- 2 cos 2 t 
dt 


dy dy dx 
dx dt dt 

cost-cos 2 f 
-(sin t + sin 2t) 

cos 2 f-cosf 

sin 2 1 + sin t 

0 . 3f . t 
-2 sin — sin — 
2 2 


3t t 

2 sin — cos — 
2 2 


= -tan — 
2 


The tangent equation is 

y - (2 sin t - sin 2t) = -^-(x- 2 cost-cos 2 f) 


-sin 


cos 


That is 

t t „ . ( t\ . („ t 

rsin- + ycos— = 2 sm t + — -sin 2t — 

2 y 2 \ 2) { 2 

. 3t 
= sin — 

2 

Thus, (A) is correct. Now the equation of the normal is 
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Worked-Out Problems 


t 

cos — 

y - (2 sin t - sin 2t) = -— (x-2cost-cos2t) 

sin- 

2 


That is 


xcos— ysm— = 
2 2 


+2cos] r + ^ j + cos^2f-7 


, 3 t 

= 3 cos — 

2 

Hence (B) is true. By definition, 


Sub-tangent = 


dx 

dy 


V -cot — 

1 2 


y I cot 2 


So (C) is correct. Finally, the 
Sub-normal = 
Hence (D) is correct. 


dy 


t 

ii — 

7 dx 


3 -tan - 


Answers: (A), (B), (C), (D) 


Thus, the points on the curve at which the tangents make 
angles of k!A with the positive direction of x-axis are (0,0), 

(73,-73/2) and (-73,73/2). 

(i) Normal at (0,0): y - 0 = -1 (x - 0). That is x + y = 0. 
Hence (A) is true. 

(ii) Normal at (a/3, -a/3/2) is 

V3 


y+— = ~ i(x-V 3 ) 


That is 


x + y = a/3 - 


>/3 V 3 


2 2 


So (B) is true 

(iii) Normal at (-73,73/2) is 
73 


That is 


y-— = - i(x+73) 


73 rr 73 

x + y = -S = -- 


So (D) is true. 


Answers: (A), (B), (D) 


9. The equations of the normals to the curve y = -- 

at the points where the tangents make angles of ntA 
with the positive direction of x-axis are 


(A) x+y = 0 


(C) x + y = 272 


(B) 

(D) 


x + y = 


x + y = 



10 . For the curve y 


x 


1 —x 


2 ’ 


let m be the number of 


points on the curve at which the tangent is parallel 
to x-axis and n be the number of points at which the 
tangent is vertical. Then 


(A) m = 0 


(B) n = 0 


(C) m — 1 ,n- 1 


(D) m — 0, n — 2 


Solution: The given curve is defined for x t- ±1. Now 


Solution: Since the slopes of the tangents is 1, we have 

1 + x 2 dy 
(1-x 2 ) 2 dx 
=>x 4 - 3x 2 = 0 

=> x = 0, ±a/3 

Now, 

x = 0 => y = 0 

r+ 73 

x = V3 => y =- 

2 

fx >/3 

x = -v 3 => y = — 


dy 1 + x“ 
dx (1-x 2 ) 2 
=> m = 0 and n = 0 

Answers: (A), (B) 

11. Consider the following two statements: 

I:For the curve x m y n = a m+n , the sub-tangent at 
any point varies at the abscissa of point. 

II: The equation of the common tangent to the 
curves 

y = x 3 -3x 2 -8x-4 
and y = 3x 2 + lx + 4 
at their point of contact is x - y + 1 = 0. 
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Then 

(A) I is true (B) II is true 

(C) I is false (D) II is false 

Solution: 

I: We have x m y n =a m+n . Therefore 

mx ml y n +x m (ny n - 1 )^ = 0 
dx 

dy my 
dx nx 


Again, from Eq. (3.64), 

^y) =i 

dx)( 2 a,a) 

and from Eq. (3.65), 

dy\ _ a _ 1 
dx)( 2 a,a) 4 

Therefore if 6 is the acute angle of intersection of the 
curves at (2a, a), then 


The sub-tangent is 

n 

— x 
m 


dx 



' nx\ 

y Ty 


y 

, my) 


Therefore the sub-tangent varies as the abscissa of 
the point. Thus I is true. 

II: At a common point, 


x 3 - 3x 2 - 8 x - 4 = 3x 2 + lx + 4 
=> x 3 - 6 x 2 - 15x -8 = 0 

=> (x + l)(x 2 - 7x - 8 ) = 0 
=> (x + l)(x + l)(x- 8 ) = 0 


So x = -1 is a repeated root. Therefore at the point 
(-1,0), the two curves must touch each other. Also the 
value of dyldx at (- 1 , 0 ) for the two curves is same (is 
equal to 1). Therefore the common tangent at (-1,0) is 

y - 0 = l(x + 1 ) 

=>x-y + l = 0 


Thus (B) is also true. 


Answers: (A), (B) 


1 2. The angles of intersection of the curves x 2 = 4 ay and 
2 y 2 = ax 



(B) T “"(!) 


Therefore 


tan# = 


l-Q/4) 

1 +1(1/4) 


3 

5 




Hence (D) is true. 


Answers: (A), (D) 


13. Tangent to the curve x 2 + y 2 - 2x - 3 = 0 is parallel to 
the x-axis at the points: 

(A) (±3,0) (B) (+1,2) 

(C) (1,2) (D) (1,-2) 

Solution: Differentiating the given equation with re¬ 
spect to x we get 


x + y —-1 = 0 
dx 


Now 


So 


± = o^!c£ = 0 

dx y 

=> x = 1 


x = 1 => y 2 = 4 


(C) 


n 

4 


(D) !*.-(§) 


Solution: Solving the equations x 2 = 4 ay and 2y 2 = ax, 
we have x = 0, 2a. Therefore the points of intersection are 
(0,0) and (2a, a). Now 


x 


2 


4ay => 


dy 

dx 


x 
2 a 


(3.64) 


2y 2 = ax => — = — (3.65) 

dx 4 y 

From Eqs. (3.64) and (3.65), it is easy to see that the angle 
of intersection of the two curves at (0,0) is n/2. Thus (A) 
is true. 


Therefore the points are (1,2) and (1, -2). 

Answers: (C), (D) 

14. If the normals to the curve y 2 = 4 ax at the points 
P(at \, 2 at 2 ) and Q(at \, 2at 3 ) intersect on the curve 

at R(atl,2at x ), then 

(A) q = -t 2 - — 

h 

(B) ti+h = -f- 

(C) t 2 t 3 = 2 

(D) product of the ordinates of P and Q is 8 a 2 
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Solution: We have 


So 


9 dy 2a 

y = 4 ax => — = — 
dx y 


dy\ _ 2a _ 1 


dx J p 2at 2 t 2 


The normal at P is 


y — 2 cit'j — — t 2 (^x — ) 

=> t 2 x + y = 2at 2 + at 2 

This passes through the point R(at 2 , 2at x ). Therefore, 

t 2 ( at 2 ) + 2 at 1 = 2at 2 + at 2 
hidl ~ti) = 2 (h ~h) 

Since t 2 *t v we have 

t 2 ( t l + t 2)=- 2 


Thus (A) is true. Similarly 

2 2 
h = ~h ~ ~ ^ h + h = — 7 " 


Thus (B) is also true. Now 


2 2 _ 2 (f 3 -r 2 ) 

=> ?2 ? 3 = 2 

Hence (C) is also true. Now, the product of the ordinates 
of P and Q is 

(2at 2 )(2at 3 ) = 4 a 2 t 2 t 3 = 4a 2 (2) = 8 a 2 
Thus (D) is true. 

Answers: (A), (B), (C), (D) 

15. Consider the curve x = cos&+ 8sin&, y = sin#- 
9 cos 9. 

(A) The distance of the normal at 9 from the origin 
is 1 

(B) Equation of the tangent at 9 is x sin#- y cos 9 = 1 

K 4 — K 

(C) Length of the sub-normal at 9 = — is 


4 472 


K 4 — TC 

(D) Length of the sub-tangent at 9 = — is 

Solution: Lrom the given equations, we have 

— =9cos9 
d9 


and 

Therefore 


— = #sin# 
d9 


dy dy dx sin 9 


dx d9 d9 cos 9 
Equation of the normal at 9 is 


y - (sin 9 - 9 cos 9) = - cos ^ _ C os 9 - 9 sin 9) 


sin# 


That is, 


xcos# + ysin# = sin 2 # -#sin#cos# + cos 2 # + #sin#cos# 
=> x cos#+ y sin#= 1 

Therefore the distance of the normal from the origin 1. 
Thus (A) is correct. Equation of the tangent at # is 

y - (sin 9-9 cos #) = S ' n ^ (x - cos # - # sin #) 
cos# 

That is, 

xsin# -ycos# = sin#cos# + #sin 2 #-sin#cos# + #cos 2 # 

=> x sin#- y cos9= 9 

Hence (B) is not correct. Now 

. n 1 n 4—n 

9 = — ^>y= - -j= = —pr- 

4 ’ V2 4s\2 4j2 


and 


dy I =1 

dx 


Therefore sub-normal at #= n!4 is 


4—n 


xl 


4s[2 

and sub-tangent at #= n/4 is 


4-n 


(+ 1 ) 


4V2 

So (C) and (D) are correct. 


4-n 

4V2 


4-n 

4V2 


Answers: (A), (C), (D) 


16 . f(x) is a cubic polynomial with /( 2 ) = 18 and /( 1 ) = 
-1. Also f(x) has local maxima at x = -1 and f'(x ) 
has local minimum at x = 0. Then 




















316 


Chapter 3 I Applications of Differentiation 


(A) the distance between (-1,2) and (a, /(a)),where 
x = a is the point of local minima, is 2V5 

(B) /(x) is increasing for x e [1,2V5] 

(C) /(x) has local minima at x = 1 

(D) the value of /(0) = 15 

Solution: Let 

/(x) = ax 3 + bx 2 +cx + d 

Then 


/(1) = — 1 => a + b + c + d = — 1 (3.66) 

/(2) = 18 => 8a + 4b + 2c + d = 18 (3.67) 

/(x) has local minima at x = -1 implies 

/'H) = 0 

=>3a- 2b + c = 0 (3.68) 

f'(x) has local minima at x = 0 implies 

f"(0) = 0 =>b = 0 (3.69) 

From Eqs. (3.66), (3.67) and (3.69), we get 

a + c + d = — 1 (3.70) 

and 8 a + 2c + d = -18 (3-71) 

From Eqs. (3.70) and (3.71), 

la + c =19 (3.72) 

Again from Eqs. (3.68) and (3.69), 

3a + c = 0 (3.73) 

From Eqs. (3.72) and (3.73), we get 

19 57 

a = —, c =- 


Substituting the values of a and c in Eq. (3.70) we get 

, 1 . 19 57 37 

d = —1 — a — c = — 1 - 1 = — 

4 4 4 


Therefore 


or 


19 57 34 

a = — ,D = 0, c = - ,d = — 

4 4 4 

/(*) = A(19x 3 -57x + 34) 


Now a = 1 is a point of local minima so that 

(«,/(«)) = ( 1,-1) Lv/(!) = -!] 

Therefore distance between (-1,2) and (1, -1) is 
a/2 z +3 2 = Vl3 


So (A) is not correct. Again 


/(x) = A(l9 x 3 -57x + 34) 
=>/'(x) = A ( 57 x 2 - 57) 


Now 


/'(x) = 0 => x = ± 1 . 

Therefore, the critical points of /are +1. Now 

n x) = f(x z -l) = f(x + l)(x-l) 

so that f'(x ) > 0 for x < - 1 , f(x) < 0 for -1 < x < 1 and 
f\x) > 0 forx> l.Thatis/increasesin (-°°,-l),decreases 
in (-1,1) and again increases in (1, °°). So /(x) has local 
maxima at x = -1 and local minima at x = 1. Also, /(x) 
increases in (1, °°) => / is increasing in [1, 2-J5], Thus (B) 
is correct, /(x) has local minima at x = 1 so that (C) is 
true. Now 


34 

/( 0 ) = T *15 


Flence (D) is not true. 


Answers: (B), (C) 


17 . For the function /(x) = xcos — , x > 1, 

x 

(A) for at least one x in [1, ~), /(x + 2 ) - /(x) < 2 

(B) lim/'(x) = 1 

(C) for all x in the interval [1, °°), /(x + 2) - /(x) > 2 

(D) f\x) is strictly decreasing in the interval [1, °°) 

Solution: ForxAO, 


f'(x) = cos — + x sin — 
x vx 

11.1 
= cos —h— sin- 
xx x 

Since lim (1/x) = 0, we have 



lim /'(x) = cos 0 + 0 = 1 

because as x —> 1 /x —> 0 and sin(l/x) is a bounded func¬ 
tion. So, 

lim A s inA = o 

x x 

Thus, (B) is correct. Now, for x > 1, 


f”(x ) = — sin-^-sin-r-cos 

x xx x x 
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=--cos— < 0 

x x 

Therefore, f'(x) is strictly decreasing in [1, °°). So (D) is 
correct. 

Using Lagrange’s mean value theorem for/(x) on the 
interval [x, x + 2 ] (x > 1 ), there exists ce (x, x + 2 ) such 
that 


x 2 + 4ax - a 2 = 0 
=> (x + 2a) 2 - 5 a 2 = 0 

=> x = -2a ± V5 a = a(—2 ± V5) 

As y 2 > 0 , x cannot be a(-2-V5). Therefore x = 
n(-2 + V5) which implies 

y = ±2a(-2+V5) 


f{x + 2)-f{x) = 

(x + 2 )-x 

/(x + 2) - /(x) = 2/'(c) (3.74) 

Now lim/'(x) = l [(B) is correct] and f'(x) is strictly 

X— 

decreasing for x > 1 [(D) is correct]. We have that 
/'(c) > 1. Hence from Eq. (3.74), 

/(x + 2 )-/(x) > 2 

for all x > 1. Therefore (C) is true. 

Answers: (B), (C), (D) 

18. Let /(x) be a differentiable function and for every 
real x, 

Mx) = /(x)-(/(x)) 2 +(/(x )) 3 

Then 

(A) h is increasing whenever /is increasing 

(B) h is increasing whenever/is decreasing 

(C) h is decreasing whenever/is decreasing 

(D) h is decreasing whenever/is increasing 

Solution: Since / is differentiable, h is also differen¬ 
tiable. Also 


At the points (a(-2 +V5), ±2a-2 +%/5), we can see 
the two curves cannot intersect orthogonally. There¬ 
fore (A) is not true. 

(B) We have 


y = e 


-x/2 a 


dy _ 1 c -xl 2 a 

dx 2 a 


9 dy 2a 

y = Aax => — = — 
dx y 


y_ 

2 a 


Therefore 



implies that the two curves y = e~ xl2a and y 2 = 4«x 
intersect orthogonally. So (B) is correct. 

(C) We have 

dy 

y = ax => — = a 
dx 


and 


a dy 
= 4 ax => — = 
dx 


2 a 

y 


Further a(2a/y) ^ —1, because the points of intersec¬ 
tion are (0,0) and (4/a, 4). Hence (C) is not true. 


h'(x) = /'(x)[l-2/(x) + 3(/(x)) 
\2 


= 3/'(*) 


k>-5) + 5 


Now 


h\x) > 0 , if /'(x) > 0 

and h'(x) < 0 , if /'(x) < 0 

So h is increasing or decreasing according as/is increas¬ 
ing or decreasing. 

Answers: (A), (C) 


(D) We have 


dx 


2 a 

y 


J 2 A dy x 

and x = 4ay => — = — 

dx 2a 

Further, y = 0 (i.e., x-axis) is a tangent to x 2 = 4ny at 
(0,0) and x = 0 (i.e., y-axis) is tangent to y 2 = 4ax at, 
(0, 0). Hence, at (0, 0), the two curves y 2 = 4ax and 
x 2 = 4ay intersect orthogonally. Therefore (D) is cor¬ 
rect. 


Answers: (B), (D) 


19. Which of the following curves cut the curve y 2 = 4ax 
orthogonally? 

(A) x 2 + y 2 = a 2 (B) y = U* /2a 

(C) y = ax (D) x 2 = 4ay 

Solution: 

(A) Put y 2 = 4ax in x 2 + y 2 = a 2 so that, we have 


20 . If /is a function, whose derivative is 

f'(x) = x(e x — l)(x - l)(x - 2 ) 3 (x - 3 ) 5 
then /has minimum value at x is equal to 
(A) 0 (B) 1 

(C) 2 (D) 3 
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Solution: We have 

f'(x ) = 0 => x = 0,1,2 and 3 

First, observe e? > 1 for x > 0 and e x is strictly increasing 
on R. 

(i) At x = 0: x < 0 => the sign of f'(x ) is (-)(-)(—)(—)(-) 
< 0 . 

x > 0 => the sign of f'(x ) is (+)(+)(-)(-)(-) < 0 . 
Therefore, / has no extremum value at x = 0. Thus, 

(A) is not correct. 

(ii) At x = 1: x < 1 => sign of f\x) is (+)(+)(-)(-)(-) 
< 0 . 

* > 1 => sign of f'(x) is (+)(+)(+)(-)(-) > 0 . 
Therefore,/has minimum value at x = 1. Thus, (B) is 
true. 

For a continuous function, minimum and maximum 
values occur alternately. So / has maximum at x = 2 
and minimum at x = 3. Therefore, (C) is not true 
whereas (D) is correct. 

Answers: (B), (D) 

21. Let fix) = 2 + (x - 1 ) 2/3 and g(x) = x 2B . Then 

(A) Rolle’s theorem is applicable for f(x) on [0, 2] 
and Lagrange’s mean value theorem is appli¬ 
cable for g(x) on [- 1 , 1 ] 

(B) Rolle’s theorem is not applicable for /(x) on [0,2] 

(C) Lagrange’s mean value theorem is applicable to 

g(x) on [-1,1] 

(D) Rolle’s theorem is not applicable to f(x) on [0,2] 
and Lagrange’s mean value theorem is not appli¬ 
cable to g(x) on [- 1 , 1 ] 

Solution: The function/(x) is continuous V x e [0,2] and 

/ , (x)=|(x-ir M 

is not defined at x = 1. Thus / is not differentiable at 
x = 1 e (0,2). Therefore (B) is correct. Now 



is not defined at x = 0 e (-1,1). Thus g is not differentiable 
at x = 0. Hence (D) is true. 

Answers: (B), (D) 


3 


22. Let f(x) = - 


2 

1 


x 


for 0 < x < 1 
for 1 < x < 2 


(A) 

1 

2 

(B) 

(C) 

3 

2 

(D) 


1 

3 

y/2 


Solution: We have 


lim f(x) = ——- = 1 


and 


lim fix) ^ | - 1 

x —> 1 + 0 1 


Therefore / is continuous at x = 1. Using Lagrange’s mean 
value theorem for/(x) on [ 0 , 1 ], there exists c e ( 0 , 1 ) such 
that 


/ (1) — / (0) 2c 

1-0 2 



1 

=> c = — 
2 


Therefore (A) is correct. 

Again, using Lagrange’s mean value theorem for /(x) 
on [ 1 , 2 ], there exists c e ( 1 , 2 ) such that 


/( 2 )~/(l) 1 

2-1 c 2 

=*!-i=4 

2 c 2 

=> c 2 = 2 
=> c = V 2 


Therefore (D) is correct. 


Answers: (A), (D) 


22. Suppose / is differentiable for all real values of x. 
Then by the Lagrange’s mean value theorem, there 
exists 6 e ( 0 , 1 ) such that 

/(x + h) = f{x) + hf'(x + Oh) 

This statement can be considered as Lagrange’s 
Mean Value Theorem. Then 

(A) the value of 0 in Lagrange’s mean value theo¬ 
rem for f(x) = x 2 is 1/2 

(B) the value of 6 for /(x) =x 2 + ax + b is 1/2 

(C) the value of 0 for g(x) = x 3 is 1/3 

(D) the value of 0 for g(x) = x 3 + bx 2 + cx + d is 1/3 

Solution: We consider /(x) = ax 2 + bx + c. Therefore 


fix + h)- /(x) + f'ix + Oh) i0<0<\) 


Then, the value of c in the Lagrange’s mean value 
theorem over [ 0 , 2 ] is 


We have 
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a(x + h) 2 + b(x + h) + c = (ax 2 + bx + c) + [2 a(x + Oh) + b]h 
=> 2axh + ah 2 + bh = 2axh + 2a9h" + bli 
=^> ah 2 = 2 aOh 2 

=>2<9 = 1 or 9 = — 

2 

Thus (A) and (B) are correct. Consider g(x) = x 3 . There¬ 
fore 

g(x + h) = g(x) + hg'(x + Oh) 

=> (x + h) 3 = x 3 + h[3(x + Oh) 2 ] 

=> 3x 2 h + 3 xh 2 +h 3 = 3 x 2 h + 6x9h 2 + 9 2 h 3 
=> 3 x + h- 6x9 + 0 2 h 

so that 9 1/3. Hence (C) and (D) are not correct. 

Answers: (A), (B) 

Try it out If 

f(x + h) = f(x) + ^ f(x) + ~ f"(x + Oh) 

where 0 < 0< 1 , then for 

f(x) = ax 3 + bx 2 +cx + d 

and a ^ 0, the value of 0 is 1/3. 

V___ 

23. Consider the function /(x) = 4x 3 -12x, x e [-1, 3]. 
Then 

(A) /has local maximum at x = -1 

(B) / has local minimum at x = 1 

(C) the image of the interval [-1,3] under the func¬ 
tion is [-8,72] 

(D) /has no extremum value in [-1,3] 

Solution: Differentiating the given function we get 

f'(x) = I2x 2 -12 

Now 

/'( x) = 0 <=> x = -1,1 

So the critical points of / are ±1. Since f"(x) = 24x, we 
have /"(—1)<0 and /"(1)>0. Hence / has local maxi¬ 
mum at x = -1 and local minimum at x = 1. Thus (A) and 

(B) are correct. Also, 

/(-1) = -4+12 = 8 

/(l) = 4-12 =-8 

/(3) = 108 - 36 = 72 


The least and greatest value of/on [-1,3] are -8 and 72, 
respectively. Therefore, the image of [-1, 3] under / is 
[-8,72]. So(C) is correct. 

Answers: (A), (B), (C) 


24. On the interval [0,3],the function f(x ) = 4.0 -x\x- 2 

(A) has local minimum at x = 1/3 

(B) has greatest value at x = 3 

(C) /is increasing in [1,2] 

(D) /is decreasing in [0,1/4] 

Solution: We have 


Now, 


/(*) 


1 4.r 3 + x(x - 2 ) 
[4.r 3 -x(x-2) 


for 0 < x < 2 
for 2 < v: < 3 


Jl 2 x 2 +2x-2 for 0 < x < 2 
|l2x 2 —2x + 2 for 2 < x < 3 


So 

/'(2 - 0) = 48 + 4 - 2 = 50 

and /'(2 + 0) = 48-4 + 2 = 46 

Therefore, / is not differentiable at x = 2. Hence 2 is a 
critical point. Now 0 < x < 2 and f'(x ) = 0 implies 

6 x 2 +x-l = 0 
=> (3x - l)(2x +1) = 0 
=> jc = 1/3, -1 


So x = 1/3 is a critical point. Now 2 < x < 3 and f'(x) = 0 
implies 

6x 2 - x + 1 = 0 


But 6 x 2 - x +1 = 0 has no real roots. Thus, the only critical 
points are 1/3,2. 

(i) Also, x < 1/3 => the sign of f'(x) is (-)(+) < 0 and 
x > 1/3 => f(x) > 0. Hence /has local minimum at x 
= 1/3. 

(ii) /is decreasing for x < 1/3 and increasing for x > 1/3. 
Further, 


/<0) = 0,/(i) 


4__1 5 4-15 

27 _ 3 X 3 _ 27 


/(3) = 108-3 = 105 


11 

27 


On [0,3], the least value of/is -11/27 and greatest value 
is 105. From (ii), we have / is decreasing in [0,1/4] and 
increasing in [1,2]. Hence all options are correct. 

Answers: (A), (B), (C), (D) 


and 
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25. P(a cos#, b sin#) is a point on the curve 


2 2 
^ + ^ = 1 
a 2 b 2 


where a>0,b>0 and b 2 < a 2 . Then 

(A) equation of the tangent P is 

X V 

— cos# + — sin# = 1 
a b 

(B) minimum area of the triangle formed by the 
tangent at P and the two coordinate axes is ab 

(C) minimum area of the triangle in part (B) is 2 ab 

(D) equation of the normal at P is ax sec # - by 
cosec 6= a 2 - b 1 

Solution: Differentiating the curve equation with 
respect to x we get 


a 

dy 

dx 


b 2 dx 
b 2 x 
a 2 y 


dy 

dx sp 


a {b sin#) 
So equation of the tangent at P is 
b cos# 


b 2 (acosd ) b 
' '■= —cot# 


y - b sin 9 = 


(x -«cos#) 


a sin# 

=> bxcos# + u_ysin# = uhfsin 2 # + cos 2 #) = ab 

Dividing by ab we get 

x y 

— cos # + — sm # = 1 
a b 

Thus (A) is true. Again, equation of the normal at P is 

a sin# 


y - b sin # = 


be os# 
x y a b 

b cos# asm# b a 

“ by =a 2 -b 2 


(x-« cos#) 


i 2 -b 2 

ab 


cos # sin # 

Thus (D) is correct. 

If the intercepts made by the tangent (xla) cos# + 
(ylb) sin#= 1 on the coordinate axes are a sec# and b 
cosec#, respectively, then the area of the triangle thus 
formed is 

~\{ a sec 6)(b cosec#)| = a£>|cosec 2 #| > ab 

because |cosec2#|>l. Thus the minimum area of the 
triangle thus formed is ab. Hence (B) is correct. 

Answers: (A), (B), (D) 


26. Consider the function 

/(*) = 


1 + x 


1- x 


on the interval [-2,0]. Then 

(A) /is decreasing in the interval [-2, -1] 

(B) /is increasing in [-1,0] 

(C) the minimum value of/is 0 

(D) the maximum value of/is 1 
Solution: We have 

x + l 


/(*) = 


X —1 

x+l 


_l-x 

f is continuous at x = -1. Now 
2 


if - 2 < x < -1 
if -1 < x < 0 


f(*H 


(x-l) 

2 


(x-l ) 2 


for - 2 < x < -1 

for -1 < x < 0 


Also, 


and 




/'(- 1 + 0 )=- 


so that f is not differentiable at x = -1 and hence x = -1 
is the only critical point and f\x) A 0 for x e [-2,0]. 

Since f'(x) < 0 for -2 < x < -1 and f'(x) > 0 for -1 < 
x < 0 , follows that / is decreasing in [- 2 , - 1 ] and increas¬ 
ing in [- 1 , 0 ], hence / is minimum at x = -1 and the mini¬ 
mum value is /(-1) which is 0. Now 

/(- 2 ) = i /(-l) = 0 and /( 0 ) = 1 

This implies that the minimum value is 0 and maximum 
value is 1. Hence all options are correct. 

Answers: (A), (B), (C), (D) 

27. The sum of the third and ninth terms of an AP is 
equal to the least value of the quadratic expression 
2x 2 -4x + 10. Then 

4 — ci 

(A) the common difference of the AP is - 

where “a” is the first term of the AP. 

(B) if the first term a is -1, then the common differ¬ 
ence is 1 

(C) the common difference d cannot be determined 
unless the first term is given 

(D) sum of the first eleven terms is 44 

Answers: (A), (B), (C), (D) 
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Solution: Let a be the first term and d be the common 
difference of the A.P. Let 

/(x) = 2x 2 - 4x + 10 

Therefore 

/'(x) = 4x-4 = 0<=s>x = l 
and /"(x) = 4 > 0 

Therefore / has least value at x = 1 and the least value is 
/(l) = 2(1) - 4 +10 = 8 
By the hypothesis, 

(i a + 2b) + (a + 8 d) = 8 
a + 5d = 4 (3.75) 

From Eq. (3.75), 


d — 


4-a 


Thus (A) is correct and also (B) and (C) are correct. 

Now, the sum of the first eleven terms is [by Eq. 
(3.75)] 

yi« + (fl + 10d)] = ll(a + 5rf) 

= 11x4 = 44 

Thus (D) is correct. 

28. Let f(x) = 2x 2 -log e |x| for x^O. Then 

(A) /is decreasing in the set ^ j u ^0, 


(B) /is increasing in | — , 00 


(C) minimum value of / = ^ + log f . 2 

(D) maximum value for / does not exist 
Solution: Differentiating the given function we get 


f'(x) = 4 x— = 

X X 


1 _ 4x 2 -1 _ (2x + l)(2x-l) 


(3.76) 


Now 


f'(x) = 0=>x = ±- 
f"( x ) = 4+\>0 Vr#0 


Therefore, / is minimum at x = ±1/2. Also, from Eq. 
(3.76), 

_1 
2 


and finally 


f\x) > 0 for - — < x < 0 
f'(x ) < 0 for 0 < x < ^ 


f'(x) >0 for x > — 


Therefore / is decreasing in (-<», -1/2) u (0, 1/2) and 
increasing in (-1/2, 0) u (1/2, °°). Thus (A) and (B) are 
correct. 

Now f"(± 1/2) > 0 => / is minimum at x = ±1/2 and the 
minimum value is 

/ HH“ ios -H +i °g' 2 

Therefore (C) is correct. Because at both x = ±1/2, / is 
minimum, there is no maximum value for/. Hence (D) is 
correct. 

Note: In the above problem, / has two consecutive 
minima which, in general, is not true. But, here / is not 
defined at x = 0 e (-1/2,1/2). Thus, / is minimum at two 
consecutive points. 

Answers: (A), (B), (C), (D) 

29. The points on the curve y = x 2 - 5x + 6 at which the 
tangents drawn intersect in ( 1 , 1 ) are 
(A) (2,0) (B) (1,2) 

(C) (0, 6 ) (D) (-1, 12 ) 

Solution: Differentiating the given function we get 

— = 2x — 5 
dx 

Suppose (x ,y ) is a point on the curve.Therefore 

= 2 * 1-5 


[0 


hn.J'i) 

Equation of the tangent at (x ,y ) is 

y-y\ = (2*i -5)(x—xj 

This tangent passes through the point (1,1). Therefore 

l-H = (2*i— 5)(1 — *i) 


= -2x\ +lx x -5 

(3.77) 

Since (x p y ) lies on the curve, we have 


y 1 = x\ — 5xj + 6 

(3.78) 

From Eqs. (3.77) and (3.78), 



/'(*) < 0 for x < 
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1 - Xj + - 6 = -2xj + Ixi - 5 

xl - 2x 1 = 0 
x 1 = 0,2 


Now 

Xj = 0 => y 1 = 6 

and x 1 = 2 => y 1 = 0 

Therefore the points on the curve are (0, 6 ) and (2, 0). 
Hence (A) and (C) are correct. 

Answers: (A), (C) 


30. P is a point on the curve y = x 3 -3x 2 -lx+ 6 at which 
the intercept made by the tangent on the positive 
x-axis is half of the intercept made by it on the nega¬ 
tive y-axis. Then 

(A) P = (0,6) 

(B) P = (3,-15) 

(C) P= (1,-3) 

(D) length of the intercept on positive x-axis is 
21/2 

Solution: Let P be (x Q , y 0 ). Therefore 

y 0 =Xq-3x^- 7x 0 + 6 (3.79) 

Differentiating the given equation with respect to x, we get 

— = 3x 2 -6x-7 
dx 

The equation of the tangent at (x Q , y 0 ) is 

y-yo = (3*o - 6*o - 7)(x - x 0 ) 

=> y-Xg + 3 xq + 7x 0 - 6 = (3xq -6x 0 -7)(x-x 0 ) (3.80) 


Putting y = 0 in Eq. (3.80) we get 


x = — 


Xg +3 xq +7x 0 -6 
3xq - 6x 0 - 7 


+ x n 


2 xq -3xq -6 
3xq - 6x 0 - 7 


So 


x-intercept = 


2 xq - 3xq - 6 

3xq - 6xg - 7 


> 0 (By hypothesis) 


Put x = 0 in Eq. (3.80). Therefore (by hypothesis) 

y-intercept = -2xg + 3x(j + 6 < 0 (3.81) 

By hypothesis, |y-intercept| = 2|x-intercept|. Therefore 


2xq - 3xg -6 = 2 


' 2 xg-3x^-6^ 
y 3xg - 6Xg - 7 


( 2 xg - 3 xq - 6 ) 


1 -- 


3x5 _ 6*o - 7 


= 0 


(2xg - 3xg - 6 ) [3xg - 6 x n - 9] = 0 
(2 xq - 3x 0 - 6 )(x 0 + l)(3x 0 - 9) = 0 

Since 2xg -3x 0 -6 is positive [see Eq. (3.81)], x 0 = -1 or 
x Q = 3. Now 

x Q = - 1 => x-intercept < 0 

Therefore, x 0 = 3 which implies y 0 = -15. Thus (B) is cor¬ 
rect and length of the intercept on positive x-axis is 


2xp-3x5-6 _ 54-27-6 _ 21 
3 xq - 6x 0 - 7 27-18-7 2 


Hence (D) is correct. 


Answers: (B), (D) 


Matrix-Match Type Questions 

1 . Match the items of Column I with those of Column II. 


Column I 

Column II 

(A) The equations to the curve y 
= x 3 + 2 x + 6 which are per- 

(p) 14x - y = 10 

pendicular to the line x + 14y 
+ 4 = 0 is (are) 

(q) 14x + y = 14 

(B) The equation of the tangent 
to the curve y = 3e~ x/z at the 
point where it crosses the 

(r) 3x + 2y = 6 

y-axis is 



Column I 

Column II 

(C) The tangent of the curve 

in 

* 

1 

II 

O 

y = 14e x at the point 


(0,14) is 


(D) Equation of the normal to 

(t) 14x - y + 22 = 0 

the curve x 3 + y 3 = 6 xy at 


(3,3) is 



Solution: 


(A) Differentiating the given function we have 


(i Continued ) 
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Worked-Out Problems 



+ 2 


Since the tangent is perpendicular to the line x + 
14 y + 4 = 0, we have 

— = +14 
dx 

=> 3 * 2 + 2 = 14 
=> x = +2 

Hence the required points on the curve are (2,18) 
and (- 2 ,- 6 ). 

Equation of the tangent at (2,18) is 

y -18 = U{x - 2 ) 

=> 14x -y = 10 

Equation of the tangent at (-2, - 6 ) is 

y + 6 = 14(x + 2) 

=> 14x - y + 22 = 0 

Answer: (A) (p), (t) 

(B) Consider the curve y = be~ x,a . It meets v-axis in 
(0, b). Differentiating we get 


dy_ = _^_ e -x!a 

dx a 



So the equation of the tangent to y = be~ xla at (0, b ) is 

y-b=--(x- 0) 
a 

=> bx + ay = ab 

If b = 3, a = 2, then the equation of the tangent at 
( 0 ,3) is 

3x + 2y = 6 

Answer: (B) —> (r) 

(C) If b = 14 and a = 1, then the equation of the tangent 
at (0,14) is 

14x + y = 14 


Answer: (C) —> (q) 

(D) Differentiating the given equation with respect to x 
we get 


3x 2 +3y 2 



=> — (y 2 - 2x) = 2y-x 2 


dy 2 y-x 1 
dx y 2 - 2x 

\dx) { 3 j3 ) 9-6 

Hence normal at (3,3) is 

y- 3 = 1(jc - 3) 
x-y = 0 

Answer: (D) —»(s) 

2. Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) Equation of the tangent 
to the curve y 2 = 8 x, that 
is parallel to the line 4x 
- y + 3 = 0 is 

(B) A normal line to the 
curve 3x 2 - y 1 = 8 having 
slope -1/3 is 

(C) Equation of the tangent 
to the curve x = sin3f 
and y = cos 3 1 at f = n!4 
is 


(p) x + 3y — 8 — 0 


(q) x-y = si2 


(r) 8x-2y + 1= 0 


(s) y = 1 


(D) Equation of the tangent 
of the curve y = cot 2 ;c - 
2cotx + 2 at x = nl4 is 


(t) x + 3y + 8 = 0 


Solution: 

(A) Differentiating y 2 = 8 .r we get 

dy 4 
dx y 

V dx 7( x . _ V| ) 3^1 

Since the tangent at (* v,) is parallel to the line 
4x - y + 3 = 0, we have 

— = f—I =4 

=>y 1 = l 

Since y\ = 8 x x and y = 1, we have x x = 1/8. There¬ 
fore 


(*i »Ti) 
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Equation of the tangent at this point is 


'- i=4 H 

• 2y - 2 = 8 x - 1 

• 8 x - 2y + 1 = 0 


Answer: (A) —> (r) 


(B) Differentiating 3x 2 - y 2 = 8 we get 

6 x- 2 y^ = 0 
dx 

dy 3x 
=> — = — 
dx y 

dy 


dx 


l 


_ 3x 1 
yd 


Hence slope of the normal at (x v y 1 ) is 
y, 1 

-— - — (by hypothesis) 

3x t 3 




But 


3x?->f =8 


(3.82) 

(3.83) 


From Eqs. (3.82) and (3.83) we get x 1 = ±2 and 
y 1 = + 2 , either both are “+” signs or both are signs. 
This implies that the points are (2, 2) and (-2, -2). 
Now the equation of the normal at (2,2) is 

y -2 = “ 0 —2) 

=>x + 3y-8 = 0 

Similarly, equation of the normal at (-2, -2) is 


y + 2 = ~(x + 2 ) 
x + 3y + 8 = 0 


Answer: (B) (p), (t) 

(C) The point given on the curve = (lA/2, - 1/V2) - 
Now 

. „ dx 

x = sin 3t => — = 3cos3t 
dt 

y = cos3 1 => — = -3sin3t 
dt 


Therefore 
dy 


dx 


dy 


3k 


— =-tan3t=» — =-tan— = -(-!) = ! 


dxj^K 
4 


So equation of the tangent at (1 / ^2, -1 / V2) is 


• x-y = V2 



Answer: (C) -» (q) 

(D) The given point is (kI 4,1). Differentiating the given 
curve we get 


ay 2^,2 

= —2 cot x cosec x + 2 cosec x 
dx 

=*(^1 =- 2 f 2 ) + 2 f 21 = 0 


Therefore equation of the tangent at (;r/4,1) is 


y-l = 0 



=>y = l 


Answer: (D) -> (s) 


3. Match the items of Column I with those of Column II. 


Column I Column II 

(A) Tangent of the curve x = acos 3 ft (p) 1 
y = asin 3 # meets the axes in P and 
Q. Then, the mid-point of PQ lies 
on the circle 


2 2 ^ 
* +y 


(q) 4 


where k 2 is equal to 

(B) Tangent at (a, b) to the curve x 3 

+ y 3 = c 3 meets the curve again in (r) 2 
( a v b^.Then 


- ! - + - L = 
a b 

(C) If the sum of the squares of the (s) -1 
intercepts on the axes cut off by a tan¬ 
gent to the curve x 1/3 + y 1/3 = a 1/3 

(a > 0 ) at the point (a/8, a/8) is 2 , 
then the value of a is 

(D) Tangents are drawn to the curve W 
y = sinx from the origin. Then the 
points of contact lie on the curve 


1 1 



where the value of p is 
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Solution: 

(A) Differentiating x = acos 3 9. y = a sin 3 0we get 

dx 9 

— = -3a cos~ 9 sin 9 
d9 


and 

Therefore 


— = 3a sin 2 9 cos 9 
d9 


dy dy dx 
— = —+— = - tan 9 


dx d9 d9 
So, tangent at 9 ., 

y-asin 3 9 = -tan#(x-acos~’ 9) 
=> xsm9 + ycos9 = asm9cos9 

X -+^ = 1 


acos9 asin# 

Hence P=(a cos 9, 0) and Q = (0, a sin 9). If (x v y ) is 
the mid-point of PQ, then 

2x 1 = acos9 and 2y l = asin9 

Therefore 

4(x 2 +y 2 ) = a 2 


or 


2 2^ 
+yi = -r 


So, (jq, y : ) lies on 

2 

x 2 +y 2 = — 

4 

Answer: (A) —> (q) 

(B) Differentiating the given curve we get 

3x 2 +3y 2 — = 0 
dx 

dy x 2 
dx y 

=4 

\dx J( ah) b 

So, equation of the tangent at (a, b) is 

y-b=-- Y (x-a) 

b 

The tangent at (a, b ) meets the curve again in (a , Zq). 
This implies that 


b 1 - b= —^(fli - a) 
b 2 


by-b a 


(3.84) 


- a b 

Also a 3 + b 3 = c 3 and a 3 + b\ = c 3 implies 
a 3 -a\ = bl-b 3 

=$ (a-a,)(a 2 + aa, + a 2 ) = ( b-b)(b 2 + b^b + b 2 ) 
b x -b ( a 2 + aa l + a 2 ) 


a 1 -a b 2 +bb 1 +bl 
From Eqs. (3.84) and (3.85), we have 


(3.85) 


2 2 2 

Cl Cl + CICl 1 + d-y 

b 2 b 2 + b\ + b 2 

On cross-multiplication and simplification we get 
(flhj -a 1 h)(ah + fl 1 £> + ah 1 ) = 0 
Now (a, b) ^ (a v Zq) implies 

ab + fljh + aZq = 0 

1 fli hi 
=> 1 + — + — = 0 
a b 

a \ 1 
=>—+ — = -1 

a b 

Answer: (B) —> (s) 

(C) Differentiating the given curve we get 

V 2/3 +V 2/ 3 —= 0 

3 3 dx 


dy = J y 

dx v x 


2/3 


At (a/ 8 , a/8), the value of dy/dx = —1. Therefore 
equation of the tangent at (a/8, a/8) is 


a .1 a 

y — = -1 x - 

7 8 {8 

a a a 
> x + y = — + — = — 
8 8 4 


Now the sum of the squares of the intercepts is 


"4) = 4 = 2 ( b y hypothecs) 


Therefore a 2 = 16 or a = 4 (v a > 0). 

Answer: (C) —» (q) 

(D) Differentiating y = sin x we get 
dy 


dx 


= COS X 


At the point (x v v,), the value of dy/dx = cos x r 
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Therefore equation of the tangent at (x p j^) is 
y-y, = (cos x^x-x,) 

This tangent passes through (0,0) implies 


-y i = -Jt COS X 1 

A 

X1 


= cosx 


But (x v y ] ) lies on the curve implies 
y l = sin x 1 

From Eqs. (3.86) and (3.87), we get 

*i 

2 2 2 2 

=>yi +*iyi = x i 

^ 2 2 2 2 
^ x i yi - x i y\ 

1 1 

2 2 — ^ 
yi x i 

So(x p y ) lies on the curve 


—-— = 1 


(3.86) 


(3.87) 


Flence p = 1. 

Answer: (D) —> (P) 

4. Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) If the curves xy = a(a > 0) and y 2 = 
Ax cut orthogonally, then the value 
of a!2x[2 is 

/D\ r -e~ x -2x . 

hm- is 

x^o x-sinx 

tanx-x . 

(C) hm- ; -is 

x->o x — sinx 


> 0) cut at right angles, then a/\[2 
equals 


(t) 1 


Solution: 

(A) We have 


xy = a- 


y =Ax- 


dy_ 

dx 


a 

~2 


(3.88) 


dy 2 
dx y 


The curves cut each other orthogonally means 
[using Eqs. (3.88) and (3.89)] 


»Pi=-i 


at A? 

xry = 2a 


•x 2 ^ — ] = 2« (\'xy = a) 

• x = 2 


(3.90) 


Since (x, y) lies on y 2 - 4x and x = 2 we have 
y = + 2 V 2 

Substituting the values of x and y in Eq. (3.90), we get 

(4)(± 2 V 2 ) = 2n 
=>£? = + 4>/2 
=> a = 4V2 (•.• a > 0) 


^2V2 2 


Answer: (A) -> (s) 


(B) We have 


lim 


e x -e~ x -2xf0 


= lim 

x—>0 

= lim 

*->0 

= lim 


e x + e~ x - 2 1 


1-cosx ' 

^oj 

O 

* 

1 

1 

* 

1 

sin x ^02 

1 

e x +e~ x 1 + 1 

1 cosx 

1 


(p) 

1 




2 

(C) We have 


(q) 

2V2 

tanx-x f 0^ 
hm 

= lim 



x->o x-smx VO J 

x —> 0 

(r) 

-1 


= lim 




x->0 

(s) 

2 


= lim 


= 2 


Answer: (B) —> (s) 


sec x -1 


1 - cos 2 x 
cos 2 x(l-cosx) 
1 + cosx 2 


*->o cos x 

Answer: (C) -» (s) 


(D) We have 


/ = 2*=»* = i 

dx y 


xy = 


a dy a 

— — S —- 

2 dx 2x 2 


(3.89) 


and 
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By hypothesis, product of the slopes of the curves at 
a common point = —1. Therefore 



=> * = 1 (3-91) 

Now 

y 2 = 2x and x = 1 => y = ±-Jl 

Substituting the values of x = 1 and y = ±\f2 in Eq. 
(3.91), we get 


2 = 0)(±^) 

- = V2 (y a > 0) 
2 


2c 273-0 
2xjc 2 -4 2 

=>c 2 = 3 (c 2 -4) 

=> 2c 2 = 12 
=> c = V6 e (2, 4) 


Answer: (A) —> (t) 

(B) We have/(x) = x 2 -2x + 4, x e[l, 5]. Therefore 
/(1) = 3,/(5) = 19. 

By Lagrange’s mean value theorem, for some c 

6 ( 1 , 5 ) 


/(5)~/(l) 

5-1 

=> 4 = 2c - 2 
=> c = 3 


f'(c) = 2c-2 


(C) We have 


Answer: (B) —» (q) 



Answer: (D) —> (s) 

5. Match the items of Column I with those of Column II. 


Column I Column II 

(A) Value of c in the Lagrange’s mean (p) 4 

value theorem for f(x) = \lx 2 -4 
on the interval [2,4] is 

(B) Value of c in the Lagrange’s mean (q) 3 
value theorem for /(x) = x 2 - 2x + 

4 on [1,5] is 

(C) /is continuous on [2, 4] and is dif- (r) 1 
ferentiable in (2,4). It is given that 

/(2) = 5 and /(4) = 13. Then there 
exists c e (2, 4) such that f'(c) is 
equal to 

(D) If c is a value in Rolle's theorem for (s) 2 
f(x) = e~ x sin x on the interval [0, n\, 

then tan c is equal to 

(t) V6 


Solution: 

(A) Clearly/is continuous on [2, 4] and differentiable 
in (2,4). Hence by Lagrange’s mean value theorem, 
there exists c e (2,4) such that 

/(4)~/(2) 


f\c) /(4) /(2> '3 5 4 

V 2 4-2 2 

where c e (2,4). 

Answer: (C) -» (P) 

(D) We have f(x) = e - * sinx. / is continuous on [0, k\ 
and differentiable in (0, n). Lurther 

/(0) = 0 =f(n) 

Therefore by Rolle’s theorem, there exists c e (0, n) 
such that /'(c) = 0. So 

e~ c (cosc-sine) = 0, 0<c<7T 
=> cosc — sine = 0 (■ :e~ c t- 0) 

=> tan c = 1 

Answer: (D) —> (r) 

6 . Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) 


.. x + sin x . 

lim-is 

x 


(B) 


lim 


tanx 

„ 71 tan 3x 

2 


is 


(C) lim (**) is 

v 7 x -> 0+ 


(P) 3 

(q) - 2 

(r) 1 


(D) 


lim — 

x^0 e x 


x - sin x 
1-x-(x 2 /2) 


is 


(s) 1/2 


/'(c) 


4-2 
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Solution: 

(A) We have 


x + smx 
lim-= lim 


A sin x 'l 

”l 1+ —j 


= 1 + 0 


because as x —» ®o, 1 /x —> 0 and sin x is bounded. 

Answer: (A) -» (r) 

(B) We have 


lim lim 

r . E tan 3x v 
2 


sec 2 x 


x ^E3sec 3x 
2 


= - lim 


/ 2 o \ 

cos 3x 


t->-V cos X 
2 


= i lim' 


2 cos 3x(— sin 3x) (3) 
2 cosx(-sinx) 


= lim { “£*£][ 2 

Asin 2 x AO 

2 

= lim f 6cosfa j 

* ZA 2 cos 2 x / 

2 

_ 3 cos 3^ _ 3(-l) 


= 3 


cos n (- 1 ) 

Answer: (B) —» (P) 


(C) Let l = lim (x x ). Therefore 

x->0+ 

log e /= lim x log e x 

x —» 0 + 


= lim 

x—>0+ 

= lim 


lo g g * 

1 lx 

1 /x 


\ J 


= lim (-x) = 0 

Jc —> o+ —1 /jc“ *->o+ 


So, / = e u = 1. 
(D) We have 


Answer: (C) -+ (r) 


x - sin x 


lim 

*->o e x -l-x-(x 2 / 2 )V. 0 y/ * 


0 ^ 1 -cos 

= lim 


:osx ( 0 ^ 


sinx ( 0 


= lim 

x —> o c x — 1V 0 

_ cosx cosO 

0 = lim-= — 7 — = 1 

*->o e x e° 

Answer: (D) —> (r) 


^ Try it out In the above problem L'Hospital's 
rule cannot be applied. Why? 


Comprehension-Type Questions 

1. Passage: If /is continuous on closed [a, b], differ¬ 
entiable on (a, b) and f(a) = f(b), then there exists 
c e (a, b ) such that f'(c ) = 0. Answer the following 
three questions. 

(i) If in the passage,/(u) =f{b ) = 0, then the equa¬ 
tion f'(x)+Af(x) = 0 has 

(A) solutions for all real A 

(B) no solution for any real A 

(C) exactly one solution for all real A 

(D) solution only for A - 1 

(ii) If 


&(} (X\ Cl'} 

—-— H—— H---1-1- 

u+l n n — 1 


a n-1 

2 


+ a„ 


= 0 


where a Q ,a 1 ,a 2 ,...,d n are reals, then the equa¬ 
tion 


UqX + iqx + d 2 x + ■ • ■ + d n — 0 


(A) (- 00 ,- 1 ) (B) (-1,0) 

(C) (0, 1) (D)(l,oo) 

(iii) The number of values of c in Rolle’s theorem for 
/(x) = 2x 3 + x 2 - 4x -2 in the interval [-%/2, %/2] 
is 

(A) 0 (B) 1 

(C) 2 (D) 3 

Solution: 

(i) Let </>(x) = e lx f(x) so that 

(a) </> is continuous on [a, b], 

(b) differentiable in (a, b ), 

(c) </> (a) = </> (b) (••• f(d) = f(b ) = 0 ) 

Therefore by Rolle’s theorem 0 '(c) = 0 for some 
c e (a, b).Then 


e^[Af(c) + f'(c)\ = 0 
=>/'(c) + A/(c) = 0 


has a root in 
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Worked-Out Problems 


That is, for each A, there corresponds c e (a, b ) such 
that 

f'(c) + Af(c) = 0 

That is, f\x) + Af(x) = 0 is solvable whatever real 
A may be. Hence (A) is correct. 

Answer: (A) 


(A) 0 (B) 1 

(B) 2 (D) 3 

(ii) The minimum area of the triangle formed by 
any tangent to the curve 



(ii) Let 


Fix) 




n+1 


CIaX 


a^x 


n-1 


n +1 


n — 1 


-H-+ 




~ + Cl„X 


Obviously F(x) continuous and differentiable for 
all real x. Also (by hypothesis) F(0) = 0 and F(l) = 
0. Therefore by Rolle’s theorem (using on [0, 1]), 
F'(c) = 0 for some c e (0,1). That is 

(IqC n ■+■ 3 + + • —h Cl n = 0, 0 < c < 1 


with the coordinate axes is 

(A) i(fl-h ) 2 (B) ~( a2 + b 2 ) 

(C) \{a + bf (D) ab 

(iii) The tangent at (1, 7) to the curve y = x 2 - 6 
touches the curve x 2 + y 2 + 16x + 12 y + c = 0 at 

(A) (6,7) (B) (-6,7) 

(C) ( 6 , -7) (D) (- 6 , -7) 


That is a 0 x " + a 1 x' ! 1 H— + a n = 0 has a root in (0,1). 
So (C) is correct. 

Answer: (C) 

(iii) We have /( x) = 2x 3 +x 2 -4x~2. Clearly 

/(-V2) = 0 = /(V2) 

Using Rolle’s theorem on [-^2, y/2], we g ct 
f'(c ) = 0 for some c e (-^2, V2). Therefore 

6 c 2 + 2c - 4 = 0 
3c 2 + c - 2 = 0 
=> (3c - 2) (c + 1) = 0 

So c = - 1 ,2/3 and both values belong to (-V2, V2). 
Hence (C) is correct. 

Answer: (C) 


2. Passage: Let / be a function continuous in a neigh¬ 
bourhood of a critical point jc 0 and differentiable at all 
points in that neighbourhood (except possibly at x 0 ). 
Then 

(a) / has local minima at x , if/' changes sign from 
minus to plus as x takes values from left of x ( . to 
right of x l} . 

(b) / has local maximum to x Q , if /' changes sign 
from plus to minus. 

Answer the following three questions: 

(i) The total number of local maxima and local 
minima of the function 


/(*) 


(x + 2 ) 3 -3<*<-l 
x 213 -1 < X < 2 


Solution: 


(i) Clearly / is continuous at x = -1 , because 


lim fix) = (-1 + 2) 3 = 1 
^(-i)V v 


and 

lim 

x -> (-l )+0 

/(x) = (-l) 2/3 =l 

Now, 


3(x + 2 ) 2 

for - 3 < x < -1 

/'« = ■ 

-x " 1/3 


for -1 < x < 2 


So, 

/'(-l-0) = 3(-l + 2) 2 =3 

and /'(- 1 + 0 ) = | (— 1 ) = - | 

imply that / is not differentiable at x = -1 and /'( 0 ) 
does not exists. Hence -1 and 0 are critical points. 
Further /'(-2) = 0 gives that -2 is also a critical 
point. Hence all the critical points of/are -2, -1,0. 

At x = -2: f\x) keeps the same sign so that /has 
no local extremum value at x = - 2 . 


At x = -1: 


x < -1 => f'(x) > 0 

and x > -1 f\x) = 1/3 < 0 

Therefore / has local maximum at x = -1. 
At x = 0: 


x < 0 => f'{x) 



<0 


is 
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and x > 0 => /'(x) > 0 

Hence / has local minimum at x = 0 

Therefore, / has one local maximum and one local 

minimum. Hence (C) is correct. 

Answer: (C) 

(ii) Now 


2 2 

^ + ^ = 1 
a 2 a 2 


Differentiating with respect to x we get 

dy b 2 x 

dx cry 

We can see that x = a cos# y = b sin#are the para¬ 
metric equations of the curve 



Therefore 


(A| ,_ ^(« co »g) ,_ b mig 

\dx)g a l (b sin#) a 
The equation of the tangent at ( a cos# b sin#) is 
. b cos# 

y-osin# =-(x-ncos#) 

a sin# 


=> (b cos#)x + (a sin#) y = ab 


x y 

— cos# + —sin# = 1 
a b 


Therefore area of the triangle formed by the tan¬ 
gent and the axes is 


1 

2 


cos# 



nh|cosec 2 #| S ab 


It equals to ab when 2#is an odd multiple of n! 2. 
Hence (D) is correct. 

Answer: (D) 


(iii) Differentiating y = x 2 - 6 we get 

— = 2x 
dx 

At (1,7), we have 

£- 2 (l )-2 

dx 

Therefore the equation of the tangent at (1,7) is 
y- 7 = 2(x - 1) 


=>2x-y + 5 = 0 (3.92) 

From Eq. (3.92), we have y = 2x + 5. Substituting this 
value of y in the second curve equation we get 

x 2 + (2x + 5) 2 + 16x + 12(2x + 5) + c = 0 
=> 5x 2 + 60x + 85 + c = 0 

=> x 2 + 12x +17 + ^ = 0 (3.93) 

The line given by Eq. (3.92) touches the second 
curve if and only if the quadratic equation [Eq. 
(3.93)] has equal roots. This means 
Quadratic equation has equal roots 

<=>144-4^17 + ^j = 0 

<=> c= 95 

Therefore the second curve equation is 

x 2 + y 2 + 16x + 12_y + 95 = 0 

Now, it can be verified that (-6, -7) is the only 
common point for the line given by Eq. (3.92) and 
the second curve. Hence (D) is correct. 

Answer: (D) 


Assertion-Reasoning Type Questions 

In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 

(A) Both Statements I and II are true and Statement II 
is a correct explanation for Statement I 

(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I 

(C) Statement I is true and Statement II is false 

(D) Statement I is false and Statement II is true 


1. Statement I: If a 1 ,a 2 ,...,a n are positive reals, then 


n 

where the equality holds if and only if a 1 ,a 2 ,...,a n 
are equal. 

Statement II: e x >\ + x for all realx. 

Solution: Let /(x) = e* - 1 - x. Differentiating this we 
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Worked-Out Problems 


f\x) = e *-1 


This implies that 


/'(x) < 0 V x < 0 

/'(o) = o 

and /'(x) > 0 V x > 0 

Therefore/has absolute minimum (that is only one min¬ 
imum) at x = 0. Hence /(x) > 0 for all real x. That is 

e x > 1 + x for all real x (3.94) 

In Eq. (3.94) replace x with x - 1 so that we have 

e r-1 >x for all real x (3.95) 


Let 


(1^ + ^2 Cl n 

n 

In Eq. (3.95),replace x with a x la,a 2 la,..., a n la and mul¬ 
tiply all the inequalities so obtained. Then we have 


(«)' 

> ( rt l a 2 

(«)" 

=> ( a) n > fljO 2 •••«„ 

=>«>(«! «2 •■■«„) 1/ ” 


Hence both statements are true and Statement II is a 
correct explanation of Statement I. 


2 . Statement I: If 


Answer: (A) 


P(x) = 51x 101 - 2323x 100 - 45x +1035 

then P(x) = 0 has a root in the open interval (45 1/10 °, 
46). 

Statement II: If / : [a, b\ —> R is continuous and / is 
differentiable in (a, b) such that f(a) = f(b), then 
f\c) = 0 for at least one c e (a, b). 

Solution: Statement II is the Rolle’s theorem. Now let 


/W = iL,i<B_2323 

' 102 101 


x ioi_^ x 2 +103 5 x 
2 


= -x 102 
2 


■ 23x 101 - — x 2 + 1035x 


Therefore 


1 102 101 2 1 
/(45100) = ^ (45) 100 - 23(45) 100 -y (45)1“ +1035(45)1“ 

102 101 102 101 

= ^ (45) I™ -23(45)1“ -^(45)i“ +23(45)1“ 

= 0 


Hence (45 ) 1/100 is a root of/(x) = 0. Again 

/(46) = ^ (46) 102 - 23(46) 101 - y (46) 2 +1035(46) 

= | (46) (46) 101 - 23(46) 101 - 45x4 ^ 6x46 + 23 x 45 x 4i 

= 23(46) 101 - 23(46) 101 - 23 x 45 x 46 + 23 x 45 x 46 
= 0 

Hence 46 is a root of f(x) = 0. Now using Rolle’s theo¬ 
rem for /(x) on the interval [45 1/100 , 46], we have P(c) = 
f'(c) = 0 for at least one c e (45 1/100 ,46). 

Answer: (A) 


3. Statement I: The function /(x) = x J + bx 2 +cx + d 
where 0 < b 2 < c is strictly increasing in (- 00 , 00 ). 

Statement II: If /is continuous on [a, b\, differentia¬ 
ble in (a,b) and / v (x) > 0 V x e (a, b), then/is strictly 
increasing in (a, b). 

Solution: Statement II is a consequence of Lagrange’s 
mean value theorem (see Theorem 3.6 and the Note un¬ 
der it). Now 

/(x) = x 3 + bx 2 +cx + d 
Differentiating this, we get 


f'{x ) = 3x + 2 bx + c 
= 3 


2 2b c 
X +-X H- 

3 3 


= 3 

= 3 

= 3 


H) 

H) 

M) 


2 c b 2 
-i +3~y 


2 3 c-b 2 


-I + 

2 


2 c c-b 
H- 1 - 

9 9 


> 0 (■-■ 0 <b 2 <c) 


Hence / is strictly increasing for all real x. 
4. Statement I: The function 


Answer: (A) 


log> + x) 
log e (e + x) 

is decreasing on ( 0 , o°). 

Statement II: If f'(x) < 0 for all x e (a, b ), then / is 
strictly decreasing in (a, b). 

Solution: Statement II is true according to Theorem 
3.6 and the note under it. Now, let 

log^r + x) 

l°g c (e + x) 
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Therefore 

is 

{e + x)log e (e + x)-(7i + x)log e {K + x) 

(e + x\(n + x ) [log c (e + x)] 2 

x y 

— cos# + —sin# = 1 
a b 

It is known that, if g (x) = x log x, then g'(x ) = log e x + 1 > 

0 for x > 1/e. That is x log t , x increases for x > lie. 

Therefore if x > 0, then 

(see, Problem 25 of the section “Multiple Correct Choice 
Type Questions”). Therefore the equation of the tangent 
to the curve 

1 

— <e + x < k + x 
e 

2 2 
^ + ^ = i 

27 1 

so that 

at ( 3 V 3 cos#, sin#) is 

(e + x) log e (e + x) < {n + x)\og e (n + x) 

Hence from Eq. (3.95), /'(x) < 0. Hence/(x) decreases 
on (0, °=>). 

Answer: (A) 

X 

—pCos# + ysm# = 1 

3-\/3 

Hence the intercepts of the tangent on the axes are 
3>/3sec# and cosec# Let 

5. Statement I: Tangent is drawn to the curve 

/(#) = 3^3 sec # + cosec # 

X 2 2 1 

-h y — 1 

27 

Differentiating we get 

/'(#) = 3 V3 sec# tan#-cosec# cot# 

at ( 3 V 3 cos#, sin#) where 0 < #< ;r/2.Then the value 
of # lor which the sum of the intercepts on the coordi¬ 
nate axes made by this tangent is minimum is n! 3. 

Statement II: At a critical point x Q a function is mini¬ 
mum if /'(x) changes sign from negative to positive 
or if /'(x 0 ) = 0 and f"(x 0 ) > 0. Then/is minimum at 

Re¬ 
solution: Statement II is true according Sec. 3.4.1. It is 
known that the equation of the tangent at (a cos# b sin#) 
to the curve 

3V3sin# cos# 
cos 2 # sin 2 # 

3>/3 sin 3 # - cos 3 # 
cos 2 # ■ sin 2 # 

Therefore 

/'(#) = 0=>tan# = -j= 

6 

2 2 
^ + ^ = i 
a 2 b 2 

Hence, Statement I is not correct. 

Answer: (D) 

Integer Answer Type Questions 

1. The number of values of x, where the function 
f(x) = cosx + cos(j2x) attains its maximum is 

Therefore at x = 0 only,/(x) is maximum. 

Answer: 1 

Solution: Clearly f(x) < 2 and /(x) = 2, if cos x = 1 and 
cos \/2x = 1. This happens when x = 0. Also 

cos x = 1 => x = 2m7t 

and cos V2x = 1 => *j2x = 2nn 

\\x\ if -2 < x < 2 and x A 0 

2. Let /«= .. n 

[1 if x = 0 

Then, the number of local maxima of f is 

Solution: If 0 < S< 1, then 

=> 2mn = x = ^L 

V2 

x e (-S, S) => /(x) < /(0) = 1 

Hence / is locally maximum at x = 0. 


<=> m = n = 0 


Answer: 1 











333 


Worked-Out Problems 


3. Let 

f\x) = 20100 - 2009)0'201'0) 2 (x - 2011) 3 0 - 2012) 4 

for all x in R. If g : R —> (0, °°) is a function such 
that /O) = log(g(x)). the number of values of x in 
R at which g has local maxima is_. 

(IIT-JEE 2010) 

Solution: We have 


and 


/0) = log e (gO)) 


=> /' 0 ) 


g\x) 

g(x) 


g 0) > 0 V x. 


(i) Now 

g'O) = o <=> f'(x) = 0 

<=> x = 2009,2010,2011 and 2012 


lim| l + ^> | = 2 

x->0 

P{x) 1 
lim —++- = 1 
x L 


lim fl 0 x 4 + flgx 3 + a 2 x 2 + a 3 x + a 4 = 1 ^ gg ^ 

x—>0 r 2 


By Corollary 1.3, it follows that 


«4 = 0 


Therefore [by Eqs. (3.98) and (3.99)] 

3 2 

fl n x tax + a~,x + a 3 
lim —------ = 1 

x —> 0 X 

Again, by the same Corollary 1.3, we have 

«3 = ° 


(3.99) 


(3.100) 


Now, g'(x ) > 0 for x < 2009 and g'(x) < 0 for x > 
2009. That is, g'(x) changes sign from positive to 
negative. Hence g has local maximum at x = 2009. 

(ii) g'(x) < 0 for x < 2010 and x > 2010. Hence g(x) has 
no local extremum at x = 2010. 

(iii) g'(x) < 0 for x < 2011 and g'(x) > 0 for x > 2011. 
Hence g has local minimum at x = 2011. 

(iv) g'(x) > 0 for x > 2011. Therefore g has only one 
local maximum. 

Answer: 1 


4. Let P(x) be a polynomial of degree 4 having extre¬ 
mum at x = 1,2 and 


P(x) 


lim 1 + 

x—*0y x 

Then the value of P(2) is. 

Solution: Let 


= 2 


P(x) = «qX 4 + MjX 3 + a 2 x 2 + « 3 x + a 4 

Therefore 

P\x) = 4u 0 x 3 + 3fljX 2 + 2 a 2 x + a 3 
Now P'{ 1) = 0 and P'(2) = 0 implies 

4a 0 +3a 1 + 2a 2 +a 3 =0 (3.96) 

and 32a 0 + 12a 3 + 4n 2 + a 3 = 0 (3.97) 

Now 


So from Eqs. (3.98)-(3.100), 

lim (n 0 x J + fljX + a 2 ) = 1 

x —> 0 

This implies 

u, = 1 (3.101) 

Substituting the values a 4 = 0, a 3 = 0 and a, = 1 in Eqs. 
(3.96) and (3.97) we get 

4u 0 + 3a 1 = -2 (3.102) 

32u 0 + 12^ = -4 (3.103) 

Solving Eqs. (3.102) and (3.103), we obtain a Q = 1/4 and 
flj = -1. Therefore 


a 0 = —, flj = —1, a 2 = 1, a 3 = 0,a 4 = 0 


Hence 

P(x) = -x 4 -x 3 +x 2 ^E(2) = —- 8 + 4 = 0 
4 4 w 4 

Answer: 0 


5. If 9 is an angle of intersection of the curves 
y = 3 X_1 log e x and y = x x - 1, then 2 cos 9 is equal to 


Solution: (1,0) is a point of intersection of the curves. 
Now 


y = 3 x 1 log, x 

^ = 3"- 1 log e 31og e x + 3’ : - 1 x — 
ax x 


= 0 + 1=1 


(1.0) 
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Again 


y = x x —1 


dy 

dx 



x T (l + log e x) 


Therefore the slopes of the two curves at (1,0) are equal. 
Hence, they touch each other at (1,0). This implies that 
cos#= 1 or 2 cos 0= 2. 

Answer: 2 


6 . The number of points on the curve y 3 + 3x 2 
where the tangent is horizontal is_. 

Solution: Differentiating the given curve we get 


3 /^ + 6 , = 12 ^ 
dx dx 

(4 - y 2 )— = 2x 
' dx 


=3 = 0 

dx 

=> x = 0 


=>y 3 =12y 
=> y = 0, ± 2V3 


12 y 


Therefore the points are (0,0) and (0, ±2>/3). 

Answer: 3 


7. The height of a right circular cone of minimum 
volume that can be circumscribed about a sphere of 
radius r is kr. Then the value of k is_. 

Solution: See Fig. 3.29. Here 

OO = OE = r (radius of the sphere) 

h = V0 1 (height of the cone) 

Therefore 


VO=h-r 

AVA0 1 and AVOE are similar (see Fig. 3.29). Let 
R = O x A be the radius of the base of the cone. Therefore 

R _ h 
~r ~ VE 

h 

ylv0 2 -0E 2 

h 

4{h-r) 2 -r 2 

h 

Jh 2 -2hr 


So, 


R 2 = 


1 2 2 

h r 


hr 


h 2 -2hr h — 2r 


Now, V = volume of the cone is given by 
V 

3 

' ' hr 


-KR 2 h 
3 

ah ( 7 -~ 2 ^ 


nr 


y h - 2r j 
h 2 
l h - 2r 


Differentiating we get 

dV nr 2 [2h(h-2r)-h 2 ] 


dh 


3 {h-2r) 2 

nr 2 (h 2 - 4 hr) 

3 (h - 2r) 2 


Therefore 


dV 

dh 


= 0 => li - 4r 


Also dVIdh changes sign from negative to positive at h = 
4r. Hence V is least or absolute minimum at h = 4r = 4 
(radius of the sphere). Therefore k = 4. 

V 



FIGURE 3.29 Integer answer type question 7. 

Answer: 4 


8 . Let x, y be positive numbers such that their sum is 
5. If the product of square of one number and cube 
of the other is maximum, then the greater of the 
numbers is_. 

Solution: We have x + y = 5. Let 

p = x y = x 2 (5-x) 3 

Differentiating we get 

< ^— = 2x(5 - x) 3 - 3x 2 (5 - x) 2 
dx V 2 V 2 

= x(5 - x) 2 [2(5 - x) - 3x] 

= x(5-x) 2 (10-5x) 

= 5x(2 -x)(5 -x) 2 
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Summary 


Now 


— = 0 => x = 0, 2, 5 
dx 


on the interval [1,4], then x 1 + x 2 is equal to 


Solution: Differentiating we get 


x, y are positive => x ^ 0,5. Therefore x = 2. 

Also, at .r = 2, dP/dx changes sign from positive to neg¬ 
ative. Hence P is maximum at x = 2 and y = 3 and the 
maximum value of P = 2 2 3 3 = 108. Hence greater of the so dlal 
numbers is 3. 

Answer: 3 Also 


o X 


f'(x) = 0 <=> x = 2 


9. An object moves on the curve x 2 = 3 y. When x = 3, 
the x-coordinate of the object is increasing at the 
rate of 1 cm/s. At that moment, the rate of increase 
in v-coordinate is_cm/sec. 

Solution: Differentiating x 2 = 3 y we get 


dy 2x dx 
dt 3 dt 



2(3) 

3 


( 1 ) = 2 


Answer: 2 


10. If the function 


/(*) 


x 1 

-1— 

16 x 


attains its least value at x 1 and greatest value at x. 


12 3 

f"(2) = — + — = — >0 
8 8 8 

Therefore,/is minimum at x = 2 and 

/( 2 ) = A + I = 1 

w 16 2 4 


Also 


and 


1 17 

/( 1 ) = —+ 1 = — 
1 w 16 16 

1 5 

v 4 4 


Hence/(2) is least and/(4) is greatest. Therefore 


Xi + x 2 = 2 + 4 = 6 


Answer: 6 


SUMMARY 


1. Geometrical meaning of dy/dx: Suppose /(x) is a 
differentiable function and P(x , y ) a point on the 
graph of y = /(x). Then f'(x{) or ( dyldx\ Xi is 
the slope of the tangent to the curve at the point. 
Hence the equation of the tangent at P (x p y,) is 

y-yi = 


infinity with usual meaning. That is, the angle made 
by the tangent with x-axis is a right angle. 

4. Angle of intersection: Angel of intersection of two 
curves at their point of intersection is defined to be 
the angle between the tangents drawn to the curves 
at their common point. 


2. If /'(X|) ^ 0, then 

1 -1 
f'(x i) (dy/dx) {X]h) 


5. Orthogonal curves: Two curves are said to be 
orthogonal curves if their angle of intersection is a 
right angle. 


is the slope of the normal to the curve at P (x p y ). 
The equation of the normal is 

y-yi = 77 t ^ t ( x - x i ) 

/ (*l) 

3. Tangent at (x, y) is parallel to x - axis <=> dy/dx = 0 
and tangent at (x, y) is vertical <=> f'(x ) or dy/dx is 


6. Angle of intersection (formula): Let C 1 and C 2 be 
two curves represented by the functions y =/(x) and 
y = g(x), respectively. Suppose P is a common point 
for C 1 and C\. Let 

”h = (j~] and m 2 = (“rl 

\dxjp \dx) 
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If #the acute angle of intersection of Cj and C, at P, Then the velocity v of the particle is ds/dt and its 

then acceleration is 

dv d 2 s 
dt dt 2 


tan# = 


m, - m 1 


1 + m 1 m 2 


7. (i) The two curves touch each other at P <=> m 1 = m r 
(ii) The two curves cut orthogonally at P <=> m 1 m 2 - 1. 


8. Lengths of tangent, normal, sub-tangent and sub¬ 
normal: Let P(x 1 ,y 1 ) be a point on the curve y =/(x) 
and/is differentiable. Suppose the tangent and nor¬ 
mal meet the x-axis in T and N, respectively. Draw 
PG perpendicular to x-axis. Then FT, PN, TG and 
GN are called lengths of the tangent, normal, sub¬ 
tangent and sub-normal, respectively, at P. 


PT = \y r 



l 


11. Angular velocity and angular acceleration: Sup¬ 
pose a particle is moving on a plane curve. Let 9 be 
the angle made by OP (“O” is the origin) with the 
x-axis at time t. Then dOldt is called angular velocity 
and d 2 9ldt 2 is called angular acceleration. 


Mean Value Theorems 

12. Rolle’s theorem: If a function / is continuous on 
closed interval [a, b], differentiable in (a, b) and f(a) 
=f(b) then there exists c e (a, b) such that /'(c) = 0. 
Geometrically, the tangent at the point (c, /(c)) is 
parallel to the x-axis. 


iw = |ytlx/i+l/'(*i)] 2 


GN = \y 1 f'(x 1 )\ 



Note: (Sub-Tangent)(Sub-normal) =y\ 


9. Rate measure: Let / be a function defined on an 
interval (a, b) and x Q e (a, b). Then the quotient 

/(x 0 +/;)-/(x 0 ) 

h 


where h may take positive and negative values is 
called average change of/in (x 0 ,x Q + h). If 


lim 

X—> X Q 


/(x 0 + /Q-/(x 0 ) 
h 


exists and is a finite number, which is denoted by 
/'(x 0 ), that number is called rate of change of/at x () . 


10. Velocity and acceleration: Suppose a particle mov¬ 
ing in a straight line covers a distance s(t ) in time t. 


13. Rolle’s theorem for polynomials: In between any 
two zeros of a polynomial, there lies a zero of its 
derivative polynomial. If a polynomial has n zeros, 
then its derivative has (n - 1) zeros. 


14. Lagrange’s mean value theorem (LMVT): If / is 
continuous on closed [ a , b] and differentiable in ( a , 
b ), then there exists c e (a, b) such that 

FFxm.no 

b-a 

Geometrically, the tangent at (c, /(c)) is parallel to 
the chord joining the points ( a,f(a )) and ( b,f(b )). 


15. Other forms of LMVT: 

(i) In the above statement, if b is replaced by a + h, 
then there exists 9e (0,1) such that 


f{a + h)-f{a) 
h 


f(a + 9h ) 


or f(a + h) = f(a) + hf'(a + 0h) 
where 9e (0,1). 

(ii) In (i), if a is replaced by x, then 

/(x + h) = /(x) + h f'(x + 9h ) 
where 9e (0,1). 


16. Deductions from LMVT: 

(i) If/is continuous on [a, b\, differentiable in ( a , b) 
and /'(x) = 0 for all x e (a, b), then/(x) is a con¬ 
stant function on [a, b\. 

(ii) Suppose / is differentiable in (a, b) and 
/'(x) = 0 \f x e (a, b). Then / is constant in 
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Summary 


(a, b). This result fails if the domain of f is not 
an interval. For example consider the function 


/(*) 


JO, x e (0,1) 
[1, x e (2, 3) 


(i) / has local maximum at c if f'(x) > 0 V x e 
(c-5, c ) and /'(x) < 0 V x e (c, c + 8). 

(ii) / has local minimum at c if f'(x ) < 0 V x g 
(c - 8, c ) and f\x) > 0 V x g (c, c + 5). 


(iii) Suppose / and g are continuous on [ a , h] and 
differentiable in (a, h). Further suppose that 
f(x) = g'(x ) V x g (a, h). Then /and g will dif¬ 
fer by a constant for all x g [a, h]. 

(iv) Let / : [a, h] —> R. be a differentiable function 
in (a, h).Then 

(a) / is increasing on [a, b ] if and only if 
/'(x) > 0 for all x g (a, b). 

(b) f is decreasing on \a , hi if and only if 
f\x) < 0 V x g (a, b). 

Note that / is strictly increasing <=> /'(x) > 
0 V x g (a, b) and strictly decreasing <=> /'(x) < 
0 V x g (a, h). 

Note: To prove functional inequality /(x) > g(x) on an 
interval /, show that f'(x ) - g'(x) > 0 for x e I. 

Maxima And Minima 

17. Let / : [a, hj —> R be a function and a<c< b. 

(i) Suppose, there exists S> 0 such that (c - 8, c + S) 
a [a, b\ and /(x) < /(c) V x g (c - 5, c + 5). 
Then, we say that / has local maximum at x = c 
and/(c) is called local maximum value of/ 

(ii) Suppose /(x) > /(c) V x g (c-<5, c + h). Then, 
we say that / has local minimum at x = c and 
/(c) is called local minimum value of /. 

(iii) If/has either local maximum or local minimum 
at x = c, then / is said to have local extremum 
at c. 


20. Critical Point: A point x ( . in the domain of a func¬ 
tion / is said to be a critical point for / if either 
/'(x 0 ) exists and is equal to zero or /'(x 0 ) does 
not exists, but / v (x) exists in a neighbourhood of x 
(in other words /' is discontinuous at x 0 ). 

21. Testing a differentiable function for a local extre¬ 
mum with first derivative: 

Procedure: 

Step 1: Find /'. 

Step 2: 

(i) Equate f'(x) = 0 and obtain values of x. 

(ii) Find the values of x in the domain of/at which 
/' is discontinuous. 

The values of x obtained in 2(a) and 2(b) are the 
critical points. 

Step 3: Let x Q be a critical point of / Then 

(i) If /'(x) changes sign from positive to negative 
when x passes through the values less than x 0 to 
the values greater than x fl (at x 0 , f\x 0 ) = 0 or 
/'(x) is discontinuous), then at x (j , / has local 
maximum. 

(ii) If /'(x) < 0 for x < x Q and f'(x ) > 0 for x > x Q , 
then / has local minimum at x () . 

(iii) If /'(x) keeps the same sign for x < x () and x > 
x Q then / has no extremum value at x () . 

The following table enables the reader about 
the character of a critical point. 


18. Necessary Condition for an Extremum: Suppose 
/ : [a, b] —» R and c g ( a , h). If /is differentiable at c 
and c is a point of local extremum, then f'(c) = 0. 

Note: 

(i) A function having local extremum at a point 
need not be differentiable. For example, 
/(x) = |x| is not differentiable at x = 0, but /(0) 
is the minimum value. 

(ii) /(x) = x 3 is differentiable at x = 0, /'(0) = 0 but 
x = 0 is not a point of extremum. 

19. First Derivative Test: Suppose / : [«, b\ R 
is continuous, a < c < b and / is differentiable in 
(a, c ) and (c, b). Let S> 0 be such that (c - 8, c + S) a 
(a, h).Then, 


Sign of the derivative when x passes 
through the values at a critical 
point x 0 

Character of 
the critical 
point x n 

x<x 0 

x = x„ 

X>X 0 


+ 

/'(x 0 ) = 0 °rf(x) 
is discontinuous 
at x 0 


Local maxi¬ 
mum at x 0 


/'(x 0 ) = ° or / , (x) 
is discontinuous 
at x 0 

+ 

Local mini¬ 
mum at x Q 

+ 

/'(x 0 ) = 0 °rf(x) 
is discontinuous 

at x 0 

+ 

Neither 
maximum nor 
minimum at 
x 0 (actually,/ 
increases) 


( Continued) 
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Sign of the derivative when x passes 
through the values at a critical 
point x 0 

Character of 
the critical 
point x 0 

x<x 0 

X = X D X > X 0 


- 

f'ix o ) = 0 or fix) 

Neither 


is discontinuous 

maximum 


at x„ 

nor mini¬ 
mum at x; 
the function 
decreases 


21. Sufficient Conditions for Extremum (Second de¬ 
rivative test): Let / : [a, b\ — > R be a differentiable 
function and a < x Q < b. Suppose /'(x Q ) exists and is 
equal to zero and f"(x Q ) A 0. Then / has local maxi¬ 
mum at x Q if f"(x Q ) < 0 and has local minimum at x 0 if 
/"(* 0 )>° 

Note: If /"(x 0 ) = 0 then nothing can be said about/at 
x Q . Hence, whenever/"(x fl ) = 0, go for the first deriva¬ 
tive test. 

22. Darbaux Theorem or Intermediate Value Theorem 
for the Derivative: Let / : [a, b] —> R be a differen¬ 
tiable function [here f\a) means f'(a + 0) and fib) 
means fib - 0)\. Then /' assumes every value be¬ 
tween /'(a) and /'(h). 


23. Computing the greatest and least values of a func¬ 
tion on can interval [a, b]. 

Step 1: Find all the critical points of/in ( a, b). 

Step 2: Suppose x 1 , x 2 ,...x n are the critical points, 
of/in (a, b) at which/is extremum. 

Step 3: Consider the set S = {/(fl), /(Xj ),f(x 2 ),..., 
/(*„),/(*)}■ The maximum element of S is the 
greatest value and the minimum is the least value of 
/on the interval [a, b]. 

L'Hospital's Rule 

24. Suppose 

lim /(x) - 0 = lim g(x) 

x —> a x —» a 

f\a) and g'(a) exist and g'(a) A O.Then 


exists and is equal to f(a ) /g'(a). 

Another form: If / and g are differentiable in a 
deleted neighbourhood of a, are continuous at a , 
f(a) = g(u) = 0 and lim /'(x)/g'(x) = /, then 

x —» a 

lim f(x)/g(x) exists and is equal to /. 

x —» a 

For the other indeterminate forms, refer 
L'Hospital’s Rule-I and-II. 


EXERCISES 


Single Correct Choice Type Questions 

1. Rolle’s theorem is not applicable to 

(A) f(x) = 9x 3 - 4x on the interval 

(C) /( x) = x 213 -2x 113 on [0,8] 


2 2 
3’3 


(B) /(x) = x 3 -3x 2 +x + l on [l, 1+V 2 J 
(D) f(x) = 


2 - x ifl<x<2 


2. The number of zeros of the function /(x) = 5x 3 - 
2x 2 + 3x -4 belonging to (0,1) is 

(A) 1 (B) 2 

(C) 3 (D) cannot be determined 

(Hint: Use Intermediate Value Theorem.) 

3. The value of c in the Rolle’s theorem for /(x) = x 2 - 
2x + 3 on the interval [-1,3] is 


(A) 0 (B)1 

(C) (D) 2 


4. The point on the graph 
between x = 1 and x = 2 
to the chord joining the 

(A) (1,7) 



of the function y = x 2 + x + 3 
where the tangent is parallel 
points (1,5) and (2,9) is 



5. / is differentiable for all real x and /(2) = - 3. 
Suppose 1 < fix) < 2 for 2 < x < 5. Then 

(A) 0</(5)<^ 

(C) 0 </(5) < 2 


(B) 0 </(5) < 1 
(D) 0 </(5) < 3 
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6 . Angle of intersection of the curves y = x 2 and x = 
(5/3) cos t,y = (5/4) sinf is 


(A) Tan- 1 (I 


(C) Tan | Tp 


(B) Tan- 1 ^ 
(D) Tan- 1 ^ 


7. The length of the sub-tangent at any point for the 
curve x = a (2 cos t - cos 2t), y = a (2 sin t - sin 2 1) is 


(A) 

(C) 


3 1 

ycot- 


ytan- 


(B) 

(D) 


1 

ycot — t 


ytan : 


3 1 


8 . The equation of the tangent to the curve x = 1 + 2 
log cot#y = tan#+ cot#at #= tc!A is 


(A) x + y=l 
(C) x — 1 


(B) y = 2 
(D) x-y = 1 


9. The sum of the intercepts made by a tangent to 
the curve Vx + Jy = yfa on the coordinate axes is 
equal to 

(A) a (B) a/2 

(C) 2 a (D) yfa 

10. The length of the segment of the tangent to the 
curve 


r= 2 ° 8 ' 


(i + A Jci — . 

a - \ju 2 — 


X 2 J 


-A /a 2 


at any point contained between the y-axis and the 
point of tangency 

(A) is proportional to abscissa 

(B) is proportional to ordinate 

(C) is of constant length 

(D) is of length a 2 

11. The x-intercept of the tangent at any point (x, y) of 
the curve 

a b 
— + — = 1 
x y 


is proportional to 
(A) 

(C) y 2 


(B) * 2 
(D) y 3 


12. The normal to the curve x 2 -y 2 = a 2 at a point P(x 0 , y 0 ) 
meets the x-axis at a point A. These AP is equal to 


(A) a 


(B) y[x |~+yf" 


(C) 2 a 


,D) 


13. Equation to the tangent at a point on the curve x 2 = 
4 a whose abscissa is 2 am is 


(A) mx = y + am 2 
(C) mx + y = am 2 


(B) my = x + am 2 
(D) x + my = am 2 


14. The point of intersection of the tangents to the 
curve 

y = sin^2x--^j 

at the points with the abscissa x = 0 and x 2 = 5^/12 is 


(A) ± 


( 1-0 


(B) (l + V3,l) 


(C) I 1 + ^,1 


15. The point on the curve 


y = 


(D) 




l + x 2 


at which the tangent is parallel to x-axis is 

1 


<A) |U 2 


(O l-i. 5 


(B) I 2,1 


(D) (0,1) 


16. The length of the sub-tangent at any point on the 


curve y = ae bx is 

(A) n 

\a\ 


( c ) A 

\ab\ 


(B, m 

(D) \ab\ 


17. The tangent at any point of the curve x = a cos 3 # y 
= a sin 3 #meets the x-axis in P and y-axis in Q. Then 
the mid-point of the segment PQ lies on the curve 
whose equation is 

(A) x 2 + y 2 = a 2 /4 (B) x 2 + y 2 = 2a 2 

(C) x 2 — y 2 = a 2 (D) xy = a 2 

18. The maximum value of xy (x > 0, y > 0) subject to the 
condition x + y = 16 is 

(A) 16 (B) 32 

(C) 64 (D) 128 

19. A particle is moving in a straight line such that its 
distances s at any time t is given by 
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s = -t 4 -2t 3 +4t 2 -7 

4 


The minimum value of its acceleration attains when 
t is equal to 

(A) 2 -s 

(B) 2 

(O 2 + -| 

(D) 3 


20. The function /(x) = 2x 3 - 9ax 2 + I2a z x + 1 attains its 
maximum at x 1 and minimum at x 2 such that x\ = x 2 . 
Then the value of a is 


(A) 2 (B) 3 

(C) 1 (D) 4 


21. The number of maximum and minimum values of 
the function 


/(*) 


40 

3x 4 + 8x 3 - 18x 2 + 60 


is 

(A) 5 (B) 4 

(C) 3 (D) 2 


22. If/(x) = x 2 + b/x has a local minimum at x = 2, then b 
equals 

(A) 4 (B) 8 

(C) 12 (D) 16 


23. f(x) 


J-2x forx<0 
[2x + 3 forx>0 


Then,at x = 0 

(A) /has maximum value 

(B) /has minimum value 

(C) / has no extremum value 

(D) /is decreasing for x > 0 


24. If A > 0, B > 0 and A + B = k! 3, then the maximum 
value of tan A tan B is 


(A) 1 (B) 3/4 

(C) 4/3 (D) 1/3 


25. If x > 0, then the maximum value of log e xlx is 
(A) e (B) 1/e 

(C) 1 (D) 2/e 


ax + b 

y (x-l)(x-4) 

has extremum at (2, -1). Then, the maximum value 
of y is 

(A) 1 (B) 4 

(C) -2 (D) -1 

27. A line drawn through the point (1, 4) meets the 
positive coordinate axes. Then, the minimum value 
of the sum of the intercepts on the axes is 

(A) 9 (B) 8 

(C) 10 (D) 12 

28. The efficiency £ of a screw jack is given by 

„ tan# 

E =- 

tan(# + a) 

where a is constant. Then the maximum efficiency 
of the screw jack is 


(A) 

1 - sin a 

(B) 

1 - sin a 

1 + cos a 

1 + sin a 

(C) 

1 - cos a 

(D) 

1 - cos a 

1 + sin a 

1 + cosa 


29. An open tank with fixed volume is to be constructed 
on a square base. If the material to be used is mini¬ 
mum, then the edge of the square is 

(A) 2 times the depth 

(B) 3 times the depths 

(C) half of the depth 

(D) 2/3 times the depth 

30. The equation of the line through the point (3, 4) 
which forms a triangle of maximum area with posi¬ 
tive coordinate axes is 

(A) 4x + 3y - 24 = 0 (B) 2x + 3y-18 = 0 

(C) 3x + 4y - 25 = 0 (D) x + 3y-15 = 0 


31. The value of a for which the difference of the roots 
of the equation ax 1 +(a- l)x + 2 = 0 (a * 0) is mini¬ 
mum is 


(A) 5 (B) 1/5 

(C) 4 (D) 1/4 


32. 


sinx + log„(l-x) 

hm- ^ -- 

*-»o x 1 


(A) -1/2 
(C) 1/2 


(B) 1 
(D) -1 


26. The function 


33. The radius of a right circular cylinder is increasing at the 
rate of 2 cm/sec whereas its height is decreasing at the 
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rate 3 cm/sec. When the radius is 3 cm and height is 5 
cm, the volume of the cylinder would change at the rate 
of 

(A) 87;r cubic cm/sec (B) 27^ cubic cm/sec 

(C) 33;r cubic cm/sec (D) 15/r cubic cm/sec 

34. Which one of the following statements is true? 

(A) f(x) = (1 - x 2/3 ) 3/2 is not differentiable at x = 0, 
but has maximum at x = 0 

(B) x 2/3 is not differentiable atx = 0, but has maximum 
at x = 0 

(C) x 3 is differentiable at x = 0 and has maximum at 
x = 0 

(D) x 1/3 is not differentiable at x = 0, but has local 
extremum value at x = 0 

35. H is the height of a right circular cylinder of great¬ 
est lateral surface area that can inscribed in a given 
sphere of radius of R. Then 

(A) H=2R (B) H = Rj 2 

(C) H = Rj3 (D) // = — 


(A) H = — (B) H = 2s[2R 

O D D 

<C) (D) ""VJ 

37. Let P(a, 0) be a point on the positive x-axis. Then the 
abscissa of the point on the curve y 2 * = 2px which is 
closest to P is 

(A) a-p (B) a-(pl2) 

(C) a+(pl2) (D) a+p 

38. IfP(l)=0and P'(x)> P(x) for all x > 1, then 

(A) P(x) > 0 V x > 0 (B) P(x) > 0 for x e (0,1) 

(C) P(x) > 0 for all x > 1 (D) P(x) < 0 for all x < 1 

[Hint: Consider h{x) = e x P{x) and show that h is 
increasing for x > 1.] 

(IIT-JEE 2003) 

/ tan(;w:/2) 

(B) 1 
(D) sfe 


39. limltan — 


X->1\ 

(A) e 
(C) 1/e 


36. H is the height of a right circular cylinder of greatest 
volume that can be inscribed in a sphere of radius R. 
Then 


40. lim x 2!x = 

(A) 0 
(C) e 2 


(B) 1 
(D) e 


Multiple Correct Choice Type Questions 

1. Which of the following are true? 

(A) In the interval [0, 2k\, the function/(x) = 2 sinx 
+ cos2x is maximum at x = 7r/6, 5^/6 and mini¬ 
mum at x = n! 2,3^/2 

(B) The function /(x) = x 6 has minimum value at x = 0 

(C) The function /(x) = (x -1) 3 is neither maximum 
nor minimum at x = 1 

(D) The function /(x) = x 3 - 3x + 3 has greatest value 
at x = -3 

2 . h and r are the height and the radius of the base of 

right circular cylinder of constant volume V with 

minimum total surface area. Then 

(A) r = \!V / 2k (B) r = l]V 12 k 

(C) h = 2r (D) h = 3r 

_ 2 

3. Let f(x) = e x (this curve is called Gaussian curve). 

Then 

(A) /(x) increases for x < 0 


(B) /(x) decreases for x > 0 

(C) /(x) is maximum at x = 0 

(D) Thepoints (±1/V2, e _1/2 ) are points of inflexion 

_ 2 

of the curve y = e x 

4. Let /(x) = x 4 - 4x 3 + 6x 2 - 4x + 1. Then 

(A) /increases for x > 1 

(B) /decreases for x < 1 

(C) / has minimum at x = 1 

(D) / has maximum at x = 1 

5. Let /(x) = sinx + ax + b. Then 

(A) / has critical points if -1 < a < 1 

(B) /is increasing for a > 1 

(C) /is decreasing if a < -1 

(D) /is neither increasing nor decreasing for any 
value of a 
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6. Let/(x) = (4 a - 3)(x + log 5) + {a - 7) sinx.Then/(x) 
has 

(A) critical points, if -4/3 <a< 2 

(B) no critical points if a < -4/3 

(C) critical points if a > 2 

(D) If /(x) has critical points and a = -4/3, then 
cos x = -1 


7. The function 

= 0 
X 

is monotonically decreasing in 

(A) (0,1) (B) (l.oo) 

(C) (0,2) (D) (2,°°) 

8. If the curves y = x 2 + ax + b and y = cx-x 2 touch each 
other at the point (1,0), then 

(A) a + b = 2 (B) a + c = -2 

(C) a + b + c = 0 (D) b-c=l 

9. The abscissa of a point on the curve (a + x) 2 = xy, the 
normal at which cuts of numerically equal intercepts 
on the axes of the coordinates is 

(A) -y/2a (B) V2fl 

(C) -a/V2 (D) fl/V2 

10. Which of the following inequalities are true? 

(A) tanx>x + ^- ifxe^0,^j 

(B) e x >l+x for all real x 

(C) e x < ex for x > 1 

3 3 

(D) x —- <Tan~ 1 x<x-— forO<x<l 

3 6 


11. Which of the following are true? 

(A) The function /(x) = x 5 + 2x 3 + x increases every¬ 
where 

(B) The function g(x) = x 3 + 2x 2 - 5 increases in (-»,») 

(C) The function h(x) = 2x/log x decreases in (0,1) 
u (1, e ) and increases in (e, + °°) 

(D) The function <j> (*) = x 3 - ax increases on the 
entire line if a < 0 


1 2. The function /(x) = x(x + l ) 3 (x - 3 ) 2 has 

(A) no extremum value at x = -1 

(B) local minimum at x = — (3 _ 

(C) local maximum at x = i (3 + Jyj) 

(D) local minimum at x = 3 


13. Which of the following are true? 
(A) The function 


/(*) = 


. n 
x sin —, 
x 

0 , 


x A 0 


x = 0 


vanishes at infinite number of values of x in ( 0 , 1 ) 

(B) If a< /?, then Tam 1 [i- Tam 1 a< [i- a 

(C) The value of c in the Cauchy’s mean value 
theorem for the quotient 

x 2 - 2x + 3 
x 3 -7x z +20x-5 


on the interval [ 1 ,4] is 2 

(D) lim[log ( ,(l + sin 2 x)cot 2 log e (l + x)] is equal 

x —» 0 

to 1 


Matrix-Match Type Questions 

In each of the following questions, statements are given 
in two columns, which have to be matched. The state¬ 
ments in column I are labeled as (A), (B), (C) and (D), 
while those in column II are labeled as (p), (q), (r), (s) 
and (t). Any given statement in column I can have cor¬ 
rect matching with one or more statements in column II. 
The appropriate bubbles corresponding to the answers 
to these questions have to be darkened as illustrated in 
the following example. 

Example: If the correct matches are (A) —> (p), (s), 

(B) (q), (s), (t), (C) (r), (D) (r), (t), that is if the 


matches are (A) —> (p) and (s); (B) —> (q), (s) and (t); 

(C) —> (r); and (D) —> (r), (t) then the correct darkening 
of bubbles will look as follows: 


p q r s t 


m 

WHl 

O 

O 

m 

O 

O 

1 

O 

j/f 

1 

O 

O 

c 

O 

O 

O 

O 

c 

O 

1 
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1. Match the items of Column I to those of Column II 


3. Match the items of Column I with those of Column II 


Column I 


Column II Column I 


Column II 


tion 10x° - 24x + 15x 4 + 40x 2 +108 
is 

(B) The number of local maxima of /(x) 

= x + sin x is 

(C) The minimum value of 

/(x) = x 8 + x 6 - x 4 - 2x 3 - x 2 - 2x + 9 
is 

(D) Let P(4, -4) and Q(9, 6) be two 
points on the curve y 2 = 4x. R(x, y) is 
a point on the curve lying between 
the points P and Q. If the area of 

A RPQ is largest, then the value of 
2 y - 4x is 


(p) 

1 

(A) 

(q) 

2 




(B) 

(r) 

5 


(s) 

0 

(C) 



(D) 


ous on (l,u) and /'(2) = 
Then the value of a is 


/(«)-/(!) 

a — 1 


2. Match the items of Column I with those of Column II 

Column I 

Column II 

(A) For the curve y = x n (n is a positive 

(P) 4 

integer) a normal is drawn at the 


point (h, h") which intersects the y- 


axis at (0, k). If lim k = 1/2, then 




the value of n is 

(q) 7 

(B) Suppose /is differentiable for all 

real x and /'(x) < 2 for all x. If 


/(l) = 2 and /(4) = 8, then /(2) is 


equal to 


(Hint: Use Lagrange’s mean 

(r) 2 

value theorem for/(x) on [1,2] 

and [2,4]) 


(C) The number of points on the 


X 

curve y =-- at which the 

1-x 2 

(s) 3 

slope is 1 is 


(D) The minimum value of the func- 


x 2 - 3x + 2 . 

tion —- is 

x~ + 2x +1 

(t) -1/24 


the Lagrange’s mean value theorem, 
for /(x) = x + ~Jx on the interval 
[1,4] is 

If P( h , k) is the point on the curve (r) 3 
y = 4x - x 2 which is nearest to the 
point <2(2,4), then k- his equal to 

/is continuous on [a, b], differen¬ 
tiable in (a, b). If f{d) = a and f(b)= ( s ) 4 

b, then there exist c 1 and c 2 in ( a,b) 
such that f'(c l ) + f'(c 2 ) is equal to 

(Hint: Take c = ° + ^ and use 


LMVT on [a, c\ and [ c, b\) 


(t) 9/4 


4. Consider the function/(x) = 2sin (2sinx) + 2cos 2 x for 0 < 
x < 2 n. Match the items of Column I with those of 
Column II. 


Column I 

Column II 

(A) 

The number of critical values of/is 

(P) 

4 

(B) 

/is maximum at x is equal to 

(q) 

7t/6, 5tt/6 

(C) 

/is minimum at x is equal to 

(r) 

nil, 3nl2 

(D) 

The sum of the greatest and least 

(s) 

1 


value of/on [0,2 n\ is 

(t) 

5/2 


Comprehension-Type Questions 

1. Passage: The greatest or least values of a function 
/(x) on an interval [a, b] may be attained either at a 
critical point of /or at the end points of the interval. 
Answer the following three questions. 


(i) The greatest value of /(x) = 2x 3 - 3x 2 - 12x +1 
on the interval [-2,5/2] is 

(A) 10 (B) 5 

(C) 1 (D) 8 
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(H) The least value of the function sinx sin2x on M 


IS 


(A) 3V3 

(B) - 

(C) 3S 

(D) 0 


(Hint: Since sin 2x is even and is of least period 
2 k, it is enough to consider [0, tt\) 

(iii) The sum of the least and greatest values of 


(iii) The function y = f{x) is parametrically repre¬ 
sented by the equations 

x = t 5 +5t 3 -30f+7 

y = At 3 -3t 2 -18f + 3 

where \t\ < 2. Then y =f(x ) has maximum value 
14 at x equals 

(A) 21 (B) 11 

(C) 31 (D) -21 


f(x) 


1-x + x 2 
1+x-x 2 


on [0,1] is 
(A) 1 
(C) 8/5 


(B) 3/5 
(D) 2/5 


4. Consider the function / : R. R defined by 

,, . x“-ax + l 

f( x ) = - - 7 

x + ax +1 

where 0 < a < 2. Answer the following two ques¬ 
tions. 


2 . 


Passage: The perpendicular distance of a straight 
line ax + by + c = 0 from a point (jc yf) in the xy- 
\ax x + by i + c | 


plane is given to be 
lowing two questions. 


yfa 2 


Answer the fol- 


+ b 2 


(i) If OT and ON ( O is the origin) are the perpen¬ 
diculars drawn from O onto the tangent and 
normal to the curves x = a sin 3 f and y = a cos 3 f, 
then 40T 2 + ON 2 is equal to 

(A) V2 a 2 (B) 2a 2 

(C) a 2 (D) V3u 2 

(ii) P is a point on the curve 2x = a(3 cos&= cos 39) 

2y =a (3 sin#= sin 30). If p is the length of the 
perpendicular from the origin O onto the tan¬ 
gent at P to the curve, then 3 p 1 + 4 a 1 is equal to 
(A) 3OP 2 (B) 20P 1 

(C) 4 OP 2 (D) OP 2 


(i) Which of the following is true? 

(A) (2 + a) 2 /"(l) + (2 - a) 2 /"(-l) = 0 

(B) (2-a) z /"(l)-(2 + a) 2 /"(-l) = 0 

(C) /'(l)/'(-l) = (2-a) 2 

(D) /'(l)A-l)=(2 + a) 2 

(ii) Which of the following is true? 

(A) /(x) is decreasing on (-1,1) and has a local 
minimum at x = 1 

(B) /(x) is increasing on (-1,1) and has local 
maximum at x = 1 

(C) f{x) is increasing on (-1,1) and has no 
local extremum at x = 1 

(D) f{x) is decreasing on (-1,1) and has no 
local extremum at x = 1 

(IIT-JEE 2008) 


3. Passage: Using the first derivative test for a function 
to determine extrema, answer the following ques¬ 
tions. 

(i) The minimum value of 

f( x ) - __ 

3x 4 + 8x 3 - 18x 2 + 60 

is 

(A) 5/6 (B) -2/3 

(C) 50/53 (D) 1 

2 

(H) The minimum value of the function e x -1 is 
(A) 1 (B) 0 (C) -1 (D) e - 1 


5. Passage: If / : E —> R is continuous and assuming 
positive and negative values, then /(x) = 0 has a root 
in R. For example, if /is continuous and positive at 
some point and its minimum value is negative, then 
fix) = 0 has a real root. Now consider the function 
fix) = ke* - x for all real x and A; is a real constant. 
Answer the following questions. 

(i) The line y = x meets y = ke x for k < 0 at 

(A) no point (B) one point 

(C) two points (D) more than two points 

(ii) The positive value of k for which ke x -x = 0 has 
only one root is 

(A) He 
(C) e 


(B) 1 
(D) lo gf 2 
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Exercises 


(iii) For k > 0, the set of all positive values of k for 
which ke x -x = 0 has two distinct roots is 


(A) 





(D) (0,1) 

(IIT-JEE 2007) 


Assertion-Reasoning Type Questions 

In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 

(A) Both Statements I and II are true and Statement II 
is a correct explanation for Statement I. 

(B) Both Statements I and II are true but Statement II 
is not a correct explanation for Statement I. 

(C) Statement I is true and Statement II is false. 

(D) Statement I is false and Statement II is true. 

1. Statement I: The function f(x) = 2- (x- 1) 2/3 attains 
maximum value 2 at x = 1. 

Statement II: If /' does not exist at a point x 0 but 
/' exists in a neighbourhood of x Q and changes its 
sign at x 0 , then x jj is a point of local extremum. 

2. Statement I: On the interval [0, tt/ 2], the maximum 
value of sin a- is 1. 

Statement II: sinx is strictly increasing on [0, n!2\. 

_ ... x + sinx . 

3. Statement I: lrm -= 1 

x X 

Statement II: If lim /(x) = °°= lim g(x) and 

X —> oo x —» °° 

f'(x') 

lim ; - exists (finitely or infinitely), then 

*->~g'(*) 


lim 

X —> oo 


/(*) 

kW 


lim 


rw 

S\x) 


4. Statement I: Both sinx and cosx are decreasing 
functions on (k/2, k). 

Statement II: If /is decreasing on (a, b), then its 
derivative also decreasing on (a, b). 

[Hint: Derivative of cosx increases in (kI2,k)\ 

5. Consider /(x) = 2 + cosx, x e R. 

Statement I: For each real f, there is a point c e 
[t, t + 7r\ such that f'(c ) = 0 . 

Statement II: For each real t,f(t ) = f(t + 2 k). 


6. Statement I: The function 


/(*) = 


2 - x 2 1 2 + sin — 


if x ^ 0 


if x = 0 


has local maximum at x = 0. 


Statement II: If /(x) continuous on (a, b ) and has a 
local maximum at the point c e (a, b ), then in a suf¬ 
ficiently small neighbourhood of c, /(x) increases 
for x < c and decreases for x > c. 


Note: Statement II is wrong according to the func¬ 
tion given in Statement 1. 


Integer Answer Type Questions 

The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2,4,6 are to be darkened. 
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e ax _ e - 2ax 

1. If lim-= ka , then the value of k is 

*^olog e (l + x) 


2. The maximum value of the function f(x) = 2x 3 - 
15x 2 +36x-48 on the set A = [x |x 2 + 20 < 9x|| is 

[Hint: A = [4,5]] 

3. If the tangents to the curve y = x 2 - 5x + 6 drawn 
at the points P(x v vj and Q(x 2 , y 2 ) pass through 
the point M( 1,1), then x + x 2 + y + y 2 is equal to 


4. The area of the triangle bounded by the coordinate 

axes and the tangent to the curve y = x/(2x -1) at the 
point with abscissa x 1 = 1 is_. 

5. If the interval [a, b\ is the image of the interval 

[—1,3] under the mapping (function) /(x) = 4x 3 - 1 2x 
then \bla\ is equal to_. 

6. The greatest value of f(x) = \x 2 -5x + 6| on the in¬ 
terval [0,2.4] is_. 

7. The greatest value of the function /(x) = ^/x(10-x) 

is_. 


8 . If the Lagrange’s mean value theorem is applicable 
for 


3 for x = 0 


/(*) =' 


o 

-x + 3x + a 
mx + b 


for 0 < x < 1 
for 1 < x < 2 


on the interval [0, 2], then the value of a + b + m 
is_. 


9. If f, g and h are continuous on [a, b] and differen¬ 
tiable in (a, b ), then there exists Be {a, b) such that 

f{a) f{b) f\B) 

the value of the determinant 


g(a) g( b ) g'(0) 

h{a) h(b) h\0) 


IS 


10. Let / : JR —> M be twice differentiable function such 
that / (a) = 0, /(b) = 2,/(c) = - 1 , f(d ) = 2, /'(e) = 0 
where a <b < c < d < e. Then the minimum number 
of zeros of the function 

g(x) = [/'(x)] 2 +/(x)/"(x) 

in the interval [a, e] is_. 

[Hint: First note that g(x) = — (/(x)/'(x)).Use 

dx 

Rolle’s theorem and Intermediate value theorem for 
continuous functions.] 


ANSWERS 


Single Correct Choice Type Questions 


1. (D) 

19. (B) 

2. (A) 

20. (A) 

3. (B) 

21. (C) 

4. (C) 

22. (D) 

5. (D) 

23. (B) 

6. (C) 

24. (D) 

7. (A) 

25. (B) 

8. (B) 

26. (D) 

9. (A) 

27. (A) 

10. (C) 

28. (B) 

11. (A) 

29. (A) 

12. (B) 

30. (A) 

13. (A) 

31. (B) 

14. (C) 

32. (A) 

15. (D) 

33. (C) 

16. (B) 

34. (A) 

17. (A) 

35. (B) 

18. (C) 

36. (C) 
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37. (A) 

38. (C) 

39. (C) 

40. (B) 


Multiple Correct Choice Type Questions 

1. (A), (B), (C) 

2. (B), (C) 

3. (A), (B), (C), (D) 

4. (A), (B), (C) 

5. (A), (B), (C) 

6. (A), (B), (D) 

7. (A), (D) 

8. (B), (C), (D) 

9. (C), (D) 

10. (A), (B), (D) 

11. (A), (B), (C), (D) 

12. (A), (B), (C), (D) 

13. (A), (B), (C), (D) 


Matrix-Match Type Questions 

1- (A) -> (P); (B) -> (s); (C) -> (r); (D) -> (p) 

2. (A) -> (r); (B) (p); (C) -> (s); (D) -> (t) 

3. (A) -> (r); (B) -> (q); (C) -4 (q); (D) (q) 

4. (A) -> (p); (B) -> (q); (C) —> (r); (D) (t) 


Comprehension Type Questions 

1. (i) (D); (ii) (B); (iii) (C) 

2. (i) (C); (ii) (C) 

3. (i) (B); (ii) (B); (iii) (C) 

4. (i) (A); (ii) (A) 

5. (i) (B); (ii) (A); (iii) (A) 


Assertion-Reasoning Type Questions 

1. (A) 

2. (A) 

3. (B) 

4. (C) 

5. (B) 

6 . (C) 


Integer Answer Type Questions 

1. 3 

2. 7 

3. 8 

4. 2 

5. 9 

6 . 6 

7. 5 

8 . 8 
9. 0 

10 . 6 




Indefinite Integral 




Contents 

4.1 Introduction 

4.2 Examples on Direct 
Integration Using 
Standard Integrals 

4.3 Integration by 
Substitution 

4.4 Integration by Parts 

4.5 Fundamental Classes 
of Integrable 
Functions 

Worked-Out Problems 

Exercises 

Answers 


Indefinite integration, also 
known as antidifferentia¬ 
tion, is the reversing of the 
process of differentiation. 
Given a function/, one finds 
a function F such that F' -f. 
Finding an antiderivative is 
an important process in cal¬ 
culus. It is used as a method 
to obtain the area under a 
curve and to obtain many 
physical and electrical equa¬ 
tions that scientists and 
engineers use everyday. 
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Chapter 4 I Indefinite Integral 


4.1 Introduction 

After carefully studying Chapter 3 on differentiation, a natural question that arises is: Given a function on an internal 
/, can we find a function g defined on I such that the derivative of g is /? That is, is there a function g such that g' =f 
on I. In most of the cases, the answer is yes. In general, the statement that “if /(x) is a function then there exists a func¬ 
tion g such that g' (x) = /(x)” is not true. For example, if /(x) is equal to a, b or c according as x is less than, equal to or 
greater than 0, then there is no function g such that g' (x) = f(x) unless a = b = c for which the reason is that/is discon¬ 
tinuous at 0. However, if/is a continuous function on an interval /, then there is always a function g such that g'=f on 
I (which will be proved in Chapter 5). The process of finding g such that g' = f is called integration. It is in this sense, 
we say that integration is the inverse process of differentiation. Let us begin with the following definition. 

DEFINITION 4.1 Antiderivative Suppose /is defined on an interval I of R. Then a F function defined on I is 
said to be an antiderivative or primitive of /if F is differentiable on I and F'(x) = f(x) Vie/. 


Examples 


1. Let /(x) = x on (0, 1). Take F(x) = x 2 l 2 Vie(0,1). 
Then F'(x) = x = f(x) Vie (0,1) so that F(x) = x 2 /2 
is a primitive of /(x) = x on (0,1). 

2. Let / and F be as in (i) and k be any constant. De¬ 
fine g(x) = F(x) + k Vx e (0,1). Then clearly g'(x) 
= F'(x) + 0 = /(x) V x e (0,1). Thus, g is also a primi¬ 
tive of /'on (0,1). 

3. Let /(x) = sin x, x e (0, n!7) and F(x) = -cos x on (0, 
K12). Then F'(x) = -(-sin x) = sin x = /(x) so that -cos 
v: is a primitive of sin x on (0, n!2). 


4. Let /(x) = cos x on (0, xl 2) and F(x) = sin x on 
(0, n!2) so that F' (x) = cos x = /(x) and hence sin x is 
a primitive of cos x on (0, n!2). 

5. Let F(x) = log g x on (0, °°) and /'(x) = 1/x on (0, °°) so 
that F' (x) = 1/x = /'(x) on (0, °°) and hence log x is a 
primitive of 1/x on (0, °°). 

6. Let /(x) = e x and F(x) = e I on M so that F' (x) = e x = 
/(x) and hence e x is a primitive of e x on R. 

7. Let / cz M be an interval and /(x) = 0 V x e /. Suppose 
F(x) = k (constant) for x e I. Now, F'(x) = 0 for all x e 
l implies that F(x) is primitive of /'(x) on I. 


Note: If/and Fare defined on I and F' (x) =/(x), then 

-j- (F(x) + k ) = F '( x ) = /(*) 

dx 

(where k is a constant) which shows that if F is a primitive of/on /, then F+ k is also a primitive of/'on I. Hence, if/ 
has a primitive then it has infinitely many primitives. 

In point (7) above we have proved that if F{x) = k (constant) on an interval, then F' (x) = 0 on I so that on the inter¬ 
val /, constant function is a primitive of zero function. The converse of this result is also true. This, we establish in the 
following theorem. 


Theorem 4.1 


A function F on an interval I is a primitive of the zero function on / if and only if F is a constant 
function on I. 


Proof 


Suppose F is a constant function say k on the interval I. Then F(x) = k V x e / so that 
F'(x) = 0 Vie/. Thus Fis a primitive of the zero function on /.Now, suppose Fis a primitive of 
the zero function on I. Then F'(x) = 0 V x e /. Suppose a,b e / and a < b so that [a, b] cz I. Then 
Fis differentiable and hence is continuous on [a, b]. Therefore by Lagrange’s mean value theo¬ 
rem, there exists c e (a, b) such that 


F(b) - F(a) 
b—a 


F'(c ) = 0 


Consequently, F(b) = F(a). This being true for every a, b e / it follows that F is a constant func¬ 
tion on I. ■ 


Note: In Theorem 4.1, if I is not an interval the result may not be true. For example, take I = (-1,0) u (0,1) and 
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J-1 for -1 < x < 0 
jl for 0 < x < 1 


so that F is not a constant function on 7, but F\x) - 0 for x e 7. 


Let / F and G be functions defined on an interval 7, and F and G be primitives of / on 7. Then F 
and G differ by a constant. That is, F - G is a constant function on 7. 

Write </>=F-G.Then 

0'( x) = F'(x ) - G'(x ) = f(x ) - f(x) = 0 V x e I 

Hence </> is a primitive of the zero function on 7. So by Theorem 4.1, 0 is a constant function, say 
k on 7. Then 

F(x) - G(x) = (j ) = k V xel ■ 

Note: From Corollary 4.1, we have the following: If F is a primitive of /on an interval 7, then \F + k\k e R} is the set 
of all primitives of/on 7. 

DEFINITION 4.2 Let/be defined on interval 7 and F be a primitive of/on 7. If k is any constant, then F+ k is called 
an indefinite integral of/on 7 and is denoted by J f(x) dx. The sign J is the integral sign and x is 
only a dummy variable. It can be replaced by any other variable or J /can also be used. Thus 

J7 = J /( t)dt = | f(x)dx = F{x) + k 

where k is any constant. In this case / is called the integrand, I/is the indefinite integral (or 
simply integral of/) and k is called the constant of integration. 


Corollary 4.1 

Proof 


Note: 

1. Here onwards constant of integration is denoted by “c” instead of k. 

2. By definition, J f(x) dx is differentiable and [j f(x)d*j = f(x) on I. 

3. If/is differentiable on 7, then J f\x)dx = f(x) + c. 

From the definition of integral of a function we can list out integrals of some known differentiable functions which are 
called standard integrals. We would list them in separate sections, so that the student can have a ready reference. Even 
though the following theorem is a consequence of the differentiation, for completeness sake, we state and prove it. 


Theorem 4.2 


Proof 


Suppose / and g are defined on an interval 7. 

(i) If/and g have integrals on 7, then /+ g also has integral on 7 and 

J (/ + g)dx = J f(x)dx + J g(x)dx + c 

(ii) If/has integral on 7 and a is any constant, then a f has integral on 7 and 

J af\x)dx = a J f\x)dx + c 

(i) Write F(x) = j f(x)dx and G(x) = j"g(x)dx. Then F'(x) =f(x) and G'(x) =g(x) so that 

{F + G)'(x) = F'(x) + G'(x) = f(x) + g{x) 

Hence, 

j (/ + g)(x)dx = (F + G)(x) + c 
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(ii) We have 


= F(x) + G(x) + c 
= J f(x)dx + J g(x)dx + c 

J(a/)W* = J(«F)'W* = aFW + c = a J f( x )d. 


x + c 


Note: 


1. If .... f have integrals on I and a v o^,.. ., a n are constants, then a { f\ + a 2 f,+ ■■■ + a n f n has integral on I and 

J («i ft + a 2 f 2 + ■ ■ ■ + aj n )dx = a l jf l (x)dx + a 2 J f 2 (x) + — + a n J f n (x)dx + c 

2. We have 

\f ~ g)(x)dx = J(/ + (~g)){x)dx 

= j f(x)dx + j(-g)(x)dx 

- J f( x )d x ~ J g( x )dx + c 


lx + c 


Theorem 4.3 
(Method of 
Substitution) 


Suppose I and./ are intervals, g: J —> I is differentiable and / : / —> R. has integral with primitive 
F. Then (/ °g)g' -J —> R has an integral and 

J ((/ 0 g) ■ g')( x )dx = J f(g(x))g'(x)dx = F(g(x)) + c 


Proof 


By hypothesis 


jf(t)dt = F(t) + c 


Now F : / —» K is differentiable, being a primitive of /, and g: J I is differentiable. Hence 
F o g : / —> M is differentiable and 

(Fo g y(x) = F'(g(x))g'(x) 

= f(g(x))g\x) [• -FXt) = m ] 

= (f°g)(x)g'(x) (4.1) 

Hence 

J (/ ° g)( x )g'( x )dx = J f(g(x))g'(x)dx 

= J (F ° g)'{x)dx [using Eq. (4.1)] 

= (F°g)(x) + c 

= F(g(x)) + c ■ 


Note: 


1. In practice, to evaluate J f{t)dt on /, we try to find a function g:J I and J ((/ o g ) ■ g')(x) dx on / which is nothing 
but J f(t)dt by taking t = g(x) Vx e J. That is why evaluating an integral using Theorem 4.3 is called the method 
of substitution. 

2. In practice, even though the constant of integration c is not written, we assume its presence. 


Some useful consequences of method of substitution, the method of Integration by Parts and various methods of 
integration are discussed appropriately in the following sections. Since this chapter is very important, in these sec¬ 
tions we will give examples in the form of “Single Correct Answer Type” for students to practice the questions sec¬ 
tion-wise. A consolidated section with more problems would be presented in the “Worked-Out Problems” section. 
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4.2 Examples on Direct Integration Using Standard Integrals 

In this section we will be solving examples based on direct integration using the standard integrals. These integrals and 
some important formulae are given below. 

Standard Integrals 


A.l 

A.2 

A.3 

A.4 

A.5 

A.6 

A.7 

A.8 

A.9 

A. 10 
A.ll 
A. 12 


\x n dx = — - + c (n&— 1) 

J n + 1 V ' 

\ — dx = lo g e |x| +c 

J x 

f a x 

\a x dx =- he (a>0) 

J loe. a 


log e a 
J e x dx = e x + c 
J sin xdx = - cos x + c 
J cos xdx = sin x + c 
J sec 2 xdx = tanx + c 
J cosec 2 x = - cot x + c 

I 

I- - 

J x +a a a 

J sinh x dx = cosh x + c 

J cosh x dx = sinh x + c 


dx 


\lci 2 


= Sin 1 — + c = -Cos 1 — + c (a > 0) 


a 


dx 1 _ i x 1 _ _i x , 

2 -- = — Tan - + c = —^.ot (u>0) 


a 


a 


£ — £ C’ + c 

In A.ll and A.12, sinhx =- and coshx =- 


A. 13 


dx 


Jx^c 




Cosh 1 — + c 


if a < x < oo 


-Cosh 2 | —— l + c il-°°<x<-a 


■ = log(x + yjx 2 -a 2 ) + c on any interval contained in (-°°, -a) 


u (-a, a) u (a, oo) 


A.14 

A. 15 

A. 16 
A. 17 
A. 18 
A. 19 


dx 




- = Sinh 1 — + c = log c (x + V* 2 +a 2 ) +1 


dx 1 , 

= ^l°g e 


x -a 
dx 

a 2 -x 2 2a 


a 

x-a 


= ^ lo g 


x + a 
x + a' 


+ c 


x — a\ 


I 
I 

J (/i ( x ) ± fi ( x )) dx = J /i ( x ) dx ± J fi ( x ) dx + c 

J dx = A:J f{x)dx where k is a real constant 

J f(ax + b)dx = — F{ax + b ) where J f(t)dt = F(t) + 
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Note: A.19 gives you that in all the other formulae A.l — A.18 if x is replaced by px + q on the left-hand side then you 
have to divide the right-hand side by p, that is, the coefficient of x. 


Example 


4.1 


If 


f,. 3 , 2 o ,u 4 3 2 (4 * 3 -5 * 2 + 2x+l)dx= 4 

(4* -5* +2x+l)dx = x -ax +x+x + c J v ' 


f 4 \ 


V 4 J 


( 


-5 


V 3 / 


f 2 V 


+ 2 


v 2 y 


+ x + c 


then a is equal to 

(A) f (B, | (C) -f (D, -f 


4^3 2 

= x —X +X +X + C 

3 


Therefore 


f x n +1 

Solution: Since x n dx = -he (n ^-1), we have 

4 n + 1 


a = ■ 


Answer: (A) 


/Vote: Here, the single constant c is the sum of all the arbitrary constants arising in the individual integrals. 


Example 


If 


c 2 +5x-l 


yfx 


dx = ax 512 + bx 3/2 + cy/x + k 


then a + b + c is equal to 


(A) “ (B) “ 

V ' 15 V 15 


Solution: We have 

2 +5x-1 


(C) 2 (D) ~ 


f X + * - dx= f(* 3/2 + 5* 1/2 -x 1/2 )dx 

4 dx 4 


x (3/2)+l x (l/2)+l x -(l/2)+l 

- + 5- + k 


(3/2)+ 1 (1/2)+ 1 -(1/2)+ 1 

= 2^5/2 A 3 / 2 -2*1/2+£ 

5 3 


Therefore 


, 2 10 , 6 + 50-30 26 

ci + b + c — —I-z —-— — 

53 15 15 


Answer: (B) 


Example 


If 


x + - 


\fx ) 


dx = -+ (log e |*|)" 2 + —*" 3 + — x " 4 +c 


then n l +n 2 + n 3 + n 4 equals 
(A) 5 (B) 6 

Solution: We have 


(C) 4 (D) - 


x +- 


1 

\[xj 


dx= || * H-h 3x 1/3 + 3x 1/3 | dx 

x 


1 2 , , , * 4/3 „ * 2/3 

= — * + log„ m + 3-h 3-+ c 

2 &el 1 4/3 2/3 


1 2 i | | 9 4/3 9 2/3 

= -X + log ( , \x\ + — X +—X +C 

2 6 4 2 


Therefore 


„ „ 4 2 r 

«i + n 2 + n 3 + 7I 4 = 2 +1 + — + — = 5 


Answer: (A) 
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4.2 I Examples on Direct Integration Using Standard Integrals 


Example 


J^3x 1/3 + ^ x 1/2 + x 5/4 jt/x is equal to 

(A ) -x 2 / 3 +-V^+-* 9/4 +c 

v 2 2 9 

(B) ^x 2/3 + 77 + -x 9/4 +c 

v 2 4 

9 v-2/3 1 /7T , 4 9/4 

(L.) —X H-VX H-X +C 

4 2 9 

(D) 9 x 2/3 +^ + -x 9/4 + c 
v 2 2 9 


Solution: We have 
Jf 3x -1/3 + \x~ m + x 5/4 }dx = 3- X 


-(t / 3 ) +i 1 x -(m)+i 

+ -• ' 


+ - 


-(1/3)+ 1 2 -(1/2)+ 1 
x ( 5/4) +! 

(5/4) +1" 


- + c 


9 2/3 1/2 4 9/4 

= —x + x +-x +c 

2 9 

Answer: (D) 


Example 


J^sin^- + cos^j dx is equal to 

(A) 1 + sin x + c 
(C) x + cos x + c 


(B) x-cos x+c 
(D) 1-cosx + c 


Example 


3 sin — - 4 sin — | dx is equal to 


(A) cos x + c 
(C) -cos x + c 


(B) sin x + c 
(D) -sin x + c 


Solution: We have 


c( . x x \ , Cl . o x 2 x ~ ■ x _ jc , , 

J I sin- + cos— | dx= 11 sin —+ cos — + 2sm — cos2— \dx 


2 2 
j*(l+sinx) dx 


= x — cos x + c 


Answer: (B) 


Solution: We have 


J* f 3 sin — -4sin 3 — \dx = J* sin 3f — | dx 


3 ) J \ 3 
= J sin xdx 
= - cos x + c 


Answer: (C) 


Example 


J (cosh 2 x - sinh 2 x) 2 dx equals 

(A) ^-sinh2x + c (B) ^-cosh2 x + c 

(C) -7cosh2 x + c (D) x + c 


Solution: We have 

) 2 dx = J 


J (cosh 2 x-sinh 2 x 


f 

( x , 

2 

( * 


2A 


e +e 


e 

-e 



2 



2 



y j 


V 

9 

7 


dx 


= Jl 2 dx [•.• (a + b) 2 — (a- b) 1 = 4ab\ 


= x + c 


Example 


Answer: (D) 


— + —j= + 2 
x xvx 


dx equals 


, \ 1 8 , x 1 8 

(A)- += + 2x + c (B j-+ x + c 

X y/x x six 
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18 18 

(C)- i= + 2x + c (D) —i— ~r= — 2x + c 

x sjx x six 


Solution: We have 


1 4 

— + l= + 2 

X Xs/x 


dx = j(x 2 + 4x 3/2 + 2) dx 


- 2+1 


-3/2+1 


- + 4- 


—2 + 1 -(3/2)+ 1 

1 8 


- + 2 x + c 


4~x 


+ 2 x + c 


Answer: (C) 


Example I 


x +- 


lx 


dx is equal to 


(A ) £l + I JC 8/3 +3je l/3 +c 

V 5 4 

(B) ^ + V 3 +2jc 1/3 +c 

V 5 2 

(C) —— + — x^/ 3 + 3x^ 3 + c 

y ’ 5 8 

(D) — + — x 813 + 3x 1/3 + c 

y 2 5 4 


Solution: We have 


\ 2 


J^jr 2 + jj= dx = J(x 4 + 2 x 5/3 +x 2/3 ) dx 


x 

= — + 2 - 
5 


x (5/3)+l x -(2/3)+l 

-+--+ C 


(5/3)+ 1 -(2/3)+ 1 


= ^ + V 3 +3* 1/3 +c 

5 4 


Answer: (D) 


Example 


dx 


" si X + 1 — sj~X 

where 


(A) a + b = - 
(C) a-b = | 


; equal to a {x + 1) sjx + l + bxsfx + c 


(B, | = 1 
(D) a + b = ^ 


Solution: We have 


I" , - dx = f (sjx + l + sfx ) dx 

J Jr + 1 -.A j 


Vx+i - Vx 


Therefore 


(x + 1) 1 


(1/2)+1 ^.(1/2)+1 

+ 2 -+ C 


( 1 / 2 )+ 1 ( 1 / 2)+1 

2 (x + 1) 3/2 + 2^3/2 +c 

3 3 


a _ 2/3 
b~2/3 


= 1 


Answer: (B) 


Example 


If 


3x 2 -2x + l^ 


sfx 


dx = ksfx ( 9x 2 - lOx +15) + c 


then k equals 


2 13 15 2 

(A) j, (B) y (O — (D) - 


Solution: We have 


3jc 2 -2jc + 1 A 


•v/jc 


dx = J (3jc 3/2 - 2jc 1/2 + ;T 1/2 ) dx 


= ^x 512 --x 3I2 +2x 1,2 +c 
5 3 

= Y^sfx(9x 2 -10x + 15) + c 


Answer: (D) 
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4.2 I Examples on Direct Integration Using Standard Integrals 


Example 


If J 

cosx cos2x dx = 

a sin x + b sin 3x + < 

(A) 

, 1 
a = b= — 

2 

(B) a = b = 

(C) 

, 1 
a + b = — 

2 

(D) f-3 


Example 


Solution: We have 


f ~ , fcosx + cos3x 

J cos x cos 2x ax = J - ax 


ir. i . . 

= — smx + — sm3x 
2 3 


+ c 


Therefore a = 1/2, b = 1/6 so that 


— = 3 
b 


Answer: (D) 


f 111 

If cosx cos2x cos5x dx = — sin2x + —sin4x+ -sin6x + 
J a b c 

— sin8x + k, then a, b, c, d are in 
d 

(A) AP (B) GP (C) HP (D) ac = bd 

Solution: We have 

J cos x cos 2x cos 5x dx = J — (cos x + cos 3x) cos 5 x dx 


= — f cos x cos 5 xdx + — f cos 3x cos 5 xdx 

2 J 2 J 


r 1 1 r 1 

J — (cos4.y + cos6x)Jx + —J — (cos2x + cos8x)rf. 


2 J 2 
1 


= — J (cos 2x + cos 4x + cos 6x + cos 8x) dx 

iri . „ i . , i . , i . 0 

= — - sin 2x + - sin 4x + - sin 6x + - sin 8x 
4 2 4 6 8 


Therefore 

a = 8, b = 16, c = 24, d = 32 
So a, b, c, d are in AP. 


+ k 


Anwser: (A) 


Example 


cos8x-cos7x 
1+ 2cos5x 


dx is equal to 


(A) — cos3x + — cos2x + c 

3 2 

(B) —sin3x-—sin2x + c 

3 2 

(C) —cos3x-—cos2x + c 

3 2 

(D) — sin3x + — sin2x + c 

3 2 


Solution: We have 

r(cos8x-cos7x) 
J l + 2cos5x 


, f (cos8x-cos7x)sin5x , 

dx = - - i - dx 

J sin 5x + sin lOx 


_ . 15x . x . _ 

2 sin-sin — sin 5x 

2 2 

_ . 15x 5x 

2sm-cos — 

2 2 


dx 


. xI _ . 5x 5x 
sin- 2sin — cos — 


cos 


5x 


dx 


—J* ^ 2 sin ^ sin ^ j dx 

- - J (cos 2x - cos 3x) dx 

- J (cos 3x - cos 2x) dx 


l-o 1 • „ 

— sm3x—sm2x + c 
3 2 


Answer: (B) 




















358 


Chapter 4 I Indefinite Integral 


Example 


If J (sec x + tan x) 2 dx = 2 tan x + /(x) + c, then/(x) is equal 
to 

(A) 2secx-x (B) x-2secx 

(C) 2secx + x (D) x + 2secx 

Solution: We have 

J (secx + tanx) 2 r/x = J (sec 2 x + 2secxtanx + tan 2 x)dx 


= J (2 sec 2 x -1 + 2 sec x tan x) dx 
= 2tanx-x + 2sec x + c Jsecxtanxdx = secx + c 

Therefore 

/(x) = 2 sec x - x 

Answer: (A) 


Example 


4.16 


Jsec 2 xcosec 2 xdx equals 

(A) sec x + cosec x + c 

(B) sec x - cosec x + c 

(C) tan x - cot x + c 

(D) tan x + cot x + c 


Example 


4.17 


r x 2 + cos 2 x , . 

-r--— dx is equal to 

J (l + x 2 )shr x 

(A) Tan _1 x + cot x + c (B) Tan _1 x - cot x + c 

(C) Cot _1 x - tan x + c (D) -Tan _1 x - cot x + c 

Solution: We have 

r x 2 + cos 2 x , f x 2 +1 - sin 2 x , 

- 7 -?— “ x = -9- 7 — ax 

J (l + x‘)sin x J (l+x")sin"x 


Solution: We have 

sec 2 x cosec 2 x dx = 


dx 


sin 2 xcos 2 x 
sin 2 x + cos 2 x ^ 


sin" x cos x 


=1 

= J (sec 2 x + cosec 2 x) dx 


= tan x - cot x + c 


Answer: (C) 


sin 2 x 1 + x 2 


dx 


dx 


= cosec 2 x- - T 

J Jl + x 2 

= - cot x - Tan -1 x + c 


Answer: (D) 


Example 


2 X - 5* 


(A) 


(C) 


10 * 
2 ~ 


dx is equal to 

c-x 


log e 2 log e 5 


+ c (B) 


2 X 5 X 

- + ^- + c (D) 


log e 2 log,, 5 


2 X 5 X 

-b C 

log, 2 log, 5 

5“ x 2~ x 

- + c 

log, 5 log, 2 


Solution: We have 






-+ c (see A.3) 

log, a 


-5“ x 2~ x 

-+- + c 

log, 5 log, 2 


dx 


Answer: (A) 













































4.2 I Examples on Direct Integration Using Standard Integrals 


Example 


If | — + ^„ dx = f(x) --—i- c, then f(x) is equal to 


- (x + 2) 2 

( A ) log, (x + 2) 

(C) logJx + l| 

Solution: We have 


x + 2 


Example 


(B) logJx + 2| 
(D) x + 2 


x+3 f x + 2 + 1 

dx = J-— dx 


(x + 2 Y 


(x + 2) 

1 

x + 2 (x + 2) 2 


1 


dx 


= log e |x + 2|- — + c 

x + 2 


Therefore,/(x) = log^ |x + 2|. 


Answer: (B) 


dx 


J \jax + b /ax + c 3 k 
where k is equal to 
(A) a(b - c ) 

(C) b(c-a) 


= — [(ax + bf 2 + (ax + c) m ] + C 


(B) a(c-b) 
(D) b(a - c) 


Solution: We have 
r dx r ~Jax+b + Jax + c 


yjax + b-^jax + c J (ax + b) - (ax + c) 
1 


dx 


b-c 


J[(ax+h) 1/2 + (ax + c) 1/2 ] dx 


b-i 


(ax + b) (m ^ + (ax + cf n ^ 


- + 1 \ Cl 


- + 1 \ Cl 


+ C 


3 a (b-c) 


[(ax + b) 312 + (ax + c) 3/2 j + C 


Therefore 


k = a(b - c) 


Answer: (A) 


Example 

r dx 
* x + 2x + 3 

(A) Tan 


equals 


—11 x +1 


V2 


+ c 


„ 1 ^ if X+l ) 

(B, vf Tan bd +c 

(c, ^ Ta "‘ I ( 2 f il+c 


<D) 72 lo8 ‘ 


:-yj2 


x + 


72 


+ c 


Solution: We have 
dx 


(• dx r 

J r 2 + J 


dx 


x + 2x + 3 “ (x +1) +2 

1 -| ( x+ \ ' 

= -=Tan — j=r- 

72 l 72 


+ c (SeeA.10) 

Answer: (B) 


Example 

f dx 

73 + 2x —x 


is equal to 


(C) -Sin 


1 ( x-1 


+ c 


Solution: We have 


X 2 


r dx (• 

■ 2) + c 

(B) sin^ 2 j + c 

73+2X-X 2 2 y[‘ 


dx 


(D) Sin l \ ^y~\ + c 


= Sin 1 1 V . ^ I + c (SeeA.9) 


Answer: (D) 
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Example 


J cos 3 x dx is equal to 


(A) — [ —sin3x + sinx | + c 

4^3 ) 

(B) — [ —sin3x + 3sinx | + c 

4l 3 ) 

(C) — sin3x + —sinx + c 

v 3 3 4 


(D) ^-f-^cos3x + 3cosx | + c 


Solution: We have 


j"cos 3 xdx =-^-J(cos3x + 3cosx)dx 


1 ( sin 3x 


41 3 


+ 3sinx + c 


Answer: (B) 


Example 


1 


dx 


si 5 + 2x + x 2 


is equal to 


(A) log^ ((x +1) + six 2 + 2x + 5) 

(B) Cosh -1 X + ^ + c 


+ c 


(C) log e ((x + l)-Vx 2 +4) 

(D) Sinh -1 (^^) + c 


+ c 


Solution: We have 
dx 


1 


J- 


dx 


sj5 + 2x + x 2 J ^2 2 +(x + l) 2 

= log c [(x + l) + six 2 +2x + 5] + ( 


(See A.14) 

Answer: (A) 


Example 


4.25 


If 



dx 

+ 2x-8 


-log c 

a 


x —2 
x + 4 


+ c 


then a is equal to 


(A) 4 

(B) 2 

(C) 6 

(D) 1 

Solution: We have 

r dx 

r dx 

J x 2 + 2x — 8 

’ (x + 1) 2 


2(3) 


log 


x + 1-3 


= -log„ 

6 


x +1 + 3 
x-2 

+ c 


+ c 


x + 4 


(See A.15) 


Answer: (C) 


4.3 Integration by Substitution 

The formula we use is 

J f(g (»)<?'(*) dx = j fit) dt 

where t = g(x). After evaluating J/(/) dt, we return to the old variable x. 

Note: 

1. In some of the problems, where more number of substitutions are used, it is difficult to return to the old variable. 
In such cases we leave the answer in the final variable. 

2. There are no fixed rules for substitution. One can get perfection only by practice. 
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4.3 I Integration by Substitution 


The following three are important consequences. 

1- [ ( f(x)) n f\x) dx = — + c (n±- 1) 

J 72 + 1 



Before going for worked-out problems, we obtain some more standard formulae. In B.1-B.3 we will use point (2) 
above. 


JU j tan w/.r = J 


sinx 


dx 


cosx 
c sinx 


dx 


j cosx 

= - \og e Icos x| + c 


= log e |secx| + c 
r r cos x 

.2 cot x dx = -— dx = log e Isin x\ + c 

J J sin x 

secx(secx+ tanx) 


B 

B.3 J 


sec x dx = 


r 


= log e 


sec x + tan x 
1 + sin x 

+ c 


dx = log e |sec x + tan x\ + c 


cosx 


B 


.4 J cosec x dx = log e jcosec x - cot x| + c = log 



X 

|+c = log e 

tan — 
2 


+ c 


We now use B.3 and B.4 in the evaluation of the following integrals. After this we would present more examples in 
“Single Answer Type Questions.” 


Illustration 


1 


Evaluate 


I 


dx 

a sin x + b cos x 


Solution: Let 


/=f—*— 

J nsinx + hcosx 

Put a = r cos a. b = r sin a so that r = \ja * 1 2 + b 2 and a is 
given by the equations cos a=a!r and sin a=b!r. Therefore 


/ = 


1 


dx 


rJ sin(x + a) 


= - [ cosec (x + a) dx 

rJ 

1 

r log 


yfa 2 + b 2 


, x a 
tan — + — 
2 2 


+ c 


Note: 

1. If we put a = r sin a and b = r cos a, then the integral will be transformed to sec(x - a) dx. 

2. Another method of evaluation of the integral is: Write sin x and cos x in terms of tan x/2 and then substitute 
t = tan(x/2). 
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3. To evaluate 


dx 


a sin x+b cos x + c 


, the only method is the substitution t = tan(x/2). 


Illustration 


Evaluate I = 


dx 


sin(x-u) sin {x-b) 

Solution: We have 

sin[(x — a) — (x - b )] 


/ = 


(a b) 


dx 


1 


sin(h-n) 


J [cot(x — b) — cot(x - a)] dx 


1 


sin(i> - a) 


log. 


sin(x - b) 


sin(x-u) 


+ c (See B.2) 


sin(h - a) sin (x - a) sin(x - b ) 


Note: In a similar way, 


dx 


cos(x-a)cos(x-b ) sin(h-a) 


—J [tan(x — a) — tan(.r - b)\ dx 


sin (b-a) 


log. 


sec (x-a) 


sec(x - b) 


+ c 


4.3.1 Examples on Integration by Substitutions 

Example 


If 


fcosvx , . /— 

— -j=— dx = a sin dx + c, then a equals 

J J Y. 


Jx 

(A) V2 

,c] 72 


Solution: Let 


(B) - 
2 

(D) 2 


1 = 


‘ COS 


y/x 


yjx 


dx 


So 


dt = —\= dx = — dx 
2 yfx 2t 

dx = 21 dt 


T rcost,„ 

I = J -(2 1) dt 

= 2Jcost dt 
= 2 sin t + c 
= 2 sin yfx + c 


Put t = yjx so that 


Answer: (D) 


Example 


4.27 


jV+l) 1 ^ 7 dx = k(x A + 1) 4/3 (4x 4 -3) + c, where/cis 
equal to 


(A) 

(C) 


1 

112 

3 

112 


(B) 

(D) 


1 

28 

J_ 

56 


Solution: Let 


I = J (x 4 + l) 1/3 x 7 dx 

Put x 4 + 1 = f 3 so that 


4x 3 dx = 3f 2 dt 
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4.3 I Integration by Substitution 


Therefore, 


/ = Jf(r 3 -l)^f 2 dt 
= ^j(t 6 -t 3 )dt 


= I ^(r 4 )(4r 3 -7) + c 

= E2 (x4 + 1)4/3[4(x4+1) ' 7] + C 

= —(x 4 +1) 4/3 (4x 4 -3 ) + c 
112 V ' V 

Answer: (C) 


Example 


4.28 


f x 2 \/l-x dx = - — (1 -x) 3/2 f(x) + c where /(x) is 
•> 51 

equal to 

(A) 15x 2 + 12x + 8 (B) 15x 2 + 12x + 4 

(C) 15x 2 - 12x + 8 (D) 15x 2 - 12x + 4 

Solution: Put VT - x = t so that x = 1 — f 2 and dx = -21 dt. 
Therefore 

I = J x 2 \/l — x dx 
= j(l-t 2 ) 2 (—2t 2 ) dt 
= -2j(t 6 -2t 4 +r)dt 


= —— (15f 7 - 42t 5 + 35t 3 ) + c 
105 v 3 

= - ^[15(1 - x) 1 ' 2 - 42(1 - x) 5/2 + 35(1 - x) 3/2 ] + c 

= - -^-(1 - x) 3/2 [15(1 - x) 2 - 42(1 - x) + 35] + c 

= - ^ (1 - x) 3/2 [15x 2 + 12x + 8] + c 
Therefore 

/(x) = 15x 2 + 12x + 8 

Answer: (A) 


Example 


4.29 


A particle is moving in a straight line with acceleration 
a = sin 2t + t 2 feet/s 2 . At time t = 0, its velocity is 3 feet/s. 
The distance travelled by particle between t = 0 and t = 
n! 2 is 


(A) 1^2(^ 3 + 336) ^ ( B) ^0r 3 + 19 2) ft 


(C) n 


^tt 3 +288^ 
192 


ft (D) K +192 ft 
2 288 


Solution: Let v denote the velocity of the particle at 
time t. Therefore 


civ . „ 2 

— = a = sin 2t +1 
dt 


1 , 1 3 
v = —cos2 t+—t + Ci 
2 3 


Therefore 


Therefore 


3 = v(0) = -- + q 


■ c , = — 
2 


1 


1 


v = —cos2f+— f + — 


Hence at t = n!2. 


7rl 1 n 3 7 7t 3 

V — — 1-1— — 4 H- 

2 2 24 2 24 


Now 


s = J vdt = Jf - — cos2t+ — t 3 + — \dt 


(4.2) 
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1 . _ 1 4 7 

= —sm2t + —t +—/ + Co 
4 12 2 2 


So 


and 


s'(O) = c 2 



1 . 1 
— sin7r + — 
4 12 




+ c 2 


Therefore 



1 7 w V + Ik 

12 UJ + T 

tt 4 + 336tt 
192 


Answer: (A) 


Example 

4.30 


J sec 5 xtanx dx is equal to 

(A) ^ tan 5 x + c 

(B) ^sec 5 x + c 

(C) ^ cos 5 x + c 

(D) ^cot 5 x + c 

Solution: Let 7= f 

sec 5 x tan x dx. Put sec x = t 

so that 

J 



(sec x tan x) dx = dt 

Example 

4.31 



If J (x 4 + x 2 + 1) 49 (2x 3 + x) dx = - (x 4 + x 2 + l) 50 + c, 
then a is equal to 

(A) 50 (B) 49 

(C) 100 (D) 98 

Solution: Let 

7 = J (x 4 + x 2 +1) 49 (2x 3 + x) dx 

Put x 4 + x 2 +1 = t. Therefore 

2(2x 3 + x) dx = dt 


Therefore 


7 = 


J sec 4 x(sec x tan x) 


dx 


J 


= r dt 


_ 1 5 
— — t + C 

5 

1 5 

= —sec - x + c 
5 


Answer: (B) 


Hence 



This implies a = 100. 


Answer: (C) 


Example 


4.32 


J (x 3m + x 2m + x m ) (2x 2m + 3x" ! + 6) dx (x > 0) equals 

(A) ---(2x 3m +3x 2m +6x m ) (1+m)/m +c 

V 2 6(m + l) 2 

(B) —(2x 2m +3x m +6) (1+m)/m +c 
m +1 


(C) —— (x 3m + x 2m + x"‘ ) (1+m)/m 

m +1 


+ c 


(D) 


1 


6 in +1 


^3ra ^,2m ^.ra ^(l+m)/m 


+ C 


(IIT-JEE 2002) 
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Solution: Let 

/ = J (x 3m + x 2m + x m )(2x 2m + 3x m + 6) 1/m dx 

= J (x 2m +x m + l)(2x 3m +3x 2m + 6x m ) llm x m - l dx 

Put 2x 3 '" + 3x 2m + 6x m = t. Therefore 

6m( x 3m ~ 1 + x 2m ~ 1 + x m ~ 3 ) dx = dt 
6m(x 2m + x m + 1) x m ~ l dx = dt 


So 



6m (l/m )+1 
1 


- + c 


6 (m +1) 


( 2x 


3m + 3x lm 


+ 6 x m ) (1+m)lm +c 

Answer: (A) 


Example 


x 2 -l 


x 3 V2x 4 -2x 2 +1 


V2x 4 -2x 2 +1 
(A) +c 

X 

(B) 

V2x 4 -2x 2 +1, 

(C) +c 

(D) 


V 2x 4 - 


2x z +l 


- + c 


^2x 4 -2x 2 +l 
2x 2 


- + c 


(IIT-JEE 2006) 


Solution: Let 


/ = 


x 3 -1 




- dx 


2x +1 


Therefore 


2 1 
X x 


/ = 


4 4 

—r--r | dx = 2t dt 

x 4 x 5 


1 1 ^ 1 j 

—r--V- | (7X = — t dt 

X 3 X 5 


1 _ 1 

““3 J 

X X 

- 2 r 

2-^ + ^- 


dx 


-Jfli'r 

i 

— — f + c 


= f Tzi_ dx 

2 

1 L 2 1 

j 5 L 2 1 


x 

2 V x 2 x 4 

V2x 4 -2x 2 +1 
— 9 + c 


= f 2 . Then 

2x 2 


Answer: (D) 


Example 


4.34 


X 

Let f(x) = - ' n lhj where n> 2 is integer and 

(1 + x ) 

<?(*) = (/°/°---°/)(x) 

/ occurs «times 

Then Jx"“ 2 g(x) dx equals 

(A) -^-(1 + nx") l - (lln) +k 
n(n-l) 

(B) —(1 +nx n ) 1 - ( ~ lln) + k 
n- 1 


(C) ---(l + nx") 1+(1/n) +& 

n(n +1) 

(D) —(1 + nx n ) 1+{Vn) + k 
n +1 

(IIT-JEE 2007) 


Solution: We have 


(/°/)W = /(/W) 


=/ 


(l + x") 1/n 


/ 
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x 


(! + *") 


n\l/n 


= X 


n-2 


/ 


n 


\ 1 In 


1H- 

V (!+*"), 
X 


(1+ 2x n ) lln 
By induction, we can show that 

(. f°fo-°f)(x) = 


J (1 +nx") 
Put 1 + nx n = t. Therefore 


(1 + nx n ) 

n -1 

dx 


n\l/n 


n\l/n 


dx [By Eq. (4.3)] 
(4.4) 


- ,2 x n 1 dx = dt 


f occurs m times 


(1 + mx n ) 


n\l/n ’ 


m> 2 


Therefore 


Let 


From Eq. (4.4), we have 

/ = Jr 1/B 

l t ~(lln)+l 


8(X) (1 +nx n ) 1,n 

I = J x n ~ 2 g(x) dx 


(4.3) 


Example 


3 Ut 


n 2 —(l/n) +1 
t i-ain) 


+ c 


- + c 


n(n — 1) 

(1 +nx n ) l - (Vn) 
n(n — 1) 


+ c 


Answer: (A) 


Let 


1 = 


e 4 * +e 2x +1 


dx, J = J 


e~ 4x + e~ lx +1 


dx 


Then for any arbitrary constant c, the value of / - I 
equals 


(A) ±log 


r e 4*_ e 2-t + ^ 
y e 4x + e 2x + l y 


+ C 


(B) -log 


(C) -log 


( 2x x i \ 

e + e + 1 

y e 2x —e x + 1, 

( 2x x i \ 

e - e +1 
e 2x + e x + 1 


+ e 


+ c 


(D) -log 


( e 4x + e 2x +1 
e 4x -e 2x +1 


Solution: We have 
J = 

Therefore 


(IIT-JEE 2008) 


3x 


e~ 4x + e~ 2x +1 


dx = 


e 4x + e 2x +1 


dx 


/-/ = 


• e 3x -e x 
e 4x + e 2x + l 

• (e 2 * -1) e x 
e 4x +e 2x +l 


dx 


dx 


• t 2 -1 

r 4 +r 2 +l 


1- 


t z +4+i 

r 


dt where f = e* 


dt 


‘ dz 1 

z- where z = t + - 

z 2 -1 f 


\ 

= llog 

z -1 

-hC 

/ 

2 

z + 1 


+ c (See A.15) 


4 log 


4 log 


r+--1 

t 


1 . 

f H-hi 

t 


+ C 


e 2x - e x +1 


e 2jr + e x +1 


+ c 


Answer: (C) 
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Example 


4.3 I Integration by Substitution 


’ dx 
l + e x 


(A) log e 


( e x +1^ 


+ c 


(B) log £ 


v e x + ly 


+ c 


(C) x = log e (e x + l) + c (D) e 

Solution: We have 
dx 


r dx r 

J 777* “J 


dx 


1 + e J e~ x +1 


-e 


e~ x +1 


dx 


= - log c (e v + 1) + c (See B.2) 

= -log e - +c 


= log e 


K l + e , 


+ c 


Answer: (B) 


Example 


x 2 -l 


(x 4 + 3x 2 +1) Tan -1 


, — -- dx is equal to 

x 2 +1 


v * / 


(A) Tan *| x + — | + c 


(B) log, 

(C) log e 


Tan 1 1 x + — 


+ c 


( fx 2 +i^ 

tan 


v * )) 


+ c 


(D) | x+ —jTan 1 fx + —j + c 


Solution: Let I be the given integral. Then 


1 = 


! 


x 2 -l 


[(x 2 +1) 2 +x 2 ]Tan 4 ^x + — j 


dx 


Dividing both numerator and denominator by x 2 we get 

1 


/ = 


1 - 


x + — | +1 

X 


dx 


Tan M x + - 


Put Tan l [x + (1/x)] = t. Then 
l-(l/x 2 ) 


Therefore 


dx = dt 


x+—| +1 

Xj 


/ = Jy=log p |t|+C 


= log^l Tan 1 \x + — 


+ c 


Answer: (B) 


Example 


| '° g ‘ X rfv- 

Solution: Let 

J Xyj 1+lOg^X 

i-\ a. 

(A) (1+ log e x) 3/2 + c 

x-y/l + log^x 

(B) ^(1 + log c x) (log e x- 2) + c 

Put y/l + log^ x = t. Therefore 

J 

logx = t 2 -l and —dx = 

(C) — (1+ log e x) 1/2 (log e x - 5) + c 

9 

e X 

So 

(D) — (1 + logj, x) 1/2 (log e x-2) + c 

rt 2 - 1 

3 

K -< 

II 

► 

^0 

'"t- 

«■**. 


= 2 J (f 2 -1) dt 
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= 2 



+ c 


= |(t 2 -3) + c 


= |(1+ log, x) 1/2 (l + log, X -3) 

= | (1 + log, x) 1/2 (log, x - 2) + c 

Answer: (D) 


Example 


4.39 


m . , . . , fcos X + COS X , . 

The value ol the integral -^- j — dx is 

•* sin 3 x + sin 4 x 

(A) sin x -6Tan _1 (sin x) + c 

(B) sin x - 2(sin x) -1 + c 

(C) sin x - 2(sin x) _1 - 6 Tan _1 (sin x) + c 

(D) sin x - 2(sin x) _1 + 5 Tan _1 (sin x) + c 


Solution: Let 


1 = 


' cos 3 x + cos 5 X 


sin 2 x + sin 4 x 


dx 


‘[(1-sin 2 x) + (l-sin 2 x) 2 ]cosx 
sin 2 x + sin 4 x 


dx 


’(2-3sin 2 x + sin 4 x) cosx 
sin 2 x + sin 4 x 


dx 


•2-3 t 2 +r 4 
t 2 +t 4 


dt where t = sin x 


• f 4 - 3f 2 + 2 


t z (t z + 1) 


dt 


K- 


= 11 u 7~7+i 


dt (See Partial Fractions, Vol. 1) 


= t -6Tan x t + c 

t 


= sin x - - 


sinx 


-6Tan 1 (sinx) + c 


Answer: (C) 


Example 


(A) Tan -1 

(B) 2Tan“ 4 


x“ +x + l 


+ c 


(C) Tan 


-l 


^x 2 +x + l^ 


Vx 2 +X + 1 


1 


+ c 


+ c 


(D) 2Tan 1 Jx+ — + 1 + c 


Solution: Let 


x — 1 


J 


(x + 1 )yjx(x 2 + x +1) 


x 2 -1 


(x +1)~ -\j x(x + X + 1) 


dx 


dx 


f x 1 * k 

f -* 2 - 1 r / r 

J (x + l)^x(x 2 + JC + 1) 

(x 2 + 2x +1 )y]x(x 2 + x +1) 


1- 


X t-h 2 ). / X H hi 


dx 


Put x + (1/x) + 1 = f 2 so that 


1 


Therefore 


1 = 


1- T \dx = (2f) dt 


f —-(2 1) dt 

J (f 2 +1) t 

f dt 

)- 


1 + f 

= 2 Tan ~\t) + c (See A.10) 


= 2 Tan 1 Jx + —+ l + c 


Answer: (D) 
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4.3 I Integration by Substitution 


Example 


If 


is 


x + 1 


x(l+xe x ) 2 


dx = log e 


xe' 


1 + xe x 


+ f(x) + c, then f(x) 


(A) 


(C) 


1 


1+ xe x 


xe 


1 + x 

Solution: Let 


(B) l + xe x 


(D) 


l + e x 


1 = 


x + 1 


dx 


- x(l +xe x ) 2 
Put 1 + xe x = t. Therefore 

e x (x + 1) dx = dt 
So, 

1 = f ^ + Vr 

J xe x (l + xe x f 


dt 


(t-l)r 


So 


—!-j- — — — -j \dt (By Partial Fractions) 


1 


log e |f —1| — log e |t| + - + c 


log e \xe x -log^ 1 + xe x H- + c 

11 1 1 1 + xe x 


= log e 


xe 


1+ xe x 


1 


l + xe x 


f(x) = 


- + c 


1 


l + xe* 


Answer: (A) 


Example 


‘(x-x ) 


3 -.1/3 


dx = 


4/3 


(A) IlH +c 

3(1 V /3 

ic) -h- 1 ) +c 

Solution: We have 


3 (i Y /3 

(B> -Y^ +1 J 

3( 1 Y /3 

(D) -4 P-7 +e 


1 = 


•(x-x 3 ) 1/3 


dx 


-1 


1/3 


dx 


Therefore 


2 , 

-- dx = 3 t dt 

x 

1 , 3 2 , 

-z- dx = — t dt 

x 3 2 


1 = 


t\ -|t 2 \dt 

--Jt 3 dt 


3 1 4 

:- X—t + C 

2 4 

r +c 



t 


3 


Put 


Answer: (C) 
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Example 


j* 

If y(x - y) 2 = x, then —-— equals 
J x-3y 

(A) ^\og e {(x-y) 2 - l} + c 

(B) ^iog,IC*-;v) 2 -l) + c 

(C) x+^log e {(x-y) 2 +l} + c 

(D) log e {(x-y) 2 -l} + c 

Solution: Put x - y = t so that y(x - y) 2 = x becomes 
(x - t)t 2 = x. Therefore 


Hence 


f 2 -l 


-3 


( 3 

r 

\ l 1 V 


t 3 -3t 

T^i 

t(t 2 -3) 


dx ft 2 -1 r(t 2 -3) 


f dx f 

J x — 3 v J 


x-3y ■> t(t -3) (t-\) z 


dt 


■■ f ~r~ — dt 
J t 2 -l 


t 2 -l 


, r(r -3) 

ax = —--— a/ 

( f 2 -!) 2 


Also 


x - 3y = -j—- - 3(x - 1) 
t -1 


= 2 l0 §e(f “ 1 ) + C 
= ^lo gf ,{(x-y) 2 -l} + c 


Answer: (B) 


Example 


If 


1—yfx 


\ 1/2 


0x 


1 + a/x y 

equals 

'l+Vi^VP 


— = 2Cos 1 Vx-0(x) + c, then 0(x) 


(A) log, 
(C) 2 log 


Vx 

1-VTV 


™ i, (i+jr^ 

(B) -log, — r — 

2 vx 


Vx 


(D) 2 log, 


1+ Vl —x 

Vx 


Solution: Let 


/ = 


1-Vx 
1 + Vx 


\ 1/2 


0x 


Put x = cos 2 2# so that dx = -2 sin 49 dO. Therefore 


1 = 


1/2 


1 


1 — cos 20 

1 + cos 29) cos 2 2 6 
tan 6 


(-2 sin 40) dO 


, -(-4 sin 20 cos 20) dQ 
cos 2 20 


sin0 


cos0cos 20 


(-8 sin 0 cos 0) d9 


8 sin 2 0 
cos 20 


dO 


= -8 


• 1 - cos‘ 0 
2 cos 2 0-1 


dO 


= 4 J 


2 cos 0-1-1 


2 cos~ 0-1 


00 


= 4 1- 


1 


00 


cos20, 

4j* (1 — sec 20) 00 


= 41 0 - — log, |sec 20 + tan 20| 


+ c (See B.3) 


= 4( -Cos 3 Vx |-21og. 


1 V 1-x 

-f= + —=— 


+ c 


= 2Cos 1 Vx-21og, 
Therefore 


r 1+ Vl-x 

v VV y 


(•.• Vx = cos 20) 
+ c (y 0 < x < 1) 


0(x) = 2 log. 


i+VT^ 

Vx 


Answer: (D) 
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4.3 I Integration by Substitution 


Example 


4.45 


Let /, = f , * +1 ,,, r/x=-(x 3 +3x+l) 2/3 +c 
1 J (x 3 +3x+l) 1/3 2 V 7 

and L = f sin ^^ rfx = log e (l + sin 2 x) + c 
^ 1 + sin 2 x 


Then 

(A) both 7j and 7 2 are correct 

(B) both 7j and 7., are not correct 

(C) I } is correct and I n is not 

(D) 7, is correct and I x is not 


Solution: We have 

w 


x 2 +1 


(x 3 + 3x + 1) 


1/3 


dx 


Put x 3 + 3x + 1 = r. Therefore 


3(x 2 + 1) dx = (3f 2 ) dt 
(x 2 + 1) dx = t 2 dt 


This implies 

h=^(t 2 )dt 

= -t 2 +c 
2 

= -(x 3 +3x + l) 2/3 +c 
2 v 2 


So 7, is correct. Now 


^2 “ 


sin2x 
1 + sin 2 x 

7'M 


/(*) 


dx 


dx 

where /(x) = 1 + sin 2 x 


= l°ge \f( x )\ + c (See B.2) 
= log e (1 + sin 2 x) + c 
Hence I-, is also correct. 


Answer: (A) 


Example 


Which of the following are true? 


(A) jjlog e 


x + - 


1 


log e X 


dx 1 2 , 

— =x(log e *) -lo g e x + c 
x 2 


(B) | 


l + log f * 

3 + xlog c x 
log c x 


dx = log e 3 + x log c x + c 


(C) " dx = log e |log e x| + c 

J x 11 

(D) J l0gl ° X dx = lloge |l°g 


Solution: Let 


7, = 


j Ug, 


x + - 


X +c 


1 

log.X 


dx 

x 


Put log e x = t so that (1 lx)dx = dt. Therefore 
7 X = + y \dt 

1 2 , I, 

= ~t +1 °grkl + c 


1 2 I I 

- lo g e | lo ge*| + C 


Therefore (A) is false. Let 

1+ log e x 


12 ~ 


dx 


3 + x log e x 
Put 3 + xlog x = t. Therefore 


dx — dt 


So 


log e x + x - 
v U JJ 

(1 + log e x)dx = dt 

W 7 

= !og e M + c 
= log e 13 + xlog^ x| + c 
So (B) is true. Now let 

‘ log, x 


13 ~ 


dx 
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= j t dt where f= log e x 
1 2 

= -t +C 
2 

= ^0°g e x ? + c 


Hence (C) is false. Finally let 


/ 4 =j 


logio X 


dx 


' l°gf x log 10 e 


dx 


= ^og e x) -log 10 e+c 


So (D) is false. 


Answer: (B) 


Example 


•e x -l 


dx = 2/(x)-x+c where/equals 


J e x +1 

(A) (e* +1) 

(C) e x -1 

Solution: We have 
f e v -1 


(B) e 

(D) log (1 + e x ) 


e x +l 


A -f ( r-r4, 

* / 


e* (e v +1) 
t-1 


/(/ + 1 ) 


dt where t = e* 


1 


1 


dx 


dt 


t +1 t(t+1) ^ 

j._n_ 

t+i y? t+i 

t 4- 1 t) 

= 2\og e |f + l|-log e |f| + c 
= 21og f ,(l + e*) — x + c (-:t = e x > 0) 

Answer: (D) 


Example 


r dx 

I f 

j Vl + X 2 •y/log e (x + Vl + x 2 ) 

\] 1+x 2 ^log f ,(x + Vl + X 2 ) 

(A) 2yj\og e (x+ Vl + x 2 ) + c 

Put log f ,(x + Vl+x 2 ) = t 2 . Then 


(B) ^log^ (x + Vl + .r 2 ) 


+ c 


(C) -log e (jc + v/l + x 2 ) + c 


(D) ^log e (x + Vl + x 2 ) 


Solution: Let 


+ c 


\fl • ~ 2 


x + vl + x 


1 + 


2x 


2-n/T 


+ x 2 7 


dx = (2t) dt 


\l l+x z 


dx = (2t) dt 


Therefore 


1= j" ~(2t) dt = 2t + c = 21og e (x + \]l + x 2 ) + c 

* t 

Answer: (A) 


Example 


4.49 


If y = Vx 2 - x +1 and for n > 1, I n = J x n /y dx and al 3 + 
bl 2 + cl x = x 2 y, then (a, b, c) is equal to 



(C) 


3 -I 2 
’ 2 ’ 


(B) (1, -1, 1) 
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4.3 I Integration by Substitution 


Solution: We have 

x 2 y = a f — dx + b f — dx + c f — dx 

J y J y J y 

Differentiating both sides with respect x, we have 

. 9 dy ax 3 bx 2 cx 

2xy + x~ — = -+-+ — 

dx y y y 

2xy 2 + x 2 yf^-l = ax 3 + bx 2 +cx 


S u b s t i t u t i n g t h e v a I u e o f y 2 =x 2 - x +1 a n cl y — ~ —(2x -1) 


in Eq. (4.5) we obtain 


dx 2 


..2 „ , -n , .,2 (2x-V) _ 3 2 


2x(x -x + l) + x 


■ = ax' + bx + cx 


3x 3 - — x 2 + 2x = ax 3 + bx 2 + cx 


(4.5) Therefore 


But 


dy 1 


y =x -x + l^>y—=-(2x-l) 
dx 2 


a = 3,b = —, c = 2 
2 


Answer: (C) 


Example 


’ tanx , . 

- 3 — dx is equal to 

1 + tan x + tan 2 x 


, . 2 _i (2 tan x +1) 

(A) x + —=Tan -=- - + c 

V3 V3 


(B) x—^Tan 1 . _ 

V3 I V3 


2 tan x +1 


+ c 


(C) x + ^Tan^ 1 

v3 

(D) x--^Tan~ 1 


Solution: Let 

H- 


tan x +1 

tan x +1 

TIT 


tanx 


+ c 


+ c 


■ dx 


l+tanx + tan~x 


tanx 


sec x + tan x 


dx 


Example 


■ sec 2 x + tan x - sec 2 x 
sec 2 x + tanx 


dx 


= 1 - 


sec 2 x 


tanx + sec“ x 


sec 2 x 


1+ tanx + tan 2 x 
dt 


dx 


dx 


= x — 


f " 

J 1 +t 


where t = tan x 


+ r 


dt 


[f+(l/2)] 2 +(3/4) 


1 


(V3/2) 


Tan 


-l 


f + (1/2) 

(V3/2) 


+ c 


= x—^=Tan 1 

V3 


2 tan x +1 

~1T~ 


+ c 


(See A.10) 


Answer: (B) 


tanl — — x Isec 2 x 

• U ) 

V tan 3 x + tan 2 x + tan x 


dx equals 


(A) -2Tan -1 vl + tanx + cot x+c 

(B) 2 Tan _1 Vtanx + cotx + c 

(C) Tan'Wtanx + cotx + c 

(D) -2 Tan“ 1 Vsecx-ttanx + c 


Solution: Let 


1 = 


tan| — — x | sec 2 x 

4 


Vt .— 3 ” 1 *— 2 


dx 


tan x + tan“ x + tanx 
1 - tan x 


sec 2 x 


1 + tan x J ^/tan 3 x + tan 2 + tan j 
1 — t dt 


dx 


1 + t \lt 3 +1 2 +t 
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= -2 TarT 1 


1 + t H-hC 


(See Example 4.40) 


= - 2 Tan l Jl + tanx + cot x +c 

Answer: (A) 


Example 

r 2 + yfx 


(x + yfx + 1 ) 


dx equals 


(A) 

2 

+ c 

x +Vx + 1 

(B) 


2x 


(C) 

+ c 

1 + Vx-x 

(D) 


Solution: Let 


1 = 


X+\fx + 1 
2x 

1 + \[x, + X 

2 + Vx 


+ c 


+ c 


dx 


~ (x+Vx+1)^ 

Dividing numerator and denominator by x 2 we get 

/ rPtoVa/WT)^ 

J f 1 1 

l Vx 

Now, put 1 + -)= + — = t. Therefore 
dx x 


So 


1 1 


2 xVx 


x 2 J 


dx = dt 


i'V^ + ~ 2 


dx = —2 dt 


x y 


l = jj(-2)dt 


2 

= — + c 
t 


r 1 1 

1+-^= + - 

■sjx X 

2x 


+ c 


x + 


Vx + 1 


+ c 


Answer: (D) 


Example 


r 2x 12 + 5x 9 

[ —r- - - - dx is equal to 

J(x 5 +x 3 + l ) 3 

, . , x^ + 2 x 
(A) —,-*- — + c 


(B) 


(x 3 +x J +l y 
x 10 

2 (x 5 + x 3 + 1) 2 


+ c 


(C) log c (x 5 + x 3 + 1 ) + V 2 x 7 + 5x 4 + c 

(D) log e (2x 7 + 5x 4 + v/x 5 + x 3 +1) + c 


Solution: Let 


1 = 


1 


2x +5x 
(x s +x 3 +l ) 3 


dx 


Dividing numerator and denominator with x 15 we get 

(?*?) 


1 = 


dx 


i 1 1 

l + ^~2 ^ 5 

X X 


Put l+\ + \ = t.Then 


So 


2 5 ,, , 

-r- 7 - | dx = dt 

x 3 x 6 


1 


1 


2t 

1 

2 


- + c 


1 


, 1 1 

1 + TT + Ts 

X X / y 


+ C 


10 


2 (x 5 + x 3 + l) z 


- + c 


Answer: (B) 
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4.3 I Integration by Substitution 


Example 


If 

f 3x 4 -1 
J ( x 4 +x + l) 2 
then f x (x) is 


dx = 


jfi(x)dx-j 


dx 


(A) 


(C) 


4x +1 
(x 4 + x +1)“ 

x(4x 3 -1) 


(x 4 +X+1) 2 
Solution: We know that 


x +x + l 


- + c 


(B) 


(D) 


x 3 (4.y +1) 

( x 4 + .Y + 1) 2 

x{4x 3 +1) 

( x 4 +x + l) 2 


— (x 4 + x + 1) = 4a' 3 +1 
dx 


Therefore 

r 3x 4 -1 , c x(4x 3 + l)-(x 4 +x + l) , 

—A - T dx ~ - A -i- dx 

•'(x 4 +x+i) 2 •> (x 4 +x+iy 

(• x(4x 3 +1) A (• dx 
-) ( x 4 + x + lf )x 4 +x + l 

Therefore 


f\(x) 


.r(4.v: 3 +1) 
(x 4 +x + l )" 


Answer: (D) 


Example 


2 . 2 \ 

x + sin x 

l + x 2 


dx 

--— is equal to 

cos 2 jr 

l 


(A) tan x - Tan 1 x + c 
(C) tan x - Sec -1 x + c 


(B) tan x + Sin 1 x + c 
(D) cot x - Cot -1 x + c 


Solution: We have 


x 2 +sin 2 x 
l + x 2 


dx 


cos 2 x 


' x 2 + l-(l-sin 2 x) dx 
cos 2 X 


l + x z 

I 2 j i dx 

= sec x dx - 


- J sec 2 x dx - J 


= tan x- Tan l x + c 


l + x 


Answer: (A) 


Example 


If / : R —> R is a function such that /(0) = 0,/' (0) = 3 and 
it satisfies the relation 


x+ y)_f(x) + f(y) 


f 

for all x, y e K then J f(x) dx equals 
(A) 3 jc 2 + 3 

(D) 3 x 2 + c 


2x z 

(B) —^— + 3 


(C) |x 2 +c 


Solution: Given that 

f ^x + y y f(x) + f(y) 

Substituting y = 0 and replacing v with 3x, we have 
f(x ) = l(3x)+m = f(y} [v/(0) = 0] 


3 /<>)=/( 3 t) 


(4.6) 


Now using Eq. (4.6) we have 

„ m n ^- m . 

h —>0 h /z—>0 h 


= lim 

h-> 0 


3/| - fix) 


3i M±m i_ /M 


= lim- 

h-> 0 

= lim 


h 


m 


h^> 0 h 

h^>0 h 
= /'( 0 ) = 3 


/( 0 ) = 0 ] 


Therefore f is differentiable at any real x and f' (x) = 
/'(0) = 3. Hence 

f(x) = 3 x + c 
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and /(0) = 0 => c = 0 

So /(x) = 3x and hence 

Example 


J7( 


v . 3 2 

x) ax = — x +c 
2 


Answer: (C) 


f/ + l , . 

—z- ax is equal to 

J r 6 + 1 


X° + l 


(A) Tan 1 x — Tan 1 (x 3 ) + c 

_! Tan _1 (x 3 ) 

(B) Tan x+ --- + c 


(C) Tan L x + 


Tan (x“) 


2 

, -1 r „2 n 


+ c 


( , _i Tan (x“) + c 
(D) Tan x -^— 

Solution: We have 




X 4 +1 


x b +l J (x +l)(x 4 -x 2 +l) 


dx 


f (x 4 x*~ +1) + x~ 

'j (x 2 +l)(x 4 -x 2 +l) 

f dx r x 2 , 

: J77I + J77I* 

’lan 'a + ' [ 3jt 


dx 


= Tan 


3J t 


3J (x 3 ) 4 +l 
1 r dt 


dx 


= Tan 4 x + —Tan 't+c 


1 


+ 1 


-la 


where t = x 3 


Tan l x + — Tan 1 (x 3 ) + c 
3 v ’ 


Answer: (B) 


Example 


sin 3 xdx 


(1 + cos 2 x)vl + cos 2 x + cos 4 x 

(A) Cos -1 (sec x + cos x) + c 

(B) Sin _1 (secx + cos x) + c 

(C) Sec _1 (sec x + cos x) + c 

(D) Tan _1 (sec x + tan x) + c 


equals 


Solution: Let 

'=1 


sin 3 x 


(1 + cos 2 x)yjl + cos 2 x + cos 4 x 


dx 


Put sec x + cos x = t. Therefore 

(sec x tan x - sin x) dx = dt 

sinx . . , , 

- sin x \dx = dt 


Hence 


Dividing numerator and denominator by cos 2 x we get 


1 = 


I 


sin 3 x sec 2 x 


(sec x + cos x)V sec 2 x +1 + cos 2 x 


dx 


cos 2 x 


sinx(l-cos 2 x) 


dx = dt 


1 = 


cos 2 X 
sin 3 x sec 2 x dx = dt 


dt 


txjt 2 -1 
= Sec _1 t + c 


= Sec 1 (secx + cosx) + c 


Answer: (C) 


Example 


(1 + x) sin x 


(x" + 2x) cos - x - (1 + x) sin 2x 
where t is 


dx = —log 


t+1 


t -1 


+ c 


(A) (x + 1) cos x - sin x (B) (x + 1) sin x - cos x 

(C) (x + 1) sin x + cos x (D) (x + 1) cos x + sin x 
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4.3 I Integration by Substitution 


Solution: Let I be the given integral. Now 
(l + x)sinx 


1 = 


(x + 1) cos x-cos‘ x+ (1+ x)(2sinxcosx) 

' (1 + x) sin x 

(x + 1) 2 cos 2 x + sin 2 x -1 - 2(1 + x) sin x cos x 


dx 


dx 


(l + x)sinx 


dx 


J [(x+l)cosx-sinx] 2 -1 
Put (x + l)cos x - sin x = t. Therefore 

[cos x + (x + l)(-sin x) - cos x] dx = dt 


Hence 


- (1 + x) sin x dx = dt 


I=\ (-l)dt 
J t z _i 

iJ 


1 1 | . 

-1-| (It 

2JU -t 1 + t, 




1 +1 


i ~t 


+ c 


Answer: (A) 


Example 


If /is a real-valued function satisfying the relation 


5/M + 3/ - =x + 2 


for all x ^ 0, then J x/(x) dx is 

(A) ^-^x 3 +2x 2 +3x1 +c 


(B) ^(Jx 3 -2x 2 + 3x | + c 


(C) — 
V J 16 




—— + 2x 2 - 3x 
v 3 y 


+ c 


(D) ^f^x 3 -2x 2 -3x | + c 


Solution: We have 


Therefore 


5/W + 3/| - ] = x + 2 


5/|i) + 3/W =L 2 


Solving Eqs. (4.7) and (4.8), we get 

f(x) = — f 5x- —+ 4 
’ 161 x 


So 


J x/(x) dx = — J (5x 2 + 4x - 3) dx 


16 

= —f — x 3 +2x 2 — 3x | + c 
1613 


(4.7) 


(4.8) 


Answer: (C) 


Example 


4.61 


For 0 < 0< jc! 2, if 

f(6) = sin 3 9 + sin 3 0cos 2 0 + sin 3 0cos 4 9+ ■•• + «> 
then J e cos6 f(0) d9 is equal to 

(A) -e cos6l sin 9+c (B) e sin6l cos 9+c 

(C) -e cos0 +c (D) e cos0 (sin6 , + cos6*) + c 

Solution: We have 

0 < 6< nil => 0 < cos 2 6< 1 

Since f{9) is a sum of an infinite Geometric series with 
first term sin 3 9 and common ratio cos 2 #(0 < cos 2 9< 1), 
we have 


m= 


sin 3 9 


1-cos 9 

Therefore 

J e cose /(0) = J e cos0 sin 9 d9 


= sin 9 




-1) dt where t = cos 9 


= —e + c 
— _£ COS ^ 


+ c 


Answer: (C) 
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Example 


' 2x 5 + x 4 — 2x 3 + 2x 2 +1 
(x 2 + l)(x 4 -1) 


dx (x > 1) is equal to 


(A) log,(x 2 +l) + Ilog,f?7 | + c 


(B) log, 

(C) log. 


' V+i ^ 

v^y 
( x 1 +l s 
v^y 


+logi, i fri l+c 


+ MtTI i+c 


(D) log,(^ + l) + - i l- I + ilog,(^l + c 


Solution: Let I be the given integral. Then 


/ _ j 2-t 3 (-t 2 — 1) + (jt +1) 2 


(x 2 +l) 2 (x 2 -l) 


2x i 


0 + 1 ) 


-dx + 


1 dx 


fA?4* + Ii 0 g Jizl 

j(x 2 +l) 2 2 6e U + l 

T-l . 1, (x-1 


= J7 - dt + — log, — -j where f = x 2 + l 


= ll7-^)<"4 log "(lTI 


= log,(7 + l) +? l- T + ilog,(£^l + c 


Answer: (D) 


Example 


If /(x) = n/x andg(x) = e*-l,then J(/°g)(x)f/x 
equals 


(A) 2'Je x -1-2 Tan -1 (7e* - 1) + c 

(B) 2 (e* -1) - 2 Tan -1 (■7e* -1) + c 

(C) 2%/e* -1 - 2 tan(7e x —1) + c 

(D) 27e x -l-2Tan“ 1 (e A: -l) + c 

Solution: We have 

J (/ ° g)(*) dx = \ f(g(x)) dx 




= \ de x —1 dx 


• 2r 

IT? 


= 2 — 


dx where ? 


d/ 


= 77?] 


l + r 


— 2t-2 Tan 1 (f) + c 

= 277?l-2Tan _1 (77?l) + c 


Answer: (A) 


Example 


f dx 

JxV + D- equals 

(A) (x 4 + l) 1/4 + c 
fx 4 +ll 3/4 

(C) + c 


Solution: Let 


1 = 


(x 4 +n 1/4 

( B ) - 0* +L) + c 


x 

..3 , IN3/4 


(D) 


dx 


x 2 (x 4 + l) 3/4 


dx 


x 5 i i+7 


3/4 


Put t=l + (l/x 4 ).Then 


dt = —p- dx 
x s 


Therefore 


J? 


'“'Tf-ir' 


l r (3/4)+l 


+ c = —f 1/4 + C 


4 -(3/4)+ 1 




















































1+ 7 


1/4 


+ C 


Example 


4.3 I Integration by Substitution 


(x 4 +l) 1/4 


+ c 


Answer: (B) 


x 3 + 3x + 2 , 1, , ., 1, . 2 , x 

—o-~- dx = — log, \x +1 + — log, (x‘ +1) 

(. x 2 + l) 2 (x + l) 2 1 4 ' 


then f(x) equals 


1 „ i x 

-.“I , 


(A) —Tan i x + - 


+f(x) + c 


(B) —Tan 2 x-- 


2 l + x 2 2 1 + x 2 


(C) —Tan 2 x + 
2 


~ -2 (°) l l °£e\ X \+T^2 

1 + x 2 2 l + x z 


Solution: Let /be the given integral. Now, we use partial 
fractions. Write 


_ 1 1 „ 

=>2 = -1- \- E 

2 2 


E = 2 


Therefore 

1 f dx 1 f x +1 


1 = — 


f dx 1 f x +1 , f 


2J x + 1 2 J x 2 +1 

= -ilog,|x + l| + ij 


(x 2 +l) 2 


dx 


dx H— 


J r 2 4- 1 J t 


dx 


2 J x 2 +1 2 J x 2 +1 J (x 2 +1) 2 

(4.9) 

= — — log, |x + l| + — log,(x 2 +1) + — Tan _1 x + / 1 


x + 3x+ 2 


A Bx + C Dx + E 

- + - 


(x 2 +l) 2 (x + l) x + 1 x 2 +1 (x 2 +l) 2 

Therefore 

x 3 + 3x + 2 = A(x 2 +1) 2 + (fix + C)(x +1) (x 2 +1) 
+ (£>x + £)(x + l) 

So, 

x = -1 => 4 A = -2 

=> A = -- 
2 

Equating the coefficient of x 4 on both sides, we get 

A + fi = 0=t>B = - 
2 

Again equating the coefficients of x 3 , we get 


fi + C = l=>C = — f v B= — 
2 1 2 


Similarly, equating the coefficients of x 2 we get 
2A + fi + C + £> = 0 

-1+ —+ —+ fi = 0 
2 2 


D = 0 


Now 


Here 


7,=2j 


dx 


= 2 


(.x z +iy 

• sec 2 0 


sec 4 0 


d6 where x = tan 0 


= J 2 cos 2 0 dO 
= J (l + cos2 0)d0 

= 0+ —sin 20 
2 


— T an 1 x + — 


2tan0 
1 + tan 2 0 


= Tan 4 x + - 


l+x z 


Therefore 


= Tan 2 x + 


1+x 2 


Substituting the value of /) in Eq. (4.9), we have 

11 1 

/ = - — log, |x +1| + — log, (x 2 +1) + — Tan _1 x + Tan _1 x 


1+x 2 


- + c 


x = 0 => 2 = A + C + E 
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Chapter 4 I Indefinite Integral 
Therefore 


1 m i -1 , ^ 


/(x) = — Tan A + Tan 1 x + - 

2 1 + x 


= — Tan 1 x+ - 


1 + A 


Answer: (C) 


Example 


If 


■ sinr x 

-ax = g(x) H - \-C 

sinx-cosx 2 


then g(x) equals 

(A) ^-log e |sinx + cosx| + c 

(B) ^-logj, |sinx-cosx| + c 

(C) sin x + cos x + c 

(D) sin x - cos x + c 


1 r (sin x + cos x) + (sin x - cos x) 


dx 


sin x-cos x 

1 fsinx + cosx If,, 
ax + — lax 

2 J 


r si 
J si 


2J sinx-cosx 

l.i. | -T 

= — log„ sin x - cos x + — + c 
2 S 1 2 

(See B.2 for the conversion of first integral.) Therefore 


g(x) = — log e |sinx-cosx| 


Answer: (B) 


Solution: We have 
r sinx 


sinx-cosx 


dx — — I 


2 sinx 


2J sinx-cosx 


dx 


Example 


If 


l-(cotx) 


2010 


•1 tanx + (cotx) 

then k is equal to 
(A) 2010 
(C) 2012 

Solution: Let 


7Q11 dx = — log^ (sinx) + (cosx) +c 
k 


(B) 2011 
(D) 2013 


1 = 


l-(cotx) 


2010 


tanx + (cotx) 2011 
(sinx) 2010 -(cosx) 


dx 


(sinx) 2011 cosx 


(sin x) 


2010 


(sinx) 2012 +(cosx) 


2012 


dx 


[(sinx) -(cosx) ] 

(sinx) 2012 +(cosx) 2012 


sinx cosx 


dx 


Put t = (sin x) 2012 + (cos x) 2012 . Then 

d t = [2012(sin x) 2011 cos x + 2012(cos x) 2011 (- sin x)\dx 


= 2012[(sinx) -(cosx)“ ](sinxcosx) dx 
Therefore 

1 


'-Jy 


2012 


dt 


1 


2012 

1 

2012 


logg |f| + c 


log J(sinx) 2012 + (cos x) 2012 1 + c 


Answer: (C) 


Example | 

f 1 + x sec 2 x 
J x(xe tanjr +1) 

(A) log, 


dx is equal to 


xe tanx 

-hC 

(B) log. 

(x + 1) e tanx 

xe tanv +1 

£ xtanx + j 




+ c 


(C) log e 


£ xtanx + 1 


xe tanx +1 


+ c 


Solution: We have 


(D) log. 


xe tanx + l 


(x + 1) e tanx +1 


+ c 
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—(xe taax + 1) = e tanx + xe tanx sec 2 x 
dx 

_ g tan.v ^ + x se( , 2 ^ 

Now, let 

1 + x sec 2 x , 

--- dx 

x(xe tan * + 1) 

£ tanx (] +x sec - ^ 

J xe tanx (xe tanx +1) ^ 


4.3 I Integration by Substitution 


f 

-—-— where t = xe xanx + 1 

J 



Answer: (A) 


Example 


• x cos x log, x - sin x , 
- 2 —=- dx equals 

4log ,V> 2 


(A) !2h£ + c 


smx 


smx 

(B) --+ c 

log e x 


(C) ^^+^(log e ^) 2 +c (D) sinx + ^log,x + c 

x 2 2 


Solution: Let 


• x cos x log, x - sin x 


/= f ' "—fag-- _.. r/x 

J x(log, x) 


r cos x log, x - (sin x/x) 

J (log, x) 2 

Now, put t = sin x/log, x. Therefore 

, cosxlog, x-(sinx/x) , 
dt = -—-~i-- dx 


(log, x) 


Hence 


, f , smx 

I = dt = t + c = -h c 


log,x 


Answer: (B) 


Example 


4.70 


rsecx(2 + secx) , . 

---— dx is equal to 

J (l + 2secx) 2 

(A) 2cosec x + cot x + c 

(B) (2cot x + cosec x) -1 + c 

(C) 2cosec x - cot x + c 

(D) (2cosec x + cot x) -1 + c 


Solution: Let 


1 = 


1 

I 


secx (2 + secx) 

(l + 2secx) 2 

2cosx + l , 

- j dx 

(2 + cosx) 2 


dx 


Dividing numerator and denominator by sin 2 x we get 

f 2cosec x cotx + cosec 2 x , 

/ = -;— dx 

J (2cosec x + cotx) 

f dt 

- -J — where 2 cosec x + cot x = t 
1 

= - + c 
t 

1 

=-+ c 

2cosec x + cotx 

Answer: (D) 


Example 


4.71 


If 

f ^ 1 \ +x6 ~ 1 n dx = k (6x 5 - 3x 10 - 2x 15 ) 2/5 + c 

J (6-3x s -2x 10 ) 3 



1 

12 


(B) 

(D) 


1 

6 

1 

12 


then the value of k is 


(C) 
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Solution: Let 


Therefore 


7 f x n +x 6 -x 
1 = - 7 - „ /c ax 

J ( 


(6-3x 5 -2x 10 ) 315 
Multiplying numerator and denominator with x 3 we get 


/ = Jr 3/s (-1/30) dt 

l t r (3/5)+i ^ 


+ C 


1 = 


14 9 4 

X +X —X 


- ( 6 x 5 -3x 10 -2x ls ) 3/5 
Put t = 6 x 5 - 3x 10 - 2x 15 . Then 

dt = -30(x 14 + x 9 - x 4 )dx 


dx 


30^-(3/5)+l 

1 2/5 

=- 1 +C 

12 


= -±(6x 5 -3x 10 -2x 15 ) 2/5 + c 
12 


Hence k = -1/12. 


Answer: (C) 


Example 


4.72 


If P(x) is a polynomial function such that P(x) + P(2x) = 
5x 2 - 18, then J P(e x ) dx equals 

(A) ^e 2x -9x + c (B) e 2x + 9x + c 

(C) x 2 + c (D ) e 2x -x + c 

Solution: Since P(x) + P(2x) is a quadratic expression, it 
follows that P(x) must be a quadratic expression. Suppose 

P(x) = ax 2 + bx + c 

Therefore 

5x 2 -18 = P(x) + P(2x) 

= (ax 2 +bx + c) + (4 ax 2 + 2 bx + c ) 


Now equating the corresponding coefficients we get 
5n = 5, 3b = 0 and 2c = -18 
=> a = 1, b = 0, c = -9 


Hence 


So 


P(x) =x 2 -9 


J P(e x ) dx = J (e 2 * - 9) dx 

= -e 2x -9 x + c 
2 


Answer: (A) 


Example 


J e x (1 + x)cosec 2 (xe x ) dx is 

(A) - cot[(x + l)e v ] + c 
(C) cosec^e*) + c 


(B) - cot^e*) + c 
(D) sin(xe x ) + c 


Solution: Put t = xe x . Therefore 

dt = e x (x + 1 ) dx 


So 


J e x (1 + x) cosec 2 (xe x ) dx = J cosec* 


tdt 


= - cot(xe' Y ) + c 

Answer: (B) 


Example 


4.74 


j 


(l + log e x) 2 


\ + \og e (x x+v ) + (\og e x^) 2 


dx equals 


(A) logjl + x log e x\ + c (B) logjx + log e x\ + c 

(C) logJ(l +x)log (; x| + c (D) logJxlog e x| + c 


Solution: Let I be the given integral. Then 
(l+log e x ) 2 


1 = 


1 + (x + 1 ) log c x + x(log x ) 2 


dx 
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-J 

-J 


(l+log e x) 2 
(l + log,x)(l + xlog, x) 

1 + log - X dx 
1 + xlog, x 


dx 


4.4 I Integration by Parts 


= f — where t = 1 + x log, x 

J t 


= log,|l+xlog,x| + c 


Answer: (A) 


Example 


4.75 


r sec x cosec x , 

- dx = 

J log, (tan x) 

(A) log,(tan x) + x + c 

(B) logjlog, tan x\ + c 

(C) tan(log, tan x) + c 

(D) log,|tan(log,x)| + c 


Solution: We have 

• secxcosec x 


1 = 


1 


log, (tan x) 
dt 


dx 


= f— where t = log,(tanx) 

J t 

= log, |f| + c 
= log, llog, |tanx|| + c 


Answer: (B) 


4.4 Integration by Parts 


Let u and v be differentiable functions. Then it is known that (Chapter 2) 

d(uv) = udv + vdu 

so that on integration we have 


: J udv + J 


vdu 


and therefore, we have the following formula. 

Formula I 


consider one factor as u and the second factor as the dif¬ 
ferential dv of v. 

This formula enables us to find the integral of product of 
two functions. Out of the two factors of the product, we 


J udv — uv — J vdu 


If we consider /(x) 


u and g(x) dx = dv so that v 



then we have the second formula. 


Formula 


2 


J f(x)g(x) dx = /(x)Jg(x) dx-J|J g(x) dx j f\x) dx 


If we consider/(x) as first function and g(x) as the second 
function then Formula 2 can be written as 




First function) x (Second function) 


dx 


= (First function) x (Integral of second function) 
(• (Integral of second function) x 
J (Derivative of first function) dx 


Note: Throughout the chapter, we use Formula 1. 
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Selecting u and dv 

Suppose the product contains two of the following functions: Inverse trigonometric, Logarithmic, Algebraic, Trigono¬ 
metric and Exponential. According to the order mentioned, we choose u and dv. This rule of selection can be easily 
remembered as given below. 

I Inverse Trigonometric 
L Logarithmic 
A Algebraic 
T Trigonometric 
E Exponential 

Using by parts, we obtain some standard formulae. We also show how to solve them for students to understand. 


Formula 


3 


Jlog, xdx = x(\og e x-1 ) + c Hence, J log Y dx = (logg x)x _j x g j dx 

Solution: Whenever the integrand is a single function, = jc log, x-x + c 

take the second function as 1 = x° which is algebraic. jc( 1 og x - 1) + c 

Therefore, in Formula 1, take u = log, x and dv = ldx. 

Formula 


J x e x dx = e x (x-l ) + c 

Solution: Here x is an algebraic function and e x is an 
exponential function. According to the rule mentioned 
above, A comes first and E comes next. Therefore, take 
u = x and dv = e x dx so that v = e x . Hence 


Formula 


J x sin x dx = sin x — x cos x + c 

Solution: x is an algebraic function and sin x is a trigo¬ 
nometric function. So, take u = x and dv = sin x dx so that 
v = - cos x. Therefore 


Formula 


Jxcosx dx = cos x + x sin x + c 

Solution: Take u = x and dv = cos x dx so that v = sin x. 
Therefore 


Formula _ 

J SuT 1 * dx = xSin^x + V 1-x 2 + c 

Solution: Sin -1 x is an inverse trigonometric function 
which comes first in the given order. So, take u = Sin -1 x 
and dv = 1 dx so that v = x. Now 


J xe x dx = uv - J vdu 

= xe x - J e x (1) dx 

= xe x - e* + c 
= e x (x - 1) + c 


J x sin x dx = x(- cos x) - J (- cos x)(l) dx 


= -x cos x + sinx + c 


J x cos x dx = x sin x - J (sin x) (1) dx 
= xsinx-(-cosx) + c 


= cosx + xsmx + c 


Jsm‘ 


x dx = x Sin L x — 


W- 


Vu 1 

= x Sin _1 x+ — f 

2 J 


dx 


x 

1 f -2x 


2 J VT^7 


dx 
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4.4 I Integration by Parts 


= xSin 2 x +^(2\Jl-x 2 ) + c (See B.3) 


= x Sin 1 x + 




+ c 


Try it out Jcos : x dx = - Sin l x j dx = -(xSin 1 jc + Vl -x 2 ) + ^-x + c 


Formula 


c 1 

J Tan -1 * dx = x Tan -1 *- — log e (l + x 2 ) + c 

Solution: Take u = Tan -1 * and dv = 1 dx so that v = x. 
Therefore 


J Tan -1 * dx = x Tan -1 * - 
= * Tan -1 *- 
= * Tan -1 *- 


1 

1 

2 

1 

2 


l + x z 
r 2* 


1 + * 


dx 

— dx 


log e (l + x 2 ) + c 


(See B.2) 


Try it out Since 


Cot X * + Tan l x = — 
2 


Compute Jcot 1 ; 


dx. 


Formula 


f n. 2 r x\]a 2 -x 2 a 2 _! ( * . 

J da —x dx =-+ —Sin | — | + c 


,2 2 2 

a —* —a 


Solution: Take it = yla 2 -x 2 and dv = 1 dx so that v = x. 
Therefore 


= x\la 2 — x 2 - f — , t/x 

J 

= xja^x 2 - f sla^ + a 2 \-=M 


J \la 2 -x 2 dx = x\la 2 -x 2 - J* — ^ 

\2\a — 

= x\la 2 -* 2 + [ , 

J 4^ 


X 2 J 


dx 


(-2*) J* 


Therefore 

2 [ \la 2 -x 2 dx = xyla 2 -x 2 +u 2 Sin -1 —+ c (SeeA.9) 

J a 

\ia 


Kyi a 2 —; 


.2 2 


7 7 Xl/fl -* a _i X 

la -x =-1- — Sin —+ c 

2 2a 


Similarly, we can prove the following. 


Formula 


10 



/ 2 2 
xV* — 0 

2 


fl 2 „ , _1 X 

-Cosh —+ c 

2 u 
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Formula 


11 




r 2 2 2 

2 2 7 XVX + a fl , i X 

x + a~ dx = - : -+ —Smh —+ c 


Try it out Prove Formulae 10 and 11. 


Note: Formulae 9,10 and 11 can be proved by substitution method using the substitutions x = a sin 0. x = a cosh 0 and 
x = a sinh 0, respectively. The reader is advised to prove them by the substitution method. The following formula is the 
most important consequence of by parts. 



Formula 


12 


J e x U(x) + /'(*)] dx = e x f(x) + c 


J e x f(x) dx + J e x f\x) dx = e x /(x) + c 


Solution: By taking u = f(x) and dv = e x dx we get 

J e x f(x) dx = e x f(x ) - J e x f\x) 


J e X [f(x ) + f\x)] dx = e x f(x) + c 


Examples 


Some of the examples illustrating Formula 12 are as 
follows: 

1. Je jr (sinx + cosjc) dx = e x sinx + c 

2. J e x (tan x + sec 2 x) dx = e x tan x + c 

3. J e x Sin _1 x + 


yjl-x 2 J 


dx = e l Tan 1 x + c 


4. je x |^logx + — jdx = e x logx + c 

5. Je T |^Tan^x+ ^ ^ ? ^ dx = e^Tan^x + c 

6 -J 


■ e x (x — 1) , f 1 \ , e 


2 dx = J e x | — —| dx = — + c 


x x 


Formula 


13 


Generalized Formula for Integration by Parts 


When integration by parts is to be applied repeatedly to 
compute an integral, the following is very useful. 


J f(x)g(x) dx = f(x) gl (x) - f\x)g 2 (x) + f"(x)g 3 (x) 

- /'"(x)g 4 (x) + - + (-1)" J / (n) (x)g n (x) + c 


where dashes denote the successive derivatives of /(x) 
and suffixes denote the integrals. That is 


g i W = J g(x) dx, g 2 (x) = J gl (x) dx ,..., g n (x) 

= \g n -i(x)dx 


Caution: Do not effect the simplification, until the last integral is computed. 



























4.4 I Integration by Parts 


We illustrate Formula 13 in the following illustration. 

Illustration WM 


Find out \x 4 e 2x dx 


Solution: 


J x 4 e 2x dx = x 4 1 


+ 24 


\ 

( 2x1 


( 1 


( 2x\ 

-4x 3 

e 

+ 12x 2 

e 

-24x 

e 

/ 

{ 4 J 


00 


l 16 J 


2x \ 


16 


dx 


X 4 e 2x 3 2x 3 2 2 r 3 2x 3 2x 
- xe +—xe —xe +-e +c 


2x 


= e 


x 4 3 3 2 3 3 

- x+-x —x+- 

2 2 2 4 


+ c 


4.4.1 Examples 

Example 1 


J x 3 log^ xdx is equal to 


(A) ^-x 4 log eX ~x 4 +c 

(C) jx 4 \og e x-^- + c 
4 16 


( B ) ^* 4 + ylO gf> X+C 

1 y4 

(D) —x 4 log x + : — + c 
2 4 Be 16 


Solution: log g x is logarithmic and x 3 is algebraic. In the 
word ILATE, L comes first and A comes next. Therefore, 
take u = log e x and dv = x 3 dx so that v = x 4 /4. Therefore 


J x 3 log e xdx = — log e x- jj — If — \dx 


= ^X 4 l°g e x-\ 


-dx 


1 4 , X 4 

= i x l08 '"-« + e 


Answer: (C) 


Example 


J sin x log e (tan x) 


dx = 


tan — 
2 


(A) log 

(B) -cosxlog 


- cos x log e (tan x) + c 


X 


X 

tan — 

2 

o 

1 

tan — 

2 


+ c 


(C) log 


tan — 
2 


+ cos x log(tan x) + c 



X 

tanx - cosxlog 

tan — 
2 


+ c 


Solution: Let 


1 = 


J sin x log e (tan x) 


dx 


Take u = I og f , (tan x) and dv = sin x dx so that v = -cos x. 
Therefore 


sec 2 x 


/ = [log ( ,(tanx)](-cosx)- (-cosx) 

J tanx 

= - cos x log^ (tan x) + J cosec x dx 


dx 


= - cos x log e (tan x) + log 


tan — 
2 


+ c (See B.4) 


Answer: (A) 
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Example 


If 


J (x 3 + 1) cos x dx = f x (x) sin x + f 2 (x) cos x + c 

then/ 1 (x) +/ 2 (x) is equal to 

(A) x 3 - 3x 2 + 6x - 5 (B) x 3 + 3x 2 + 6x + 5 
(C) x 3 - 3x 2 - 6x + 5 (D) x 3 + 3x 2 - 6x - 5 


Solution: Let 


1 = 


cos x dx 


= J x 3 cos x dx + J cos x dx 
= J x 3 cos x dx + sin x 


(4.10) 


Let 


/ x = J x 3 cos x dx 

Take u = x 3 , dv = cos x dx so that v = sin x. Therefore 


/i = x 3 sin x - 


J (3x 2 )si 


sin x dx 


(4.11) 


Let 

1 2 = 3J x 2 sin x dx 

= 3[x 2 (- cos x)] - J (2x) (- cos x) dx 

= -3x 2 cos x + 6 J x cos x 
= -3x 2 cos x + 6[cos x + x sin x] + c 


(By Formula 6) 


Substituting the value I 2 in Eq. (4.11), we get 

I y = x 3 sin x + 3x 2 cos x - 6(cos x + x sin x) 

Therefore substituting the value of I y in Eq. (4.10), we 
have 

I = x 3 sin x + 3x 2 cos x - 6(cos x + x sin x) + sin x + c 
= (sin x)(x 3 - 6x + 1) + (3x 2 - 6)cos x + c 
Therefore 

f y (x ) = x 3 - 6x + 1 
/ 2 (x) = 3x 2 - 6 


and 

Hence 


/j (x) +/ 2 (x) = x 3 + 3x 2 - 6x - 5 


Answer: (D) 


Example 


Jcos(log e x) dx = /(x) [cos(log ( , x) + sin(log c x)] + c 
where /(x) equals 


(A) f 
(C) x 

Solution: Let 


(B) 

(D) x 2 


I = J cos(log e x) dx 

Take u = cos(log e x) and dv = dx so that v = x. Then 

, f sin(log. x ) , 

I = xcos(log e x)- -x - 2 — dx 

J x 

= xcos(log ( ,x) + Jsin(log f ,x) (4-12) 


Now, let 

/j = J sin(log e x) dx 
Again using by parts we have 


, , f cos (log. x) , 

I x = x sin (log c x) - x-- dx 

J x 


= xsin (log c x) - I 

Substituting the value of I y in Eq. (4.12), we have 
I = x cos (log e x) + x sin (log e x) -1 

Therefore 

21 = x[cos (log^ x) + sin (log e x)] 

So 




Answer: (A) 











4.4 I Integration by Parts 


Example | 

J yfx (log,, xf 


(A) \{x) w 

(B) \{x) m 

(C) ^(x) 4/3 

(D) 


dx = 


, 3 9 

(log, x) --log, x-- 

(log, x) 2 +|log,x + ^ 

,, t 3 9 

(log, x) --log, x + - 

,, t 3 9 

(log, x) +-\og e x-~ 


+ c 


+ c 


+ c 


+ c 


Solution: We have 


1 = 


jllx( log, xf 


dx 


Take /(x) = yfx, g(x) = (log, x) 2 . Now take u = (log, x) 2 , 
dv = x 1/3 dx so that 


r (l/3)+l o 

v = --= -x 4/3 

(1/3)+ 1 4 


Therefore 


I = -x‘ t,3 (log, x) 2 - J— x 4,J I - be " I dx 


3 ..4/3/ 

4' 


■ 3 T 4/3 f 2 log, X 

4' i x 


= -x 4/3 

4 


(log, x) 2 -|[Jx 1/3 log, xdx j 


= | * 4/3 (l°g e xf - 1 ^ x 4/3 log, x - J ^ x 4/3 • ^ . dx 

~X Q Q j-(l/3)+l 

J 4/3/1 \2 ? 4/3 i 7 X 

= —x (log, x)"-x log, x +- + C 

4 V ’ 8 Be 8 (1/3)+ 1 


= ^x 4/3 

4 


n \2 3 9 

(log,*) ~2 ° gf,X+ 8 


+ c 


Answer: (C) 


Example 


-l 


Sin 


< A) f 


2x + 2 


V 4x 2 +8x + 13 


dx is equal to 


¥M 2 f- i “ e -3 (! ' t3 > 


(B) 

3 

2 

(C) 
3 
2 


2x + 2 _i f 2x + 2 'l 1 

-Tan 


— log, ( —a/ 4x 2 +8x + 3 
3 / 3 6 13 


2x + 2 _i ( 2x + 2 
Tan 


3 ( 3 

2x + 2 r 


- log, | — f 4x 2 +8x +13 


(D) — ^ X + ^ Tan 1 \l4x 2 +8x + 3 -log. 


Solution: We have 
/ = 


2x + 2 


+ c 


+ c 


+ c 


+ c 


J sin 1 

2x + 2 

v yj 4x^ + 8x +13 y 


J sin 1 

2x + 2 

,V(2x + 2) 2 +3 2 J 


dx 


dx 


2x + 2 


= tan0 


Then 


Hence 


dx = —(3sec 2 0) d6 


T f c . _i (3tan0\ 3 2 „ , n 

/ = Sm | -- 7 | —sec 0 d9 


3sec0 J 2 


Jsin 3 (sin0) 


sec 0 dO 


= ^ | 0 sec 2 0 dO 


(IIT-JEE 2001) = ^0 tan 0 - J tan 0 d0^ (using by parts) 


= — [0 tan 0 - log |sec 0|] + c 


_ 3 
~ 2 

because 


Tan 


2x + 2 ^ 2x + 2 1 ~ ~ 

-log, — a/4x 2 +8x + 13 

3 Se 3 


+ c 


tan0 = 


2x + 2 


■ sec 0 = Vl + tan 2 0 


Now, put 
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= J1 + 


2x + 2 


— \l4x 2 + 8x + 13 
3 


Answer: (C) 


Example 


J [sin (log c x) + cos (log,, x)] dx is equal to 


(B) x cos (log x) + c 


sin (log,, x) 


(A) x sin (log e x) + c 
(C) e x tan (log e x) + c (D) e 

Solution: We have 

/ = J (sin (log,, x) + cos (log,, x) dx 


cosx + c 


Put log,, x = t. Therefore x = e‘ and dx = e' dt. Now 
I = J (sin t + cos t ) e f dt 
= j e‘ (sin t + cos t) dt 

= e' sin t + c |v J e x [/(x) + /'(x)] dx = e x /(x) + cj 
= xsin (log,, x)+c 

Answer: (A) 


Example 


J x Sin [ x dx = —V 1-x 2 + /(x) Sin 1 x where /(x) is 


(A) 


(C) 


2x 2 +1 


2x 2 -x 


(B) 


(D) 


2x" +x 


2x 2 -1 


Solution: We have 


1 = 


JxSin 


dx 


Take u = Sin 1 x, dv = x dx so that v = x 2 /2. Therefore 


I - — Sin l x - -- , dx 

2 J 2 


x 2 1 


Example 


x 2 1 rl-x 2 -l 

= —Sm x H— | 

2J 


2J ^ 


dx 




2j ViT 


x 2 1 

= —Sm x H— 
2 2 


x-\/ 1-x 2 1 _ 


+ —Sin l x 


1 Q- -1 

— Sm x 

2 

(By Formula 9) 


4 


V + l_l^ 
v 2 + 4~ 2j 


4 


x 2 + 


^2x 2 -l'' 


Sin 1 x + c 
Sin _1 x + c 


Answer: (D) 


‘x 2 (xsec 2 x + tanx) , . 

— 2 -■=— 1 dx is equal to 

(xtanx + 1)" 


(A) log,, |xsinx + cosx| + 


x tan x +1 

„2 


- + C 


(B) 21og e |xsinx + cosx|- 


(C) 2 log,, \x cos x + sin x| + 


(D) log,, |xcosx + sinx| + - 


- + c 


x tan x +1 

x^ 

sec x + x tan x 

2 


- + C 


- + c 


sec" x + x tan x 


Solution: Observe that 


— (xtanx +1) = x sec" x + tanx 
dx v 


Let 


Take 


r fx (xsec"x + tanx) , 

I = — 1 5 1 dx 
J (x tan x +1) 


2 , xsec" x + tanx 

u = x , dv = 


(x tan x +1) 
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so that 


-1 


v = ■ 


x tan x + l 


Therefore 


I = x l 


-1 


-1 


x tan x + l) J x tan x + l 

2 


( 2x ) dx 


—X 


x tan x + l 


+ 2 


x tan x + l 


dx 


4.4 I Integration by Parts 


—x _f x cos x , 

-1- 2 - dx 

xtanx + 1 J xsinx + cosx 

-x 2 _ f dt 

-+ 2 — where t = x sin x + cos x 

x tan x + l J t 

-* 2 , • 

- + 2\og e xsmx + cosx +c 

xtanx + 1 


Answer: (B) 


Example 


■ x + sin x 

1 + COS X 


dx is equal to 


, . s X X /T , S X X 

(A) xtan —+ sec —+ c (B) xsec — + tan — + c 

2 2 2 2 

,_,v . X X X 

((_) xsin — + cos — + c (D) xtan — + c 

v ' 2 2 2 


Solution: We have 


rx + sinx^ f 

J 1 + COSX j 


X X 

x + 2 sin — cos — 
2 2 


2 cos 


2 * 


dx 


i 


= — | x sec 2 — dx+ [ tan — dx 

2 J 2 


X C X C X 

= x tan — - tan —dx+\ tan — dx 

2 J 2 J 2 


= x tan — + c 
2 


Answer: (D) 


Example 


4.86 


If J x 4 cos x dx = /(x) sin x + g(x) cos x + c, then /(x) + 
g(x) is equal to 

(A) x 4 + 4x 3 - 12x 2 - 24x + 24 

(B) x 4 - 4x 3 + 12x 2 - 24x + 6 

(C) x 4 + 4x 3 + 12x 2 - 24x - 24 

(D) x 4 - 4x 3 - 12x 2 + 24x - 24 


Solution: Take u = x 4 and v = cosx and apply For¬ 
mula 3. We get 


fx 4 cosx dx = x 4 sinx-4x 3 (-cosx) + 12x 2 (-sinx) 

•> -24xcosx+24sin x + c 

= x 4 sin x + 4x 3 cos x - 12x 2 sin x - 24x cos x 
+ 24 sin x + c 

= (x 4 -12x 2 + 24)sinx + (4x 3 -24x)cos x+c 

Therefore 

/(x) + g(x) = x 4 + 4x 3 - 12x 2 - 24x + 24 

Answer: (A) 


Example 


\e x {x + X+ }) dx- 


3/2 


(x 2 +l) 


/ \ \ ex 

(A) ^ + c 


x 2 +l 


(C) 


(x+l) 


3/2 


+ C 


Solution: We have 


/-.-j \ xe 
(B) ,- +c 


six 2 +1 


J (x 2 +l) 3/2 
x(x 2 + 1) + 1 


= e 


(D) 


six 2 +1 


+ c 


(x+l) 


3/2 


dx 
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= e 


dx 


- 7777 (x 2 +i) 3/2 

[ e x [/(x) + f'(x)] dx where f(x) = — 

J V. 


x 1 +1 


= e x f(x) + c 


= e 


7x 2 +1 


+ c 


Answer: (B) 


Example 


z \ \ xe 

(A) - + c 

v 2 x + 4 


(C) 


(x + 1) e* 


x+4 

Solution: We have 


Example 


(x +1) 
(x + 1) 2 


e " - w dx = 

t+: 

xe x 


(A) J+l + C 


(B) -^ + c 


+ c (D) 


(x + 4) z 

(x + 1) 

(x + 4) 2 


e +c 


'-Mffi 1 * 


(B) 


(x + 1) 


- + c 


(C) |f±i)«* + . (D) 

Solution: We have 

J (x + 1) 2 


= e 


= e 


x(x + 4) + 4 
(x + 4) 2 . 


x 4 
- + - 


dx 


x+4 (x + 4) y 
= je x [f(x) + f'(x)]dx 

where /(x) = x/(x + 4). Therefore 

x 


dx 


I = e x 


x + 4 


+ c 


= e 


= e 


x 2 -1+2" 

(x + 1) 2 , 

x — 1 i 


dx 


X + 1 (x + 1) 2 


dx 


Answer: (A) 


= Je Y [/(x) + / , (x)] dx where /(x) 

= e x f(x) + c 
x — 1 N 


x — 1 
x + 1 


- e 


x + 1 


+ c 


Answer: (D) 


Example 


(1-x) 

(1+x 2 ) 


2 

2 \ 2 ~ 


dx = 


(A) 


(C) 


1+x” 


1+x" 


+ c 


+ c 


(B) e-l^l + c 


1+x" 


(D) 


2x2 


Solution: We have 

f x (1-x) 2 


(1 + x 2 ) 2 


dx = 


v l + x (1 + x ) 

jc (1 + x 2 -2x) 


+ c 


(1 + x 2 ) 2 


r/x 


= fe x M-2- 2 ^ t 

J 7 + x 2 (1+x 2 ) 2 
= Je*[/(x) + /'(x)]dx 
= e x f(x) + c 


\ 

dx 

where f(x) 


1 

1 + x 2 


Answer: (C) 
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4.4 I Integration by Parts 


Example 


, C^+3,+3) 


x + 1 1 

J (x + 2) 2 

j 

x + 2 (x + 2) 2 


(A) 

(C) e* 


x + 2 
x + 1 


+ c 


+ c 


^x + 2 

Solution: We have 
|* x (x~ + 3x + 3) 

r (x+2 f 


(B) 


f \ 

x + 1 


(x+2 y 


+ c 


£^+l) + c 

x + 2 


dx = je x [(x+X)(x + 2)+X] dx 


( x +2y 


dx 


= J e x [f(x) + f\x)\ dx where /(x) = 
= e x f(x) + c 


x+1 
x + 2 


x + 1 

_e ' x + 2 l + C 


Answer: (C) 


Example 


(x 3 - x + 2) _ 

(x 2 +l) 2 


/ \ \ xe 

(A) ~2 - - + c 

X +1 

,,,, 

(C) —d c 


Solution: We have 
r x (x 3 - x + 2) 


(x 2 +l) 2 


dx= e' 


(B) ^>f + c 
X +1 

x 2 e x 

(D) 4^- + c 
x +1 


[(x^ +1) (x +1) +1 — 2x — x 2 ] 

(x 2 + i) 2 


dx 


J‘ 


x + 1 1 —2x —x 


2 A 


X- + 1 (x Z + 1 Y 


dx 


\e x [f(x) + f'(x)\dx where f(x) = 


x + 1 
X 2 +1 


= e x f(x) + c 
x + 1 


= e 


x 2 +1 


+ c 


Answer: (B) 


Example | 

f log g x 

J (l + log e x) 2 

(A) x 
(C) x 2 


dx = 


/(*) 


l + log.x 
(B) -x 
(D) -x 2 


+ c where /(x) is 


Solution: We have 


1 = 


log c x 


dx 


■ (1 + log e x) 2 
Put t = log c x. Therefore, e r = x and e‘ dt = dx. Hence 

/= f—-— j(e’) dt 

J (1+0 2 


All. 1 - 1 ) 

(f+1) 2 


dt 


h' 


t +1 (t+1) 2 


dt 


= je‘ [g(0 + g'(0] dt where g(t) = — 
= e‘g(t) + c 


t + 1 


- + c 


loge X + 1 
so that /(x) = x. 


- + c 


Answer: (A) 















































394 


Chapter 4 I Indefinite Integral 


Example 


• sir , r (xcos 3 x-sinx) , . 

e - --- -dx is equal to 

cos“ x 


(A) e sm X (x + cos x) + c (B) e sin X (x 4- sin x) + c 
(C) e smx (x — sec x) + c (D) e smx (x + sec x) + c 

Solution: Let 


1= e 


xcos" x-smi 


cos 2 x 


= Je sinx (x cos x-secx tan x) dx 


= J( e smx cosx) x dx- je smx secx tan xdx 
Using integration by parts, we get 


I = xe x - I e x dx- 




■J 


e smx secx- e smx cosxsec xdx 


+ c 


= xe sinx -je sinx dx- e sinx sec x + J e siDX dx + c 

= xe smx - e smx sec x + c 
= e sinx (x - sec x) + c 


Answer: (C) 


Example 


f e sec * sin[x + (nl 4)] J ( n . 

- dx 0 < x < — is equal to 

J cosx(l-sinx) V 4/ 

(A) -j= e secx (secx-tanx) + c 
v 2 

(B) -j=e secx (secx + tanx) + c 
V2 

(C) -7=e secx (cosec x +cot x) + c 
v 2 

(D) —j= e secx (cosec x - cot x) + c 

v2 

Solution: We have 

/ _ f £SCCX sin[x + (ff/4)] dx 
J cosx(l-sinx) 

1 re secjc (sin x +cosx) 

= -= - dx 

V2 J cosx(l-sinx) 


1 + 


I* seci A T vua T Olll A^ ^ 

yJ2 J cosx(l-sin 2 x) 

1 f secjc ( s i n * + sin 2 x + cos x + cos x sin x) 


V2 

J_ 

V2 

J_ 

: V2 


cos 3 X 


dx 


J e secx (sec 2 x tan x + sec x tan 2 x + sec 2 x + sec x tan x)dx 
Je secx (sec 2 x + sec x tan 2 x) dx 
+ - J= J e sec * sec x tan x(sec x +1) dx 


1 f d 

72 

1 


J— (e secv tanx) dx + “ 7 =J e\t + 1) dt (t = sec x) 


V2J dx 


72 


= —=[e secr tanx + t e f l + c 

V2 L 

= -J= e sec v (tan x + sec x) + c 
v 2 


Answer: (B) 


Example 


If lim 1 v 2 exists finitely and lim I l+x + 




*->0 


/Wf =e 3 


then J/(x)log g x dx is equal to 


( A ) |x 3 (log e x-i| + c 

(B) y(log,*-i) + c 

(C) |x 3 (log e x + l) + c 

(D) ^-^ 3 (log e ^-l) + c 


Solution: We have 


I,mil 


x^O 


lim| l + x| 1 + 

X— >0 


/w 


x 2 J) 


1/x 


= e 


lim 

X— >0 


x 2 +/(x) 1 


( J1 

1 + 


X +/(x) 


X +/(x) 


= e 


x 2 +/(x) 


= 3 


/(x) = 2x 2 
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4.4 I Integration by Parts 


Therefore 

J /(x) log c xdx = 2 J x 2 log e xdx 


= 2 


— log e x- f— -dx 
3 J 3 x 


(By Parts) 


2 3l 2 3 

log? X — —X +c 


Answer: (A) 


Example 


For 0 < x < 1, let 


/(x) = lim(l + x)(l + x )(l + x )---(l+x“ ) 

then [ 1—1 log e xdx equals 
J 1 - x 


(A) log, 


1-x 


+ c 


(B) -logi-^) + h&£ +t 

\l-xj 1-x 

(C) ^ + log c (l-x) + c 

(D) xlog e x + log e (l-x) + c 

Solution: We have 

/(x) = lim ^ [(l-x)(l + x)(l + x 2 )---(l + x 2 )] 
l — x 

1 - 1 r /1 2\/i 2\/i /I i". 

= hm ■ m ~ ZW1 1 ~ ZW1 1 ~ 4 ' n • - z 


>l-x 


[(l-x z )(l+x z )(l+x 4 )---(l + x z )] 


= lim—— [(l-x 4 )(l + x 4 )---(l + x 2 )] 


= lim 
Therefore 


( i 2” +1 

1-x 
1-x 


1 —x 


Let 


/(*) = 


1-x 


I = l l^ loge xdx = J 


1-x 


log e * 

(1-x) 2 
log, x - J~— —dx 


dx 


1 —x x 


log,x (( 1 1 


H— I dx 


1 — x J v1 — x x 


lo s+_ log< |^ l+c 


1-x 


1 —X 


Answer: (B) 


Example 


r x 2 cosx , -x 2 „ . 

- j dx =-2x(sec x - tan x) 

J (1 + sin x)“ 1 + sinx 

+ 21og|/(x)| + c 


u = x 2 and dv = — C ° SX „ dx 


(l + sinx)“ 


so that 


1 


v = — 


1 + sinx 


Therefore 


where /(x) is equal to 


I~x 2 ( - 1 ) 

(A) sec x + tan x 

(B) x(sec x + tan x) 

V1 + sin x J 

(C) 1 + sin x 

(D) tan x (sec x + tan x) 

- * 2 ,o 

Solution: Let 

1 + sin x 

2 

j 

|* x 2 cosx j 

= X +2 
1 + sinx 

1 \ 

j _ ctx 

' (1+sinx)" 

x 2 

Take 


= +2 
1+sinx 


-1 


- (2x) dx 


dx 


‘x(l-sinx) 
cos 2 x 


dx 


1+sinx 


+ 2j x sec xdx - 2j x sec x tan x dx 
+ 2 x tan x - tan x dx 


-2 


xsecx- 


’ |"x tan x - J tan x dx J 
J sec x dx j 
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x 


1 + sin x 

2 


- + 2x tan x — 2 tan x dx-2x sec x + 2 sec x dx 


- + 2x(tan x - sec x) 


+ 2x(tan x - sec x) + 2 log e |cos x\ 


1 + sin x 
+ 2 log e |sec x + tan x\ + c 


Example 


•sec“ x-1 
sin 7 x 


dx is equal to 


(A) cotx cosec 7 x + c (B) tanx cosec 6 x + c 
(C) sec 7 x cosecx + c (D) tanx cosec 7 x + c 


Solution: Let 


T f sec“ x - 7 , 

I = ——- dx 

J sir 


sin 7 x 


1 + sin x 
+ 21og e |cosx(secx + tanx)| + c 


1 + sin x 


+ 2x(tanx-secx) + 21og g |l + sinx| + < 


Answer: (C) 


= Jsec 2 x cosec 7 x dx - 7 Jcosec 7 x dx 
= tanx cosec 7 x-Jtanx(-7cosec 6 x cosecx cotx) dx 
-7jcosec 7 x dx 

= tanx cosec 7 x + 7jcosec 7 x dx - 7j*cosec 7 x dx + c 


= tanx cosec x + c 


Answer: (D) 


Example 


4.100 


X dx = 


J (sin 4x)e 

(A) -2 e tan x cos 4 x + c (B) 2 e tan x sec 4 x + c 

(C) -2e tan2 *sec 2 x + c (D) 2 e tan2 - v cos 2 x + c 

Solution: Let 

I = J (sin 4x)e tan x dx 

I* 9 9 t ^ 

= 4 sinx cosx(cos‘x - sin“x)e X dx 

= 4^sinx cos 3 x (1- tan 2 x)e tan ' dx 

= 4 Jtanx cos 4 x(l-tan 2 x)e tan X dx (4.13) 

Put t = tan 2 x. Therefore 

dt=2 tanx sec 2 x dx 

Hence 


7 = 2j 

= 2 J 

= " 2 J 
= -2 1 


2 tanx sec^x 


sec x 
1-t 


(1-tan z x)e tan ~ x dx 


(1 + tf 
f 7+1-2 J 

J (i+0 3 

1 


e‘ dt 

e' dt 


(t+1) 2 (t + if) 


e‘dt 


= -2+where /(f) = 
2 e f 

- + c 


(f+1) 2 


(f+1) 2 


2 e 


(1 + tan 2 x) 2 


+ c 


= -2e tan 1 cos 4 x + c 


Answer: (A) 


4.5 Fundamental Classes of Integrable Functions 

In this section we would discuss various classes of integrable function and give examples so that students understand 
how to evaluate each class. 

























4.5 I Fundamental Classes of Integrable Functions 

4.5.1 Integration of Rational Functions of the Form [P(x) and Q(x) are Polynomials] 

Q(x) 

Method: Using partial fractions. For partial fractions, see Chapter 9 (Vol. 1). 


Example 


Evaluate 


4.101 


(x-l)(x-2)(x-3) 

Solution: Write 


■ dx. 


ABC 
- + -+ - 


(x-l)(x-2)(x-3) x — 1 x — 2 x-3 

so that 

x 2 = A(x - 2)(x - 3) + B(x - l)(sx - 3) + C(x - l)(x - 2) 


Put x = 1,2,3 successively on both sides. Then 

1 9 
A-—, 5 =-4, C = — 

2 2 


Therefore 


(x —l)(x-2)(x-3) 


dx = — 


|* dx r dx 9 |* dx 
2JJ^~ J x-2 + 2J x-3 


1 9 

= 2 1 °gek- 1 |- 41 °g e \x~2\ + -log e |x-3| + c 


Example 


4.102 


Evaluate -=— 

J(x-l) 2 (x-2) 

Solution: Write 


dx. 


A B 


- + - 


C 


Therefore 


(x-l)"(x-2) x-1 (x-1) x-2 


x 2 = A(x - 1) 0 - 2) + B(x - 2) + C(x -1) 2 


Now, 

x = 1 => B = -1 
x = 2 => C = 4 

Equating the coefficient of x 2 on both sides, we get 
A + C=l^>A=-3 

Therefore 

f x" , „ f dx r dx , f dx 

J (x-1) 2 (x-2) J x-1 J (x-1) 2 J x — 2 

= -3 log^ lx —1| + —+ 4 log c lx - 2\ + c 
x-1 


4.5.2 To Evaluate Integrals of the Form f r +q dx 

J ax* + bx + c 

Case I: If ax 2 + bx + c = 0 has real roots, use partial fractions. 

Case II: If ax 2 + bx + c = 0 has no real roots. Then write 


px + q = A — (ax 2 + bx + c) + p 
dx 

where A and ju are constants which can be determined by equating the coefficients on both sides. 
P(x) 


Case III: To evaluate 


dx where P(x) is a polynomial of degree greater than or equal two. Write 

ax" +bx + c 


P(x) = <2(x)(ax 2 + bx + c) + (px + q ) 


so that 


P(x) 


ax" +bx + c 


dx = 


Jg(x) dx + J 


px + q 
ax 2 +bx + c 


Now proceed as in Case II or Case I. 
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Example 


4.103 


(Based on Case II) 

Evaluate ** ^x+2 


x + 2x + 9 

Solution: Let 


dx. 


Therefore 


d , 

3x + 2 = A — (x + 2x + 9) + jU 
dx 

— A(2x + 2) + ju 
3 = 2 A and 2A + p = 2 


■A = - and u = -1 
2 


Now 


' 3x + 2 
x 1 + 2x + 9 


dx = — 


J- 


I 

= |lo g( ,(x 2 + 2x + 9)-J 


2 x + 2 

2- 1 x 2 +2x + 9 
3 
2 


dx 


x +2x+9 
dx 

(x + l) 2 +8 


= |lo g ,U 2 + 2, + 9)-^Ta„- 1 (^ 


Example 


4.104 


(Based on Case III) 

„ , f2x 3 +x 2 +3x-l 

Evaluate 


2x~ + 4x + 9 


dx. 


Solution: Here 

P(x) = 2x 3 + x 2 + 3x - 1 
Divide P(x) with 2x 2 + 4x + 9. Therefore 

2x 3 + x 2 + 3x -1 = ^x - j (2x 2 + 4x + 9) + ^ 


So 


' 2x +x +3x — 1 
2x 2 + 4x + 9 


dx = 


JL-|U+J 


25/2 


2x“ + 4x + 9 


c/x 


X 2 3 25 

=-XH- 

2 2 4 • 


x 2 3 25 

=-XH- 

2 2 4 ■ 


r/x 


x 2 + 2x + (9/2) 

' dx 
(x + 1) 2 +(7/2) 


x 2 3 25 V2 _j 

=-x + — x^Tan 




2 2 


4 V7 


V2(x + 1) 

~HT~ 


+ c 


4.5.3 Integrals of the Form f dx - (a ± 0) and f px + q — dx 

J ylax 2 +bx + c J v/ax 2 +bx + c 


1. To evaluate 
integrals. 

2. To evaluate 


dx 


J-/-5- 

V ux + hx + c 
r px + q 

\Jax 2 + bx 


(a ^ 0), make the coefficient of x 2 as +1, complete the perfect square and use standard 
dx, write 


+ c 


so that 


px + q = A — (ax 2 + bx + c) + p 
dx 


f px + q f 2 ax + b f 

I 7 = dx = A\ dx + p I 

J ax z + bx + c ax 2 + bx + c 


dx 


■\Jax 1 + bx + c 
= 2A'Jax 2 +bx + c + qj 


\lax 2 +bx + c 
dx 


ax +bx + c 


Now, use (1) for J 


dx 


\lax 2 +bx + c 


+ c 
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Example 


4.105 


Evaluate 


dx 


V 3x 2 +4x + 5 

Solution: Let 


1 = 


dx 


V3 


'Jsx" + 4x + 5 
dx 


o 4.r 5 
x + — + - 


3 3 



11 
H- 

9 


= —j=Sinh 1 

V3 

= —J=Sinh 1 

V3 


' x + (2/3) ' 
, (VTT/3), 
r 3 jc+2"i 


+ c 


l vn J 


+ c 


Example 


4.106 



f 3 — 2x 

Therefore 

Evaluate 

[ 7 dx. 



J v4 + 2JC-JC 2 

r -2*+ 2 

/ = - d.r + 

J d4 + 2x-x 2 

Solution: 

Let 

I - f 3 ~ 2x _ dx 

J \/4 + 2x-x 2 

- ?^/4 + ?r r 2 + f 


“T 1 z— 1 1 1— 

Let 

3-2x = A(-2x + 2) + p 

= 2^4 + 2x-x 2 +Sin 

so that -: 

2 A = -2, 2A + p = 3 and hence A = 1 and ju= 1. 



dx 


\]4 + 2x-x 


dx 


\l5-(x-l) 2 


V5 


+ c 


4.5.4 Integrals of the Form J (px + q)\[ax*Vbx + c dx 

To evaluate \(px + q)^jax 2 +bx + c, write 


px + q 


X — (ax 2 +bx + c)+ u 
dx K ’ * 


and then use standard integrals. 


Example 


4.107 


Evaluate J (2x - 5)v/2 + 3x — x 2 dx. 

Solution: We have 

2x- 5 = A(-2x + 3) + ju 
so that A = -1, ju = -2. Therefore 

J (2x - 5)^2 + 3x - x 2 = -J(3 — 2x)yj2 + 3x — x 2 dx - 

2 J \l 2 + 3x-x 2 dx 


(2 + 3x — x) 


2\(l/2)+l 


( 1 / 2 )+ 1 


- —2|J— -\x-^\ dx 


= --(2 + 3x-x 2 ) m - 
3 


, 4 
2jc-3 


v/2 


+ 3x-x 


- — Sin -1 
4 


2x-3 

~w 


+ c 
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Note: In the above integral J ( px + q)*Jax 2 +bx + c dx , if p = 0 and q = 1 then the integral can be reduced to the form 


J \la 2 ± x 2 dx or 


J *Jx 2 - a 2 dx. 


4.5.5 Integral of the Form j 

To evaluate J 


x 2 ±1 


dx 


x 2 ±l 


x + kx “ +1 


x 4 +fex 2 +1 

dx where k = -1,0, or 1, divide numerator and denominator by x 2 and put the substitution 


x + (IIx) = t or x - ( 1 lx) = t according as the numerator is 1 - (1 lx 2 ) or 1 + (1/x 2 ). 

Example 


4.108 


Evaluate 


■ x 2 +l 
X 4 + X 2 +1 


dx. 


dt 1 

where t = x - 


t 2 +3 


Solution: We have 


= —|=Tan 1 —= + c 
V3 V3 


f /+ 1 = 

2 1+(1, f ) * 

— —j= Tan 1 1 

' x-(Vx)' 

' X 4 +x +1 ^ 

x 2 +(l/x 2 ) + l 

V3 

k V3 J 


+ c 


4.5.6 Special Cases 

In this section we discuss four special cases: To evaluate 

r dx 

' fl(x)yjf 2 (x) 

where 

1. both f x and f 2 are linear expressions. In this case put ^J f 2 (v) = t. 

2. f x is quadratic and f 2 is linear. Then also put 2 Jf 2 (x) = t. 

3. f x is linear and f 2 is quadratic. In this case put f x (x) = lit. 

4. (a) To evaluate f- X =dx, put yjpx 2 + q = t. 

(ax 2 + b)y] px 2 + q 

(b) To evaluate f ---_ dx, first put x = -, simplify the integral and then put a Jp + qt 2 = z. 

(ax 2 + b) yjpx 2 +q 1 


Example 


4.109 


Evaluate 


dx 


(2x + 3)sjx-l 


Solution: We have 
j_ f dx 


(2x + 3)y/x — l 


1 


2 J 

I? 


dt 

2r+ 5 
dt 


+ (5/2) 
1 rTan ” 1 


V572 [7572 


+ c 


[2(r +1) + 3]t 


(2 1) dt where t = yjx — 1 


= 7-Tan 


-l 


( 


v ■ j j 


+ c 
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4.5 I Fundamental Classes of Integrable Functions 


Example 


4.110 


Evaluate 


dx 


(x 2 +1 )Vx 

Solution: Let 

j=f__ 

•* (x 2 + l)Vx 

r l 


(; t 4 +1 )t 


dt 


(2 1) dt where t = Vx 


t 4 +l 


■(t 2 + \ ) -(t 2 -r ) 


t 4 + i 


dt 


V+l J r 


t 2 -l 


+ 1 


df 


1 + 


1 


1- 


1 


■j-rW, i 

t +^r t +^r 

t t 


’ dz r du 
z 2 + 2 J u 2 —2 

' 1 


dt 


where z = t-~ and u = t + - 
f t 


—J=Tan 1 (—%= -log. 

V2 IV 2 J 2V2 5 


[-V2 


+ c 


= —j=Tan 1 

V2 


= -^Tan -1 


V2 


t-(Vt) 

V2 

x-1 


ll + V2 

f + (1/0 - V 2 


2 y/2 


log 


t + (1/t) + >/2 


+ c 


V2 J 2V2 


log. 


x —V2x + 1 


x + 


V2x + 1 


+ c 


Example 


4.111 


Evaluate 


(l-x 2 )v/x 2 +l 

Solution: We have 

-J 


dx. 


dx 


(l-x 2 )v/x 2 + l 
Put \lx 2 +1 = t. Therefore x 2 = f 2 -1 and x dx = t dt. So 

[—dt 
J (2-r) 


1 = 


• dt 
2-t 1 

1 f 1 


2V2 V yjl—t yjl+t 


dt 


1 


2V2 


2V2 


log. 


log. 


V2 + t 


V2-r 


+ C 




x z +l 


y/2-yf. 


x z +l 


+ c 


Example 


Evaluate 


4.112 


dx 


(x 2 -1 )v/x 2 +1 

Solution: We have 

-J 


dx 


(x 2 -l)v/x 2 + l 
Put x = 1/f so that dx = -(l/f 2 )dt. Therefore 


/ = 


(l/t) 


—1 


+ 1 


- 7 idt 


dt 


J (l-t 2 )\ll + t 2 

Now proceed as in Example 4.111. 
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P± P2 Pk_ 

4.5.7 Integrals of the Form J R (x, x qi ,x q *x qk ) dx 


Pi Pi Pk_ 

To evaluate jR (x, x qi , x qi , ...,x qk ) dx where R is a rational function of its variables x, x Pllqi ,...,x Pklqk , put x = f 1 

where n is the L.C.M. of the denominators of the fractions p x !q x , p 2 lq 2 ,..., p k !q k .UR is a rational function of linear 
'ax + b\ p ' q 

fractions of the form |- T | , then put 


cx + d 


: + b 


= n 


cx + d 

where n is the L.C.M. of the denominators of fractional powers of (ax + b)l(cx + d). 


Example 


4.113 


Evaluate 

j < 


4 Jx 5 - 6 Jx 7 


Solution: We have 

H 


Vx + x/x 


q x 5 - 6 Jx 7 


dx 


Here the powers of x are 1/2,1/3,5/4,7/6 and the L.C.M. 
of the denominators is 12. Hence put x = t 12 so that dx = 
12 f 11 dt. Therefore 


1 = 


H 


t 6 ,A 


= 12j -- dt 


-1 

.2 - 2 


= 12|| f + t + 2 + ^- I dt 


= 12 

where t = jc 1/12 . 


t 3 t 2 


— + —h2f + 21og ( , /- 
3 2 1 


+ c 


Example 


4.114 


Evaluate 


• (2jc + 1) 1/2 
(2* + l) (1/3) +l 


dx. 


Solution: We have 

H 


(2x+l) 


1/2 


(2x + l) (1/3) +1 


dx 


Here the powers of 2x + 1 are 1/2 and 1/3. Put 2x +1 = t 6 
so that dx = 3 1 5 dt. Therefore 


1 = 


f-Ar(3 t 5 )dt 
J r+ 1 


= 3 

= 3 

= 3 


t 2 +l 


dt 


t ^tUt 2 -i+ 1 


t 2 +l 


t 1 t 5 t 3 T 
-+- 1 + Tan t 


7 5 3 

where t = (2x + 1) 1/6 . 


dt 

+ c 


4.5.8 The Binomial Differential 

The integral jx m (a + bx n ) p (m , n,p are rational numbers) can be evaluated in the following four cases: 

Case I: If p is a positive integer, then use binomial expansion for positive integral index and then integrate. 

Case II: If p is a negative integer, then put the substitution x = t° where a is the L.C.M. of the denominators of the 
fractions of m and n. 
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Case III: If 
Case IV: If 


m +1 


n 

m +1 


n 


is an integer, then put the substitution a + bx n = t k where k is denominator of p. 

+ p is an integer, then put the substitution a + bx n = t k x n where k is the denominator 


of p. 


Example 


4.115 


Evaluate 


■fl 


+ ipc 


yfx 

Solution: We have 

/ = 


dx. 


+ i/x 


dx 


fv/l 

J 4~X 

JV 1/2 ( 1+x 114 ) 


Here 


m +1 —( 1 / 2 ) +1 n 

~ = 1/4 = (Integer) 


So put 

1 + X V4 = t 3 


=> X = (t 3 - l) 4 

=> dx = 12 t 2 (f - 1) 3 dt 


Therefore 


/ = J (t 3 -1)“ 2 t[12t 2 (t 3 -1) 3 ] dt 

= Jl2/ 3 (t 3 -l) dt 

= —t 1 -3t 4 +c 
7 

= y (1 + t/^)" 3 - 3(1 ■+ ^) 4/3 + C 


Example 


4.116 


Evaluate 


dx 


3 Jx 2 a+?lx 2 ] 


Solution: We have 


1 = 


dx 


=fx- m (i+x m y 1 dx 


Here p =-l is a negative integer and m = -2/3, n = 2/3. Put 
x = t 3 . Then dx = 3t 2 di. So 





dt 

177 


= 3 Tan 2 t + c 


= 3 Tan 1 (yfx) + c 


4.5.9 Euler's Substitution 

To evaluate J R(x,\Jax 2 +bx + c), we use one of the following three substitutions called Euler’s substitutions. 

1. Put ylax 2 +bx + c = t + xyfa if a > 0. 

2. Put yjax 2 +bx + c = tx±\fc if c > 0. 

3. If ax 2 + bx + c = a(x -a)(x - fi) where a, /3 are real roots of ax 2 +bx + c = 0, then put the substitution 

v/flx 2 +bx + c = t(x - a) or t(x - (3) 
and simplify the integral and perform integration. 
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Note: Sometimes the integrals which can be evaluated by using Euler’s substitution can also be evaluated by other 
substitution methods. 


Example 


4.117 


Evaluate I = 


dx 


yjx 2 + x + l 


x + 


Solution: Put 


v/x 2 + x + l = t-. 


Therefore 


=>x 2 + x + l = t 2 - 2 tx + x 2 
=> x (2t + 1) = t 2 - 1 

t 2 -l 


dx= 2t(2t + l)-2^-l) dt 
(2t+ l) 2 

2t 2 + 2t+ 2 J 

— - «—dt 

(2f+l) 2 

Again 

x + yjx 2 + x + l =x + t-x = t 

Therefore 


(4.14) 


I = fl ( 2r +2t + 2) dt [from Eq. (4.14)] 

Jt ( 2 /+ 1) 2 

_ 2 f +f+ ^ c it ( use partial fractions) 
J/(2t + l) 2 


4.5.10 Integration of Trigonometric Functions 

To evaluate Jsin m x cos" .r dx where m and n are rational numbers, use the substitution f = sin x or cos x. The integral 

will be reduced to the form Jf m (l-t 2 )^" -1)/2 rft. Hence, it can be integrated in elementary functions only. See the fol¬ 
lowing cases. 

Yl — 1 

Case I: n is odd positive integer so that is an integer. 

Case II: If m is an odd positive integer then | m+ | is an integer. 


, m + 1 n-1 

Case III: m + n is even and —-— + are integers, then 

(a) put t = sin x if n is odd. 

(b) put t = cos x if m is odd. 

(c) put tan x — t or cot x-t when m + n is even. 


Example 


4.118 


Evaluate I = J sin 5 x cos 4 x dx. 

Solution: Put cos x = t so that sin x dx = -dt. Therefore 

/ = J(l-f 2 ) 2 t 4 (-dt) 


= -j(t 8 -2t 6 + t 4 )dt 



+ c 


where t = cos x. 
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Example 


4.119 


Evaluate I = sin 2 x cos 3 x dx. 


Solution: Put sin x = t so that cos x dx = dt. Therefore 
I = jt 2 (l-t 2 )dt 


4.120 


Example 


Evaluate / = 


Solution: Put cos x = t so that sin x dx = -dt. Therefore 


1 = 


l-t 


2 \ 


(-dt) 


1 5 1 3 

-t +-t +C 

5 3 

1-5 1-3 

—sin x + — sin x + c 
5 3 


r sin 3 x 

-f 

T 1 


4 

J COS X 

J 

U 2 

t 4 J 


1 1 -3 

: -1— t + c 

t 3 

1 3 

— sec x- sec x + c 
3 


4.5.11 Reduction 


At plus 2 level and in IIT-JEE, we have simple Reduction, viz. evaluation of integrals of the form Jsin" x dx. 
J cos" a: dx, J tan" x dx, J sec" x dx, J cosec" x dx and J cot” x dx where n > 2 integer. 


Examples 


1. Let 


4 = J sin" x dx 
= J sin" -1 x sinx dx 
Using by parts, we get 

I n = sin" -1 x (-cosx) 

-J («-1) sin" -2 x cos x(-cosx) dx 

= - cosxsin" -1 x + (n —1)Jsin" -2 xcos 2 x dx 

= - cosxsin" -1 x + (n —1)Jsin" -2 x(l-sin 2 x) dx 
= - cos x sin" -1 x + (n - 1) I n _ 2 —(n — 1 )/„ 
Therefore 

nl =(n-\)I , - cos x sin" -1 x 

n v / n -1 

( n-l'l 1 . 

or I„ =\ - —cosxsm x 


, 1 n—2 

n ) n 


Similarly, if I n = J cos 2 x dx, then 


r n ~ 1 r 1 • n -1 

l n = - 4 - 2 +-sin xcos x 

n n 


2. Let 


I n = J tan"x dx 

= J tan" -2 x tan 2 x dx 
= Jtan" -2 x (sec 2 x-l)dx 


1* 


= | tan" 2 x sec 2 xdx-I 


n-2 


(tanx) 


n -1 


n -1 




n-2 


Therefore 


4 = 


(tanx) 
n — 1 


n —1 




n-2 
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WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 

x m -l 


'•1 


m +1 


X 

equal to 


Jl-2x m +rnx 2m 


dx = + c where fix) is 

mx m 


(A) sjl-2x m +mx 2m 


(B) yll-x m +x 2m 


(c) 7"+ 

Solution: Let 

/= J: 


x m -l 


Vl-2 x m +nix 2m 


,m +1 


<°) 


c/a 


Dividing numerator and denominator with A 2m+1 we get 
1 1 

+ 


/ = 


ra+1 2m+l 
X X rdx 


x 2m x m 


+ m 


Put 


Therefore 


2 1 2 

t = —= - 1 m 

x 2m x m 


_ , . —2m 2m , , 

2t dt = ——- +-- dx 

2m+l ^.m+1 


■ t dt = m 


m+l ^.2m+l 


c/x 


Hence 


/ = jif— |c/f 


t 


= — + c 
m 


1 I 1 

r ^ 

1 


m \ x 2m x m 


+ »7 + C 


Jl-2x m ' — 2m 


+ mx + c 


Answer: (A) 


2. If 


dx 


(x 2 -4)7* + ! k 


= T lo ge 


74 +I-V3 


7-r +1 + Vs 


-^Tan 1 74+T+c then/c equals 


(A) 2V3 
1 


(C) 


(B) 4^3 
1 


4V3 


(D) 


373 


Solution: Let 


1 = 


dx 


(x 2 ~4)yjx + l 
Put 74 +1 = t so that dx = 21 dt. Therefore 
1 


1 = 


I frr' 11' - 4 |f 

I 2 


(2t) dt 


= 2 1 

_ 1 

“ 2- 

4. 


(L-l-2)(r-l+2) 
dt 


dt 


(t 2 -3)(r +1) 


2 -3 t 2 + l 


Jl7 

(Y dt ^ 1 (• dt 


dt 


1 1 

= -x^k>g e 


2 273 


log e 


t-V3 


t + 73 


+ 1 

- — Tan _1 / + c 
2 


4^3 


74+1-73 


7 A" +1 + 74 


— Tan 1 74+T + c 
2 


Answer: (B) 


^ (x-a. 


dx 


(x - a) 312 (x + a) 


1/2 


is equal to 


(A) 


x + a 

J +c 

(B) 


a 



(C) 

7 

lx-a 

1 +c 

/ x + a 

(D) 


1 x + a 


2a V x - a 


■ + c 


1 x + a 


■ + c 


a V x — a 


Solution: Let 


1 = 


1 


dx 


\lx 2 -a 2 (x-a) 


Put x-a = lit so that dx = (-1 lt 2 )dt. Therefore 

1 


/ = 


1 r 2 

- + a\ -a 
t ) \t 

dt 


4 1 dt 

IV Vf 2 


-1 
2 a 


•%/ 1 + 2 at 
(1 + 2 at)~ {m)+l 


-Ui 

2 


+ c 










































































Worked-Out Problems 


— — V1 + 2 at + c 
a 


sinx 


1 L 2 a 

- —jl+-+ C 

0 V x — a 


1 x + a 


■ + c 


Answer: (D) 


i 


dx 


(x - 3) 2 \l x 2 —6x + 4 

yjx 2 -6x + 4 
(A) c 


is equal to 


V^-6,-4 

5|jc-3| 


. . \lx 2 -6x-5 
(C) -rr-rr-+ c 


5|jc — 3| 

Solution: Let 


dx 2 -6x + 5 

(D) ^F^T +C 


/= J: 


dx 


(x-3) 2 Vx 2 -6x + 4 

Put x - 3 = 1/f so that dx = —(l/t 2 )dt. Therefore 


| + 3j -6P + 3I + 4 


Li u, 


-\ 


7(l + 30 2 -6t(l + 30 + 4r 


-dt 


fnr 


Vl-5r 


-dt 


1 


= — \ll-5t 2 + c where t = ■ 

5 x-3 


Answer: (A) 


'•1 


dx 


tan x + cot x + sec x + cosec x 


is equal to 


(A) ^-(sinx-cosx + x) + c 

(B) ^(sinx-cosx-tanx + cotx) + c 

(C) —(sinx-cosx-x) + c 

(D) ^(sinx + cosx-tanx-cotx + x) + c 

Solution: Let I be the given integral. Then 

r r sinxcosx , 

1 = -dx 

J 1 + cosx + sinx 


-dx 


sec x +1 + tan x 
sin x(l + tan x - sec x) 
(1 + tanx) 2 - sec 2 x 
sin x(l + tan x - sec x) 


dx 


dx 


2tanx 

- J cos x(l + tan x - sec x) dx 
= — J (cosx + sin x -1) dx 


= —(sinx-cosx-x)-i-c 


Answer: (C) 


? + bsin: 


-dx equals 


J (b + flsinx)' 

.. . ( acosx 

( A ) - T—— l + C 

V D + flsm. 

cosx 

(C) —-: -+C 

o + asinx 

Solution: Let 

a + b sin x 


(B) - 

(D) 


smx 


fl + hcosx 
sinx 


+ c 


a + bc osx 


- + c 


1 = 


dx 


(b + a sinx) 

2 

, .-6+(6 +a sinx) 

b f h v 2 

aJ 


2 .2 

a - b 


(h + flsinx) 2 
f dx 


dx 


+ 6 


dx 


(b + a sin x) 2 aJ b + a sinx 


(4.15) 


Let 


so that 


/'(*) = 


/(*) = 


a cosx 
b + a sin: 




\ 


-A-dsinx 
(6 +a sinx) 2 

flsinx + h+L—b 

v_ b _ J 

a (h + usinx) 2 

b 


r 1 1 

a 2 -b 2 

1 

^h + usinx. 

a 

v (6 + flsinx) 2 y 


(4.16) 


Therefore 
f(x) = jf'(x) + c 
-b |* dx 


-1 

a J 


2 l2 

a —b 


dx 


b + a sinx 


fl J (i> + flsinx) z 


- + c 


[By Eq. (4.16)] 
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Hence from Eq. (4.15), 

( a cos* 

I = -f(x) + c = -\ - -:- \ + c 

b + a smt, 

Answer: (A) 

7 . If I n = J(sinx + cosx)"t/x {n > 2 ), then nI-2{n-V) I n 2 
is equal to 

(A) (sin x + cosx)" (sin x-cosx) 

(B) (sin x + cosx)" -1 (sin x-cosx) 

(C) (sin x + cos x)" +1 (sin x-cosx) 

(D) (sin x-cosx)" -1 (sin x +cosx) 

Solution: Let 

/„ = J (sin x + cosx)" -1 (sin x +cosx) dx 

Take 

u = (sin x + cos x ) n ~ 1 

and 

dv = (sin x + cos x)dx 

so that 

v = sin x - cos x 

Therefore, using integration by parts we have 
I n = (sin x + cos x)” -1 (sin x - cos x) 

- J (n - l)(sin x + cos x) n ~ 2 
x (cosx - sin x)(sin x - cos x)dx 
= (sin x + cosx)” -1 (sin x-cosx) 

+ (n - 1)J (sin x + cos x)” -2 (cos x - sin x) 2 dx 
= (sin x + cosx)” -1 (sin x-cosx) 

+ (n- 1)J (sin x + cos x)” -2 [2 - (sin x + cos x) 2 ]dx 

= (sin x + cosx)” -1 (sin x-cosx) 

+ 2(« -1)/„_ 2 - (n - 1)1 n 
Therefore 

/„ +(n-l)I n - 2 (n-l )/„_2 = (sinx + cosx)” -1 (sinx-cosx) 
=>nl n -2(n-l)I n _ 2 = (sinx +cosx)” -1 (sinx-cosx) 

Answer: (B) 

x 2 + n(n- 1) 


‘■1 


(xsinx + ncosx)" 


-dx is equal to 


. . . xcosx 

(A) — ; -+ tanx + c 

xsinx + n cosx 

.,—, —secx 

(B) — ; -+ tanx + c 

xsinx + ncosx 


xsecx 

(C) — ; -tcotx + c 


(D) 


xsmx + ncosx 
-x” secx 


x” sin x + nx" 1 cos x 


+ tan x + c 


Solution: Let I be the given integral. Therefore 
T f [x 2 +n(n-l)lx 2 ^” -1 * . 

/ = —-- 1 7 7i- _ii “X 

•1 (xsinx + ncosx)‘x 1 ” 

= f [x 2 + n(n - l)]x 2 ” -1 ^ 

J (x” sin x + nx” -1 cos x) 2 

Put f = x”sinx + 77x” -1 cosx so that 

dt = [nx” -1 sinx + x” cosx+ n(n -l)x” -2 cosx 

- nx” -1 sin x]c/x 

= [x 2 + n(n - l)]x” -2 cos x dx 

So from Eq. (4.17), 

f [x 2 + n(n - l)]x” -2 cosx • x” sec x 

•> (x” sin x + rcx” -1 cosx) 2 

Take u = x" sec x and 

, lx 2 +77(/7-1)1x” -2 cosx , 

dv = 1 --- - L —: -^dx 

(x”sinx + 77x” cosx) 

So from Eq. (4.18), 


(4.17) 


(4.18) 


dx 


I = (x n secx) — 
vx” 

c 1 

+ ----j-(nx” -1 secx + x” secx tan x)dx 

1 y" sin r + nr n 1 rns r 


sinx + nx” x cosx 


x sinx + nx cosx 

-x” sec x f 2 

+ sec x dx 


x" sin x + nx" 1 cos x 


—x sec x 


x" sin x + nx" 1 cosx 


+ tan x + c 


Answer: (D) 


dx 


cos 6 x + sin 6 x 


equals 


+ c 


(A) Tan 1 (tanx + cotx) + c 

(B) -(-Tan - 1 -<***) 

73 73 


(C) -J=Tan 1 (sinx + cosx) + c 


(D) 

73 73 


+ C 


Solution: We have 


dx 


cos 6 x + sin 6 x 





















Worked-Out Problems 


dx 


(cos 2 x) 3 + (sin 2 X) 3 
■ dx 

cos 4 x + sin 2 x cos 2 x + sin 4 x 


4 

sec x 


l + tan 2 x + tan 4 x 


dx 


1 + t 


1 +r + f 4 


dt where t = tan x 


4 


dt (see Sec. 4.5.5) 


1 + (1 It 2 ) 

2 +(l/t 2 ) + l 

f Z where z-t-- 

z 2 + 3 t 


= —!=Tan -1 1 4 = 


+ c 


S \ s 

1 J t-jVt) 

V3 l V3 


1 ^ _i ( tan x - cot x 
= —=Tan 


+ c 


10. | 


x 2 +2 
x 4 + 4 


V3 


dx equals 


V3 


+ c 


Answer: (B) 


(A) -Tan^ 1 


(C) -Tan 1 


Solution: Let 


f xr+_ 2 a 
v 2x j 
(x 2 -7> 


+ c (B) —Tan 


-1 


( x 2 +2^ 


+ c 


2x 


+ c (D) — Tan 1 


v * j 
^x 2 -2 A 


v * J 


+ c 


1 = 


• x 2 + 2 


x 4 + 4 


dx 

■ l + (2/x 2 ) 
x 2 + (4/x 2 ) 


dx 


Put t = x-(2/x) (see Sec. 4.5.5). Therefore 


dt = | 1 + — | dx 


This gives 


1 = 


dt 

t 2 + 4 


A Tan ' 1 U) +c 


= — Tan -1 
2 


f 2 ^ 
x — 


+ c 


= — Tan^ 1 
2 


( x 2 -2^ 
v 2 * j 


+ c 


Answer: (C) 


11 


•I 


x 2 -2 
x 4 +4 


dx is equal to 


(A) -log, 


r x 2 +2x + 2^ 
v x 2 -2x + 2y 


+ c 


(B) —Tan 1 
V 16 


r x 2 +2 A 
2x 


+ c 


(C) -log, 


r x 2 -2x + 2 A 


x +2x + 2 


+ c 


< D > ^log. 


Solution: Let 


/ V + 2x + 2 A 

x 2 - 2x + 2 


+ c 


/ = 


Put x +(2/x) = f. Therefore 

j_ r dt 


‘x 2 -2 
X 4 +4 


dx 

• l-(2/x 2 ) 
x 2 + (4/x 2 ) 


dx 


t 2 - 4 


1 


2 ( 2 ) 


log. 


t-2 


t + 2 


+ c 


4 log * 


4 loge 


X + --2 


2 

x -\ -h 2 


+ c 


^ x 2 -2x+ 2^ 
x + 2x + 2 


+ c 


(the expression within the logarithm is positive) 

Answer: (C) 


Try it out Solve 


‘ dx 
x 4 + 4 


Hint: Using Problems 10 and 11, this integral can be 
evaluated because 


dx 1 r(x 2 +2)-(x 2 -2) 


r dx _ 1 r 
J r 4 + 4 4 J 


x 4 + 4 


dx 


1 rx +2 


4 j 


dx- 


1 rx -2 


4J x 4 + 4 4Jx 4 + 4 


dx 
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12. J: 


' — 1 dx 


+i VI 


- is equal to 


+ x 


(A) Cos 1 4— + c 
x + 1 

r/-\ 1 t -i x ^2 

(C) —i=Tan 3 —- 

V2 x 2 + l 

Solution: Let 


(B) 4= Cos _1 ^—+ c 
V2 x 2 + l 

+ c (D) -4Cos 1 +c 
V2 x 2 +l 


/ = 


— 1 dx 


+i VI 


+ X 


Dividing numerator and denominator with x 2 we get 


1 = 


•l-(l/x 2 ) 


dx 


x + 


( 1/x ) jx 2 +(llx 2 ) 


Put x + (1/x) = t. Therefore 


1 = 


dt 


t\lt 2 -2 


= —!=Sec 1 —?= + c 

V2 V2 

1 „ _iV2 

= —=Cos-tc 

V2 t 


I 3 . J 


x(x -1) 


(A) -log 


(B) -log, 


(x + l)(x + l)V-Y + X + X 
V* 2 +x+i—Vx 

v V* 2 +X+1+Vx 
Vx 2 + X + 1 —Vx 

Vx +x+1+vv 

+ Tan~* 


Answer: (D) 

dx is equal to 


+ c 


-Tan ~\\ X +X + 1 +c 


(C) -log. 


(D) 4og, 


Solution: Let 

-J 


(2 

X + X + 1 


/ 2 

X + X + 1 


x -x + 1 / 

-Tan~ x 


+ c 


x 2 -l 


X 2 +1 


f x 2 + l s 

K X 2 -\j 


x(x -1) 


(x~ + l)(x + 1)V 


x' 1 + x 2 + X 


+ c 


dx 


■J 


x(x 2 -1) 


(x 2 + l)(x+l) 2 Vx J +x 2 + x 
x(x 2 — 1) dx 


dx 


J O 2 + l)(x 2 + 2x + l) V? + X + X 
Dividing numerator and denominator with x 3 we get 


1 = 


l-(l/x 2 ) 


dx 


* + xA* + x + 2 N* + * + 1 


Put x + (1/x) + 1= f 2 so that 


Therefore 

H 

-J 


l 


(t 2 -l)(t 2 + i) t 

2 


1-y |dx = 2f dt 




■J( 


{t~ 1)^ + 1) 
1 1 


dt 


t 2 -l f 2 +l 


dt 


=hog« 

= ho g . 


(-i 


-Tan J t+c 


£ + 1 

Vx 2 +X + 1 — Vx 


-Tan 


X + X + 1 


+ c 


14 . If 


dx 


- Vx(l+y/x) 10 
a + b is 

(A) - 
v 2 8 

(C) — 
v 2 72 


Solution: Let 


1 = 


Answer: (B) 

= a(l+ Vx) -8 + b(l+ Vx) -9 then 

(B) -5 

(D) - — 
v 72 

dx 


Vx(l +y/x) 10 
J x~ 1/2 (1 + ifx. )~ 10 dx 


According to integration of Binomial differential (see 
Sec. 4.5.8) put x = t 4 so that dx = 4t 3 dt. Then 


1 = 

= 4 


= 4 

= 4 


JAd+o-'V-V 

^7ux mdt 

J 


( 1+0 
t + 1 -1 
(1+t) 10 
dt 


dt 


f—— 4 f 

Jn + ti 9 J 


dt 


( 1+0 

-4 ( 1 


( 1+0 


10 



,4 


1 


+ c 


8 1^(1+ 0 J 91^(1+ 0 y 

Answer: (B) 











































































Worked-Out Problems 


15. J 


x 4 -1 


x 2 slx 4 + x 2 + 1 


dx equals 


. . -Jx 4 + X 2 + 1 , . V* 4 — X“ + 1 

(A) -+ c (B) - + c 


(C) Tan _1 |jr 2 + 4-| + c (D) log £ 


( x 2 -2x + 2 A 


x + 2.x + 2 


+ c 


Solution: Let 


1 = 


x 4 -1 


x 2 slx 4 + X 2 +1 
1 


fix 


x 2 + -^+i 


dx (See Sec. 4.5.5) 


Put x 2 + (1/x 2 ) +1 = t 2 so that 

1 


x -=- | dx = t dt 

x 


Therefore 


/= I- 


\-{t)dt 


= t + c 


16. 


x -1 


xslx 4 + 3x 2 +1 
where / (x) is given by 


— . lx" ■+—y +1 + c 


f/x = log £ (/(x)) + c 


Answer: (A) 


x 2 +1 


(A) 

(C) 

x 

Solution: Let 


x 4 + 3x 2 +1 


(B) -six 4 + 3x 2 + 1 

(D) — (x 2 + l + slx 4 +3x 2 +1) 


1 = 


c 2 -l 


‘J 

■J- 


tx/x 4 +3x 2 +1 
1 — (1/x 2 ) 


fix 


tJx 2 +(1/x 2 ) + 3 


fix 


l-(l/x 2 ) 


=■ fix 


x+—I +1 

, X. 


f fit , 1 

= , where t = x + — 

= log e (t + sit 2 +1) + c 
= log 


/ 

r-75-\ 

1 

( 1 2 , 

x + — + . 

X 4-+1 

X \ 

V x) 

V 



+ c 


Answer: (D) 


,7. If | 


dx 


1 - sin 4 x 2 

(A) Tan -1 (V2 tanx) 

(B) -^=Tan _1 (V2 tanx) 

sj2 


= —tan x + /(x) + c then /(x) is 


(C) 

(D) 


1 


2s[2 

1 


2st2 

Solution: Let 

P 


Tan x (V2tanx) 
Tan _1 (V2 sinx) 


dx 


1 * 4 

1-sin x 

r sec 2 x , 

: -2—“ x 

J 1 + sin x 

f sec 2 x-sec 2 x 

•* l + 2tan 2 x 


fix 


■ 1 + r 

l + 2t 2 


tit where t = tan x 


1 + 2r 


1r l+l+2r 
2 _ 
1 
2 


KJ 


tit 


fit 


tit 


2 J 1+ 2t 2 


= —+ ' Tan 4 (V2t) + c 

2 2s[2 

= — tanx+ ^_ Tan -1 (V2tanx) + c 

2 2s/2 


Answer: (C) 


IS. If | 


cos2x sin4x 


-fix = 21og e (l + cos2x)- 


cos 4 x(1 + cos 2 2x) 
log e (l + cos 2 2x) +/(x) + c then/(x) is 
(A) sec 2 x (B) tanx 

(C) cosec 2 x (D) cotx 
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Solution: Let 


1 = 


cos2x sin4.v 
cos 4 x(l+cos 2 2x) 


dx 


= 8 


cos~2x sin2x 


-dx 


(1 + cos 2x)(1 + cos” 2x) 

Put cos 2x = t so that -2sin 2x dx = dt. Therefore 

/ = -4 f- - -y- 

J (1 + 0 (1 + t) 

Using partial fractions we have 


dt 


1 


1 


(l+t) 2 (l+t 2 ) 2(1 + 1) 2 2(1+0 2(1 + 1 2 ) 

Therefore 


I = —4 
2 

~1 + 


1 


1 t 

- + - 


2(1 + 0 2(1 + 0 2 ( 1 + r ) 


dt 


- + 21og e (l + 0-J 


2 1 

1 + t 2 


dt 


=-+ 2 log e (1 + cos 2x) - log c (1 + cos 2 2x) + c 

1 i cos2x 

= sec 2 x + 2 log^ (1 + cos 2 x) - log e (1 + cos 2 2x) + c 
Therefore / (x) = scc 2 x. 

Answer: (A) 

19. If J yfx(\ + tfx* ) 1/7 dx = a( 1 + + c,then 

a + /L 1 is 


(A) 6 

7 

(C) - 
v ’ 9 

Solution: Let 


(B) 


32 

49 


49 

(D) — 
v ’ 32 


1 = 


j Tx{i + m n dx 


This is Binomial differential (see Sec. 4.5.8) in which in = 
1/3, n = 4/3 and p = 1/7. Now, 

w + l_(l/3) + l_ 1 
77 _ 4/3 _ 1 (integer) 

Hence put 1 + yfx 4 = t 1 so that x = (t 7 -1) 3/4 . Therefore 
3 


dx = ^-(t 7 -1) 1/4 (7 t 6 )dt 


Hence 


J(O-i) 1/4 (0^(t 7 -l)- 1/4 (t 6 ) 

21 r 7 . 


dt 


= —f t'dt 

4 J 


21 

~4 


V 8 / 


+ c 


So 


= —(1 + 3/^) 8/7 +c 
32 v 2 


_ i 21 7 49 

a+6 =—+-=— 
32 8 32 


Answer: (D) 


20 . Jx 6 (1+ 2x 3 ) 2/3 dx equals 


(A) y(2 + x“ 3 ) 5/3 +c (B) i(x" 3 + 2) 5/3 +c 


(C) ^(2 + x“ 3 ) 5/3 +c 


-3. 


(D) y(x“ 3 + 2)^ s/3 + c 


Solution: Let I be the given integral which is Binomial 
differential (See Sec. 4.5). In this case m = -6, n = 3 and 
p = 2/3 so that 

m +1 -5 2 ... , 

- + P = — + - = -1 (integer) 

n 3 3 

Put 1 + 2x 3 = x 3 t 3 so that x 3 {t 3 - 2) = 1. Therefore 
x=o 3 -2r i/3 

=>dx = y(t 3 -2r 4/3 (3f 2 )df 


= -r 2 (/ 3 -2) 4/3 c/r 


Hence 
/ = 


J(t 3 -2) 2 [(t 3 -2) _1 f 3 ] 2/3 (-t 2 )(t 3 - 2) 

-J (t 3 - 2) 2 (t 3 - 2)“ z/3 1 4 (t 3 - 2)~ 4/3 dt 

-Jf 4 (t 3 -2) 2 - 2/3 - 4/3 dt 


dt 


= -J t dt 

1 5 

— — t + c 
5 


1+ 2x 


3 A 


5/3 


+ C 


= --(2 + x~ 3 ) 5/3 +c 


21 . [x 2/3 (l + x 1/3 ) 1/2 dx is equal to 


Answer: (A) 


(A) 2(1 + x 1/3 ) 2/3 + c 
(C) 3(1 + x 1/3 ) 2/3 + c 


(B) 2(1 + x 1/3 ) 3/2 + c 
(D) 3(1 + x 1/3 ) 3/2 +c 
























Worked-Out Problems 


Solution: Let 


1 = 


JV 2/3 (1 + x m ) m dx 


This is a case of Binomial differential (see Sec. 4.5.8) in 
which m = -2/3, n = 1/3 and p = 1/2 so that 


m +1 -(2/3)+ 1 

n 1/3 


= 1 (integer) 


Now put l + x 1/3 = t 2 so that 


x = (t 2 -lf 
dx = 6 t(t 2 -l) 2 dt 


and 

Therefore 


I = j(t 2 -iy 2 t(6t)(t 2 -l) 2 dt 

= 6j t 2 dt 

= 2 t 3 + c 

= 2(1 +x m f 2 +c 


Answer: (B) 


22. If 


JV n (l + x 4 r m dx = --x- a (l+x 4 f 2 +-x- b (l + x 4 f 2 


10 

+ -2x _c (l + x 4 ) 1 ' 2 + k 


then a + b + c equals 
(A) 10 
(C) 16 

Solution: Let 

/ = 


(B) 14 
(D) 18 


JV n (l + x 4 y m dx 


This integral is again integration of Binomial differential 
(see Sec. 4.5) in which m = -11, n = 4 and p = -1/2 so 
that 

m +1 -11 + 1 1 5 1 

- + P = —:-- = ---- = -3 (integer) 

n 4 2 2 2 

Therefore put 1 + x 4 = x 4 t 2 so that 


x 4 = 


t 2 -1 


Thus 


x = (t 2 -iy m 


dx = ~(t 2 -iy il4 (2t)dt = - t -(t 2 - 1)“ 5/4 dt 


Therefore 


x- n = (t 2 -l) 1V4 
i+x 4 = x 4 t 2 = (t 2 -ly 1 ! 2 


Hence 

/ = J (t 2 -1) 11/4 (t 2 - 1) 

1 


1/2 1 

t 


-^ 2 - i )- 5/4 


dt 


r|(' 2 -D 


— lY dt 


1 

2 

J_ 

10 


t 2 3 

- t +t 

5 3 

f i . Ji 5 ' 2 


+ £ 


1 + x 


1 

H— 

3 


*\ V2 

1 + X 


A 4^/2 

1 + X 


+ A 


= _ 1 x - 10 (1 + x 4 ) 5/2 + 1 jc - 6 ( 1 + x 4 ) 3/2 

10 v 2 3 v 2 


--x- 2 (l+x 4 Y ri + k 
2 


Therefore 


a+b + c= 10 + 6 + 2 = 18 


Answer: (D) 


23. If 


5x + 4 


dx = (x z + 2x + 5) 1/s + f(x ) + c 


Vx + 2x + 5 
then f(x) is equal to 

(A) ^-log e (x + l + \lx 2 + 2x + 5) 

(B) -log e (x + l + \lx 2 + 2x + 5) 

1, 


(C) - —log e (x + l + \/x 2 + 2x + 5) 

(D) ^±llVx 2 + 2x + 5 

2 


Solution: Let 


/ = 


I 


5x+ 4 


'Jx 2 + 2x + 5 


c/x 


Refer to Sec. 4.5.3. Let 

d ■, 

5x + 4 = A — (x + 2x + 5) + p 
dx 

= A(2x + 2) + p 
Therefore A = 5 / 2, ^ = -1. Hence 
2x + 2 


1 = 


1 


dx - 


yj x ^ + 2x + 5 


J 


r/x 
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dx 


= 2 7x 2 +2x + 5 - f .- 

•v( x+ i) 2 + 4 

= 2\lx 2 + 2x + 5 - SinfT 1 X + ^ + c 

2 

= 2\Jx 2 + 2x + 5 - log e (x +1 + \jx 2 +2x + 5) + < 


(A) 


2x-l 


74x 2 -4x + 3 (B) —— -\I~4x 2 ^-4x~+3 


(C) '^4x 2 -4x + 3 

Solution: Let 


(D) ^p-*j4x 2 -4x + 3 


So 


/ = J V 4x 2 - 4x + 3 dx 


f(x) = - log g (x +1 + yjx 2 + 2x + 5) 


Answer: (B) 


= 2 . x 2 —x + — dx 


24. If 


2x+ 5 


■ dx = a\l 9x 2 +6x + 2 


^9x 2 +6x + 2 

+b log e ( 3x +1 + 79x 2 +6x + 2) + c 
then 9 (a + b) is equal to 

(A) 9 (B) 4 

(C) 41 (D) 2 

Solution: Refer Sec. 4.5.3. Let 

2x + 5 = A—(9 x 2 +6x + 2) + q 
dx 


= 2 

According to Formula 11 
1 = 2 


x--l + - dx 
2 2 


c-(l/2) 


x-^-j + ^- + ^-Sinh *| I x 


~2^ 


~hC 


2x-l 


V4x 1 -4.Y + 3 + — log. 
4 2 


2x — 1 74.7 - 4x + 3 


V2 


72 


+ c 


= ^74jc 2 - 4x + 3 + |log e (2x -1+ 74.7-4x +3) + < 


Therefore 


Therefore 


and 


Hence 


— A(18x + 6) + q 


a = A = 1 

18 9 

- , 5 - 6 13 
u = 5-6A = 5 — = — 
9 3 


/(*) = 


2x-l 


74.7-4x +3 


Answer: (A) 


26. 


(2-x) 2 \2 + x 


2 — x 


1/3 


dx = 


(A) I —I +c 


2 — x 


2/3 


2 + x 


2/3 


(B) I —I +c 


I 


:dX= ~ 


+ - 


79x 2 + 6 x + 2 9J 79x 2 +6x + 2 3 J ^(3x+l) 2 + l 


J 


(c) KB 1 +c 


2/3 


3/2 




= ^ 79x 2 +6x + 2 + log e (3x +1 + 79x 2 +6x + 2) + / 
Therefore 


Solution: Let 7 be the given integral. Put 


2 —X a 

-= 7 

2 + x 


9(fl + 6) = 9f| + y | = 41 


so that 


Answer: (C) 


2-2 7 

x =- T - 

1 + 7 

2 —x = 2 — 


2-27 47 


25. If 


J 74x 2 -4x + 3 <7x = — log e (2x -1 + V4x 2 -4x + 3) + /(x) + c and dx - 


1 + 7 1 + 7 

-67(l+7)-37(2-27) -127 

”(i+7) 2 


,3\2 


(1+7) 


then / (x)equals 
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Therefore 


16r 


-3 r dt 

yJy 


*3n2 


121 


3\2 


a+n 


dt 


-3 t 


*-3+i A 


2 ^-3 + 1 

++• 

3 , _2x 

= -{t ) + c 


+ c 


3(2-x 


4\2 + x 
3 f 2 + x 


-2/3 


+ C 


4 2-r 


2/3 


+ C 


Answer: (C) 


'•I 


__ sinr , , 

27 . |- dx equals 

sin x- cos x 


(A) ^-log e |sinx-cosx| + ^ + c 

1 JC 

(B) — log^lsinx-cosjcl-^ + c 


(C) log e |Vtan jc + Vcot.r 


x 

— + c 
2 

1 I X 

(D) — log e |cosecx-secx| + — + c 


Solution: We have 


1 = 


j- 

J sir 


sin x 


-dx 


sinr-cosr 

1 |*sinx + cosx + sinx-cosx 

2J 


dx 


1 


=qfi + 

2J\ sinx-cosx 


sinx-cosx 
sinx + cosx 


dx 


. 1 —(sinx-cosx) 

JiA- 


28 . | 


X 

= -+1 - 

2 J 2 sinx-cosx 

x 1 | . , 

= — + — log„ sin x - cos x + c 
2 2 Sc 1 1 


dx 


(x 2 + x + l)jx 2 + x-l 


(A) 4j 


du 


8 - 3id 


■ where w = yjl-z 2 , z = - 


. 1 tyf5 

and x + —=- 

2 2 


(B) 4j 


du 


where u = Jl-z 2 , z = - 
8 + 3 id t 

a 1 tyfS 

and x + — =- 

2 2 


(C) 5[-where u = \Jl-z 2 ,z~- 

J 5 + 3u 2 _ t 

an< 

(D) 5j 


, 1 fV5 

and x + —=- 

2 2 

^— where u = Vl-z 2 , z = - 
8u 2 - 3 t 

1 fV5 

and x + — =- 

2 2 


Solution: Let 

w 


dx 


(x 2 + x +1 )vx 2 + x — 1 
dx 


If 3 

X H-H- 

2 / 4 


x+ - 


5 

4 


Put 


Then 


1 tV5 

X H-=- 

2 2 


dx = —^-df 
2 


Therefore 


1 = 


1 f 

f-+-l 

4 4j 


/ 2 -y 


(S 


dt 


= 4 


dt 


(5t 2 + 3)Vt 2 -l 
Put l = 1/z so that dt = (-1 / z 2 )dz. Then 

z 


/ = - 4 


(5 + 3z 2 )v/l-z 2 


dz 


Answer: (A) Now, put 1-z =m“. Then 


/=-4j 

= 4 f 


1 


5 + 3(1-iT)« 
du 


{—u)du 


8-3 id 


Answer: (A) 
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29. 


dx 


(x+-l) 2 / 3 (x-l ) 4/3 


equals 


(A) |fl«f « (B) |fiiiY ,3 + c 


2 1-t 


3 1-x 


(c) + c (°) li—T+c 


2 (. 1 + x 

Solution: Let 


3 1+i 


1 = 


dx 


(x + \) m (x-\) m 
dx 

, i \ 2/3 

(x-lf 

x — lj 


X +1 3 , 

Put -= t so that 


x -1 


and 

Therefore 


t 3 +-i 


dx = 


■ x — 1 = 


-6r 

(t 3 -1) 2 


t 3 -l 




/ = 


(t 3 -l) 2 y 


^ -6f 2 ^ 
(t 3 -l ) 2 


dt 


-3( x + 1 


2 U-l 

3(l + x 


1/3 


+ C 


2(1-x 


1/3 


+ C 


Answer: (A) 


50. J 


dx 


equals 


(1 +- x)V 1 + x-x 2 

yjl + x-x 2 +-1 


(A) -2 tan 


+-1 


+ c 


(B) -2 Tan 


(C) -2 log, 


-l 


V 1 + x — x +■ 1 


+-1 


+- c 


Vl +" x — X + 1 


+-1 


(D) -2 


yjl + X — x~ +1 


+-1 


+ c 


Solution: Let 


1 = 


J; 


dx 


(1+- x)Vl + x — x 2 

Put y/l + x — x 2 -tx- 1 (Euler’s substitution). Therefore 


1 + x-x 2 = t 2 x 2 -2tx +1 


■ l-x = t x — 2t 


• x = - 


l+-2f 

177 


Hence 


dx = 2Q +1 2 ) — 2t(\ + 2t) 2(1 —t-t 2 ) dt 


2x2 


Now 


a +n 


\l 1 + x-x 2 = tx-1 


2\2 


a +n 


t(l + 2t) ^ t + 1 —1 


l+t 


i+t 


Therefore 

‘S 


1 2(1 -t-t 2 ) 


1 + - 


~ 2 \ 


1 + 21 ) ( t 2 + t -1 

1+t 2 

dt 


l + t 


2+2 


(1 + t) 


dt 


2 + 2 t + t 


= -2 


dt 


(l + t) 2 +l 
= —2 Tan^ 1 (l+-t)+-c 

yjl + x-x 2 +1 


= -2 Tan 


-l 


1 +- 


+- c 


Answer: (B) 


31 


•J 


(x 2 —3x + 2)yjx 2 -4x + 3 

_i 1 Vx 2 — 4.V+-3 


dx is equal to 


(A) -2 Sin - 


x - 2 x — 1 


+ c 


_i 1 Vx 2 -4x+-3 

(B) 2 8m 1 r +-- ; - + c 


x—2 x—1 


v 


x 


7 
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(C) -2 Sin 


_! 1 six 2 - 4x+3 


x -2 x — 1 


+ c 


, _i 1 six 2 -Ax+ 3 
(D) 2 Sm --- ; -h c 


x—2 x—1 


Solution: Let 


(x 2 - 3x + 2)slx 2 -4x + 3 


‘J 


Therefore 


7 = 2 


Let 


■J( 


dx 


(x - 2)(x -1 )slx 2 -4x + 3 
2 If dx 


dx 


dx 


2 x 1/ six 2 — 4x + 3 


(x-2)slx 2 -4x + 3 (x-l)v/x 2 -4x + 3 


J; 


dx 


*1 = 


dx 


(x - 2)slx 2 -4x + 3 
r/x 


(x-2)y](x-2) 2 -1 
1 


(x- 2) 2 



dx 


I 1 ' 

= -Sin 


Now, let 


7,= 


1 

x -2 
t 1 
x — 2 


dx 


Put 


so that 


(x - l)sjx 2 -4x + 3 
■ dx 

(x-1) 3/2 (x-3) 1/2 
dx 


^ (.-3 ) 2 

x —3 J 


x — 1 T 

-= r 

x —3 


1 -3r , 2 

x = - ir - 3- 7 

1-t 2 1-t 2 


(4.19) 


• x —3 = 


-2 

r? 


Therefore 


This gives 


, -At , 

flX = - ^rdt 

(1-t 2 ) 2 


h = 


-At 


2 \2 


( 1-1 ) 


2x2 


( 1-1 ) 


dt 


Si 


dt 

2 


x — 3 
x — 1 


(x-3)(x-l) 


(x-1) 

six 2 - 4x + 3 
x — 1 

Substituting the values of 7 and 7, in Eq. (4.19), we have 


r . j 1 \/x 2 - 4x + 3 

7 = -2 Sm - ---+ c 


32. f- 
J si 


c/x 


smx + secx 
1 


x — 2 

is equal to 
sf3 + 1 


x — 1 


Answer: (C) 


2s/3 


log, 


sl3-t 


+ Tan 1 z + c 


where 

(A) t = sinx + cosx, z = sinx-cosx 

(B) t = sinx-cosx, z = sinx + cosx 

(C) t = tan x - cot x, z = tan x + cot x 

(D) t — sin x + cosec x, z - cos x - sin x 

Solution: Let 

dx 


7 = 


smx + secx 

• cosx 
sinxcosx + 1 

• 2 cosx 


dx 

dx 


2 + 2 sinxcosx 
‘ (cosx + sinx) + (cosx - sinx) 


dx 


2 + 2 sinxcosx 
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cost + sint , f cos x-sin x , 
dx + -—-— ; - ax 


2 + 2sinxcosx 
‘ cosx + sinx 
3-(sinx-cosx)' 
dt f dz 


-dx + 


2 + 2sinxcosx 

cos x- sin x 


-dx 




i+r 


2V3 


log. 


V3 + t 


S-t 


l+(sinx + cosx) 

where t = sinx-cosx and 
z = sinx + cosx 
1 . 


+ Tan z + c 


Answer: (B) 


= —Tan ] t + - -— T - 

2 2(1 + t 2 ) 

Substituting the value of / in Eq. (4.20), we get 


1 = Tan l t- 2[ —Tan l t + 


- + c 


-t 

T77 




- + c 


2(l+r) 


+ c 


33. 


x 2 -2 


dx equals 


... -Vx 2 -1 

(A) -j-+ c 

X 

u 2 -n 3/2 

(C) ^+ c 


(B) ^ + c 


(D) — 1 +c 


Solution: Let 


j=j j ;~ 2 ^ 




Put x 2 -1 = t 2 so that xftx = tdt. Therefore 


1 = 


dr 


dt 


Hence 


Now let 


- t 2 -l 

(f 2 +1) 2 

f r + 1-2 

j (r +1) 2 

JlM 


/ = Tan f- 


dt 


(1+t 2 ) 2 


',-2j 




2x2 




o+f) 

dt 


(1 + t 2 ) 2 


Put f = tan ft Therefore 

'-J 


-4—(sec 2 6) d6 


sec ft 
= Jcos 2 ftftft 
f l + cos2ft 


ft sin 2ft 

—-1- 

2 4 


dO 


(4.20) 


Answer: (A) 


34. J 


r/x 


€ 


is 


+ x 


(A) s 


(E) ^log e 


(C) ylog. 


(D) ylog 


Solution: Let 


Put 1+x 4 = f 4 x 4 (see Binomial differential).Then 


(l + x 4 ) 1/4 -X 

+ 1 Tan -1 

f(l + x 4 ) 1/4 ] 

(l + x 4 ) 1/4 + X 

2 

l x 

7 

(l + x) 1/4 -x 

i T -if 

--Tan 

(l + x) 1/4 ] 

+ c 

(l + x) 1/4 +x 

2 l 

x J 


(l + x 4 ) 1/4 -x 

1 Tan -1 

f(l + x 4 ) 1/4> | 

(l + x 4 ) 1/4 +x 

2 


7 

(l + x 4 ) 1/4 -X 

+ 1 Tan -1 

((1+xTM 

(l + x 4 ) 1/4 +x 

2 


7 


+ c 


+ c 


+ c 


1 = 


dx 


\l 1 + x 4 


and 

Also 

Therefore 


JC = ( f 4 -l)- 1/4 
dx — —t 3 (t 4 — l)~ 5,4 ftt 


(l + x 4 ) 1/4 = fx = f(t 4 -1) 


-1/4 


/= f (^ 4 ~ 1 ) 1/4 -(-t 3 )(t 4 -l)- 5/4 ftf 

» t. 


u 


dt 


-1 

1 t( 1 


2Hr-l t 2 +i 




1 x i 
= _ 2 2 


t-1 


t + l 


-—Tan 4 f + c 
2 










































































Worked-Out Problems 


419 


= T loge 


(l + x 4 ) 1/4 -x 

--Tan -1 

f(l + x 4 ) 1/4 ] 

(l + x 4 ) 1/4 + X 

2 

l * J 


Again 


+ c 


Answer: (C) 

35. If FJx) = j(\ogxy dx and <j> n = F n + nF n _ h then 
</>„(e)-0„(l) is equal to 

(A) 0 (B) 1 

(C) ne (D) e 

Solution: Using integration by parts, we get 

F n (x ) = x(logx)' 1 - \x — d x 

J x 

= x(log x) n - nF n _ x (x) + c 


Therefore 


This implies 


F n (x) + nF n _! (x) = x(\ogx) n + c 
<Pn(x) = x(\ogx) n + c 

Answer: (D) 

36. If f:R —¥ R is a function satisfying the following: 

(i) /(-*) = -/(*) 

(ii) /(* + !) = /(x) + l 


(iii) / - = 


fix) 


Vr^O 


then J e x f(x)dx is equal to 
(A) e x (x-l) + c 

e x 

(C) —+ c 


(B) e' v logx + c 


(D) 


- + c 


X x + 1 

Solution: First, we determine /(x). 

/( 0 ) = /(- 0 ) = -/( 0 )=>/( 0 ) = 0 

and 0 = /(0) = /(I + (-1)) = /(-1) +1 => /(-1) = -1 

Therefore/(0) = 0 and/(-1) = -1. Let x^O and -1. 
From (ii), we have 

H 2+i ) =/ (3) +i= +? +i [By(iii)] 


Therefore 


i+P| = /(*) + i 


/1 — 1 — 1 


1 + x 


1+ x 
W x JJ 
1 + x 


l + x 


1 + x 


fix) 


+ 1 [By Eq. (4.21)] 


Therefore 


Also 


( 1 +x) 2 /li^| = /W+x / 


(1+ ^l.ifiJ- (1+x)2/ l 1 -iT-i 


(4.22) 


= (l+x) 2 


= (1 + xf 


~f 


1 


x+1 


-fjx+1) 

(x + l)‘ 


+ 1 

[v/(-x) = -/(x)] 
+ 1 


= -/+1) + +1)“ 

= -if i x ) + 1 )+ i x + 1) 2 

= -/(x) + x 2 + 2x (4.23) 

Therefore from Eqs. (4.22) and (4.23), we have 

/(x) + x 2 = - fix) + x 2 + 2x 
=> 2/(x) = 2x 
=> fix) = X 

Thus /(0) = 0,/(—1) = -1 and /(x) = x V x ^ 0,-1. So, 
/(x) = x V X e K. Hence 

J e x f(x)dx = J e x xdx 

= xe x - J e x dx 

= xe x - e x + c 
= e x (x-l ) + c 


x 


(4.21) 


Answer: (A) 
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37 ' Jtt 


sin x- cos x 


dx = 


(sin x + cos x) Vsin x cos x + sin 2 x cos 2 x 
(A) -sin(sin2x +l) + c (B) cosec(sin2x +1) 

(C) -Sec -1 (sin2x + l) + c (D) Tan -1 (sin2x + l) + c 
Solution: Let I be the given integral. Then 


1 = 


sin 2 x - cos 2 x 


(sinx + cosx) 2 Vi 


sin x cos a' + sin 2 x cos 2 x 


■ dx 


-I 


cos2x 


(l + sin2x)^sinxcosx+^-j --j- 
2cos2x 


- dx 


(1 + sin2x)^/(sin2x +1) 2 -1 
• dt 


^ t\lt 2 -1 
= -Sec -1 / + c 
= -Sec -1 (1 + sin 2x) + c 


where t = 1 + sin 2x 


Answer: (C) 


38. If /(x) is a quadratic expression such that 
m = /(l) = 3/(2) = -3, then \4^7 dx = 

J Y — 1 


(A) log c |x-l| + logg(x 2 + x+l) + -^=Tan 


-l 


s/3 l V3 


2x+1 


(B) log c |x-l| + logg(x 2 +x + l) + -^=Tan 1 

v 3 


x+1 

IT 


+ c 


+ c 


(C) log c (x 2 +x + l) + logg|x|+-^=Tan | + c 


i i 2 

(D) log g x 3 +x 2 + x +-^=Tan -1 

v 3 


2x + l 

~7T 


+ c 


Solution: Let f(x) = ax 2 + bx + c . Then 
/ (0) = -3 => c = -3 


and 


and 


/(!)- -3 

> a + £> + c = -3 

> a + b = 0 


/(2) = -l 

> 4n + 2h + c = -1 

• 4n + 2h = 2 

• 2n+ b = 1 


(4.24) 


(4.25) 


From Eqs. (4.24) and (4.25), a - 1, b = -1. Therefore 
/(x) = X 2 - x - 3 
So 

r /(*> * = jiiz£A3* 




■J 


x 3 -l 


—1 2x + 2 . , 

+ ^- dx 


x — 1 X 2 +X + l 

JrbM 


X + X + 1 


r/.r + 


c/x 


n 2 3 


X H-+ - 

2 J 4 


2 

= log e |x-l| + log e (x 2 +x + l) + -pTan -1 

v3 


+ c 


"2 x + l/ 

, s/3 , 

Answer: (A) 


39. 


J cos 26* log 


cos <9 +sin#) sin 2# 

d6 = 


cos#-sin#) 2 

cos# + sin#) 1 . 

-x/W + c 


x log,, 

cos#-sin#) 2' 
where/(x) is 

(A) sec 2# (B) log e (sec2#) 


(C) 2 Tan -1 # 


(D) tan 2# 


(IIT-JEE 1994) 


Solution: Let I be the given integral. We can see that 

, , . . , . (cos# + sin#) . _ 

the derivative of log e |--- ; —— | is 2 sec 2#, so that 


„ cos# -sin# 
using integration by parts we have 

sin2#, ( cos#+sin#) fsin2# 


fsm20 

J -(2 sec 2#)## 


/ =-log,, 

2 (cos#-sin#) J 2 

sin2#, ( cos#+sin# ) r 

—i—l°g e -- tan 2# dO 

2 (cos#-sm#) J 


sin20, ( cos0+sin0) 1, . 

—q—l°ge --—— --logg (sec 20)+ c 


Therefore 


cos# - sin# ) 2 


/(x) = logg (sec 20) 


Answer: (B) 


40. Jcosec 2 x log c (sin x)dx equals 

(A) - cot x[l + logg (sin x)] + c 

(B) -cotx[l+logg(sinx)]-x + c 

(C) -cotxlogg(sinx)-x + c 

(D) cosec x logg (sin x)-x + c 
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Solution: Using integration by parts, we get 
J cosec 2 xlog e (sinx)dx = - cot x log e (sin x) - J (- cot x) cot xdx 

= - cot x log e (sin x) + J (cosec 2 x -1 )dx 

= -cot.rlog £ ,(sinx)-cot:r-x + c 
= - cot x[l + log e (sinx)]-x + c 

Answer: (B) 


= Jsec 2 xdx- Jsecxtanxdx 

= tan x - sec x + c 
sin x -1 


-1 


41. J log(x + Vx 2 -1) dx = 

(A) xlog e (x + \lx 2 -1)-Vx 2 —1 + c 

(B) xlog c (x + Vx 2 —1) + \lx 2 -1 

(C) -1 +log e (x + Vx 2 -l) 

(D) * 1 -\og e (x + jx 2 -1) 


+ c 


+ c 


- + c 

cosx 
2tan(x/2) 
l + tan 2 (x/2) 

^ 1 — tan 2 (x/2) ^ 
l+tan 2 (x/2) 

(l-tan(x/2)) 2 
1-tan 2 (x/2) 
tan(x/2) -1 
1 + tan(x/2) 


, x n , 

= tan-+ c 

2 4 . 


+ c 


) + c 


Answer: (D) 


Solution: Using integration by parts we have 
J log,, (x + Vx 2 - 1 ) dx = x log,, (x + Vx 2 -1) 

1 


I 


1 + - 


, x + 


Vx 2 -1 A Vx 2 - 1 


dx 


:log e (x + V^ 2 -l)- [-7 

J V. 


x 2 -1 


- dX 


= x log,, (x + Vx 2 -1) - Vx 2 -1 + c 

Answer: (A) 


Try it out Using Problems 40 and 41, evaluate 
flog,, (cos x + V cos2x) 


1 - cos x 


dx 


Therefore a = -/r/4. 


43. x tan x sec 2 xdx = 


... xsec x xtanx 

(A) -+ c 

2 2 

xsec 2 x 1 

(B) -tanx + c 

2 2 

xsecx tanx 

(C) —;-^ + ^ 


xsec x tanx 

(D) -+-+ c 

2 2 

Solution: Take u = x and dv = tanxsec 2 xdx so that 
v = f tan x sec 2 xdx = — sec 2 x 


Therefore 


Jx tan xsec 2 xdx = xf —sec 2 x j - J;~sec 7 x< ^ x 


42. If 


1+sinx 12 


= tan — + a + c, then a is equal to 


xsec 2 x 1 

-tanx + c 

2 2 


(A) J 

(E) f 


, x /r 

, x n 


< C > "2 

"4 

44. 


Answer: (B) 


1—yfx 


Solution: We have 

dx r 1 — sin x 


f dx r 
J 1 + sinx J 


1 + sinx J cos 2 x 


dx 


[. / 1 A dx = 

J Vl + v/x 

(A) -2^1-x+Cos _1 Vx + Vx-x 2 + c 

(B) -2Vl-x-Cos~ x Vx + V*-* 2 + c 
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Chapter 4 I Indefinite Integral 


(C) -2>/l-*+ Cos _1 Vx-x/x-x 2 +c 

(D) 2 Cos ^x-yjx-x 2 + c 

Solution: Let 


i=jjLjJ*dx 


1 + ^j~x 


Put x = cos - 9 so that 


dx = -2 cos 0sin OdO = - sin 29d0 


Therefore 


f t-coa? 

J\l + cos£ 

C 6 

= - tan—sin 2 9d9 


2 

• sin(#/2) 
cos(#/2) 


(2sin<9cos#)d# 


. f sin (6*/2) ( .6 6 a ., a 

= -4 —-—- sm —cos —cos 9 \d9 
J cos(6>/2) ^ 2 2 

= -4jsin 2 ^jcos#r/# 

= -2j (l-cos^cos^d# 

= -2 J cos # + J 2 cos 2 9d9 

= -2 J cos 0 + J (1 + cos 2 6)d0 

= -2 sin # + 9 + — sin 26 + c 
2 


= -2\l 1 - cos 2 0 + Cos 3 Vx+ sin#cos# + c 
= -2>/l - x + Cos^ 1 Vx + VW 1-x +c 
= -2yjl - X + Cos -1 yfx + \lX - X 2 +C 


Answer: (A) 


45. \ X ^ rfx = /(i)-4Tan l x + c where f (x) is 
J 1+x 

r’ 2 6 5 4x 3 

(A) -x +x-+ 4x 

7 3 3 

(B) — + — x 6 -x 5 — — x 3 + 4x 

7 3 3 

. . x 7 2 6 5 4x 3 

(C) -x +x-4x 

7 3 3 

x 7 2 6 5 4x 3 

(D) -+ -x -x +-+x 

7 3 3 

Solution: Dividing x 4 (l-x) 4 with 1 +x 2 , we have 


J * (1 *) dx= II x°-4x 3 +5x 4 -4x z +4- 


1+ x - 


Therefore 


i 


1 + x 


dx 


r 7 2 4 

= 1 -x 6 + x 5 —x 3 + 4x-4 Tan“ x x + c 

7 3 3 


/(x) = —— — x 6 +x 5 — — x 3 + 4x 
w 7 3 3 


Answer: (A) 


‘■J 


Sin 2 Vx-Cos 3 Vx 


46. I " - ~—— L -=dx = 

Sin Vx+Cos vx 


(A) - 
n 

^ f 


X ^+xSin 3 Vx ——Sin 1 VT-T 


(C) 


n 


(D) \ 


2 2 
Vx-x 2 + x Sin“ 2 x-Sin -1 V 1-x 

Vx-x 2 +x Sin^x-—Sin _1 -\/l--' 
2 

1. 


- x + c 


-x + c 


— x + c 


Vx-x 2 + x Sin 2 x+—Sin l Jl-x 
2 


+ c 


Solution: Let / be the given integral. Since 


we have 


Sin 2 x + Cos J x = — 
2 


/ = —jf2 Sin 2 x-^- |dx 


— fsin 1 -Jxd. 
it J 


:x — x 


(4.26) 


Now, let /1 = J* S i n 1 Vx dx. Using integration by parts, 
we get 

x 1 


/j = x Sin 1 Vx - J 


rix 


y/l — X 2\[x 
Ux m (\-xY m 


■ x Sin 2 Vx- — Jx 1/2 (l-x) 


dx 


Let 1 - x = f 2 so that dx = —21 dt. Then 


/1 = x Sin 


in 1 {~2.t)dt 

- x Sin ^\[x + jyfl-t 2 dt 


= xSin 1 Vx + 
= x Sin^Vx + 


rVi-t 2 1 


—Sin V 
2 2 


^L-isin-'VTX 

2 2 
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Substituting the value of I in Eq. (4.26), we have 
1 


/ = - 
n 


Sin l y[x + -yjx-x 2 Sin 1 Vl-- 
2 2 


- x + c 


Answer: (A) 


f dx 5 r 
47 - )(r 6 + n 2 ~6J 


( X b +iy 6 j x 6 +1 


5 r dx 

g—- is equal to 


(A) 


6(x b +1) 


(B) 


6(x b + l) 


(C) 

x 6 + l 

Solution: Let 


6x 

(D > 771 


1 = 


r dx 1 r 

J fx 6 + 11 2 _ 6 J 


6x b 


Take 


so that 


(x b +l) 2 6Jx 5 (x b + l) 


1 A A 6x 5 

u = —j- and dv = — z -=- 

.v 5 (x 6 + l) 2 


-dx 


-1 


v = ■ 


x°+l 

Therefore using integration by parts, we get 
-1 


/ = ! 
6 


x 5 (x 6 + 1) J / + 1 


-1 


J; 

■I' 


g—-(—5 jc 6 ) dx 


dx 


So, 


6x 5 (x b +l) 6Jx b (x b + l) 
_ ± _ 

6x 5 (x 6 +l) 6j^x 6 x 6 +1 

—1 15 c dx 

6x 5 (x 6 +1) 6x 5 6Jx b +l 

5 r dx 


dx 


r dx 5 r 

J ( r 6 + 11 2 6 J 


1 


(x b + l) z 6 J x° +1 6x~ (x b +1) 6x' 

x 


6(x b +1) 


Answer: (A) 


48. If /: R —» R is a function such that 
/(x) + 2/^—j = 3x V x # 0 

then J x/(x) dx is equal to 


1 r 

(A) 2x-—x' +c 


1 r 

(B) 2x + —x +c 


, , 1 , . , 1 , 

(C) log e |x|--x“+c (D) log c |x| + -x +c 


Solution: Given that 


/(x) + 2/| - j = 3x 


Replacing x with 1/x we get 

2/« + /(-) = - 

vx / X 


(4.27) 


(4.28) 


Solving for /(x), we have 


/ 0 ) = 


2 - x 


Therefore 


J xf(x)dx = J (2 - x 2 )dx 


= 2x — x 2 + c 
3 


Answer: (A) 


e x ^(l-x 2 ) 

49. |- , dx is equal to 


'•I 


(l-xV2)Vl-2x 2 


(A) A =e 


( 1 +xV2 A 


2V2 l-xV2 


+ c 


(B) 5 tS* 


1-W2' 

1 + Xyf2, 


+ C 


. . 1 X J2 \l + Xyjl 

(c) 2^/2 e Vi r W 2 +c 


(D) 2^2* \l + x^ +C 

Solution: Let 


1 = 


e xV2 (l-x 2 ) 


(l-xV2)Vl-2x 2 

Put x>/2 = t. Then 

1 fe'[l-(f 2 /2)] 


dx 


1 = 


1 f e f (l-t 2 +1) 

2 V 2 J (l-r)Vl-t 2 

1 r A /T+7 
2 V 2 




dt 


P 


1-f 


(i-t)Vi^ 




2 V 2 V 1-f 


^ L-^ + c where t = x\/2 


Answer: (C) 
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50. J '.* ’ _ 

sin x +cosx 


(sin x + cos x) (2 - sin 2x) 


sin 2 2x 


(A) 

(C) 


sin2x 

sinx 


- + c 


- + c 


smx-cosx 
(B) -—-+ c 


(D) 


sin2x 

sinx 


- + c 


smx + cosx smx-cosx 

Solution: Put t = sinx-cosx so that 
dt = (cosx + sin x)dx 


and 

Therefore 


l-sin2x = r 


I =\^X dt =\ [Vtl)+ \ dt =-\ d 4 

Jn -t 2 \ 2 J 7 2 


(l-r ) 2 
where z = (1 It) -1. So 


1 


I = — + c 
z 

1 


(Vt)-t 

t 


-+ c 


l-r 


- + c 


smx-cosx 
sin2x 


- + c 


51 


•I 


3x" + 2x 


Vx 6 + 2x 5 +x 4 -2x 3 -2x 2 +5 

V+x 2 -l' 


Answer: (B) 

dx equals 


(A) Sinh 


-l 


(B) 2 Cosh 


+ c 


( 3 2 

' X +X“ -1 


(C) Sin 


-l 


( ..3 


x J +x -1 


+ c 


(D) 2 Cos 


-l 


( „3 


X +X -1 


+ C 


\ J 

Solution: The expression under the square root is 
(x 3 +x 2 ) 2 -2(x 3 + x 2 ) + 5 
Let I be the given integral. Put x 3 + x 2 = t. Then 
dt 


/ = 


I 


\lt 2 —2t+ 5 


dt 


J yl(t- l) 2 +4 

= Sinh -1 -—- + c 
2 


= Sinh 


-l 


^x 3 +x 2 -l^ 


+ c 


Answer: (A) 


52 


. J(sinx) 3/2 (cosx) 5/2 dx- 


— Vcotx -2>/tan 3 x + ( 


(A) 


(B) 2\4an 3 x + —%/cotx + < 


(C) 


-2\/cotx + — V tan 3 x +1 


2 2 

(D) -2cotx + —tan x + c 

Solution: We have 

I = J (sin x) -3/2 (cos x)- 5/2 dx 

= \- 

J (sir 

-Ji 


dx 

(sinx) 3/2 (cosx) 5/2 
dx 


(sinx/cosx) 3/2 cos 4 x 


f sec 4 x , 

: - —dx 

J i 


(tanx) 


3/2 


'll 

= j(r 3/2 + t 1/2 )dt 


dt where t = tan x 


f -3/2+l 312 


-(3/2)+ 1 3/2 
2 

■ — i 

3 


- + c 


= -2t~ m + -t m +c 


= -2Vcotx + — (tan x) 3/2 + c 
3 


53. If 

• a sin x + b cos x 


f a si 

J csi 


csinx + r/cosx 


Answer: (C) 


dx = px + q log e |csinx + dcosx| + c 


where p + q is equal to 
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(A) 

c(a + b) - d(a - b) 

(B) 

2 . i2 

c + d 

(C) 

a(d + c) — b(d — c) 

(D) 

a 2 +b 2 


c(a + b) + d(a — b ) 


c 2 +d 2 


a(d + c) + b(d - c) 
a 2 + b 2 


Solution: Write 

r/sinx + fecosx = T(csinx + dcosx) 

+ fi — (csinx + dc osx) 
dx 

= A(c sin x + d cos x) + ju(-d sin x + c cos x) 

Equating the corresponding coefficients of sin x and cos x 
on both sides we get 

Ac-pd = a - (4.29) 

fic + Ad = b (4.30) 

Solving Eqs. (4.29) and (4.30) for A and p, we have 

, ac + bd , (ad —be) 

A = — -- and ,u = - - 


c 2 +d 2 


c 2 +d 2 


Therefore 


I = j[ X + V 


f, fc cc 
\dx + p\ — 
J J csi 


c cos x — d sin x 
csinx + dcosx 
ccosx-rfsinx 


dx 

dx 


= A . .... . 

csmx + flcosx 

= Ax + fu log e |csinx + d cosx| + c 
' ac + bd\ (ad —be) 


2 , .2 
c + d 


2 . j2 

C + Cl 


log fl |csinx + r/cosx| + c 


Answer: (A) 


Solution: In the above formula, take a = 3,b = 2,c = 2, 
d = 3, so that 


/ = 


ac+bd 12 


c 2 + d 2 13 
-(ad - be) _ -5 


c 2 +d 2 


13 


Answer: (B) 


55. If 


dx 


J 1 + tanx 
then p + q equals 
3 


= /?x + <7log e |cosx + sinx|+c 


(A) 

(C) 


Solution: We have 
dx 


r dx r 

J 1 +tanx J sir 


cosx 


(B) 2 
(D) 1 

-dx 


1 + tanx J sinx + cosx 

■ 0(sin x) + cos x 


r 0(sr 
J sir 


sinx + cosx 
Now a = 0,b=l,c=l,d = l. Therefore 
ac+bd _ 1 

-(ad-be) -(0 — 1) 1 

' +d 2 2 “2 


a 


So 


% QUICK LOOK 


Important Formula: 

f a sin x + b cos x 


c sin x + d cos x 


d . ac+bd) (ad-be) 


2 , .2 2 . j2 

c + d J c + d 
xlog e |csinx + £(cosx| + c 


54. If 

'3sinx + 2cosx 


f3sir 

J 2 sir 


2sinx + 3cosx 
then 


dx= /x + mlog e |2sinx + 3cosx| + c 


-5 

12 

(B) 

, 12 

5 

—, m.= 


/ = —, m = — 


13 

13 

13 

13 

-5 

-12 

(D) 

, -12 

-5 

—, m = 


/ =-, m = 


13 

13 

13 

y 


1 1 i 

p+q=—+—=l 

2 2 


56. f dx equals 

J x 20 + 3x 10 +1 

(A) Tan -1 |^x 5 + -yJ + c 


(B) ^Tan 1 ^x 5 + -!j | + c 

(C) 5 Tan -1 ! x 5 +X | + c 


(D ) ^Tan-^x^ + ^-l + c 


Answer: (D) 
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Solution: Let 


1 = 


x 20 + 3 x w + 1 


dx 


Put t = x 5 so that (1/5 )dt = x 4 dx. Therefore 


1 = 


f - 1 (l -\dt 


t 4 + 3t 2 +1^5 
If l-(l/f 2 ) 

5 J f 2 + (1 /1 2 ) + 3 
lr l-(l/r) 
5 J [t+(l/t)] 2 +l 


-dt 


-dt 


= ^Tan 1 [t + - | + c 
= -jjTarT 1 { x 5 + | + c 


Answer: (B) 


57. 


f — 

J (xsi 


(xsinx + cosx)‘ 


-dx equals 


. . x cos x - x sin x 

(A) —-+ c 

xsinx + cosx 

sinx —x cos x 

(C) —---+ c 

xsin x + cosx 

Solution: Let 

i* 


(xsin x + cosx) 2 


cosr + isinr 

(B) -: + c 

xcosx- sinx 

^ N sinx + xcosx 

(D) —-+ c 

x sin x - cos x 


dx 


We know that 


—(x sin x + cos x) = x cos x 
dx 


Therefore 


Take 


/ = 


[ — 

J ( rsi 


XCOSX 


(xsinx + cosx)*' v cos * 


dx 


and dv = 


xcosx 


cosx 


(xsin x + cosx) 2 


dx 


so that 


-1 


xsmx + cosx 


Hence 


1 = 


-1 


cos x V x sin x + cos x 


f - 1 

cos x — x(— sinx) 

J xsinx + cosx 

cos 2 X 


dx 


—x |* 1 | cosx + xsinx . 

J xsir 


cosx(xsinx + cosx) J xsinx + cosx\ cos 2 x 


-+ sec“ xdx 


cos x(x sin x + cos x) 

-x 

cos x(x sin x + cos x) 

-x + sin x(x sin x + cos x) 
cos x(x sin x + cos x) 


- + tanx + c 


+ c 


-x(l - sin 2 x) + sin x cos x 
cos x(x sin x + cos x) 
cos x(sin x - x cos x) 


+ c 


cos x(x sin x + cos x) 

sinx —xcosx 
- + c 


+ c 


xsmx + cosx 


58 


Answer: (C) 

. J[x + 'Jx 2 +1] dx (n ^ +1) is 

(x +Vx 2 +1)" +1 (x + 'Jx 2 +1)” _1 


(A) \ 


(B) 


n +1 

(x + a/x 2 + l) 2n 
n(n- 1) 


i- 1 


+ c 


+ c 


(c) i(x+V77Tr 


x + 


Vx 2 +11 


n +1 n 


+ c 


(x + Vx 2 + l)" +1 (x + Vx 2 + l)” 1 
1 2(n + l) 2{n - 1) 

Solution: Let 

I = J[x + \lx 2 + 1] dx 

Put t = x +'Jx 2 +1 so that 
1 


t 


X" + 1 - X 


Therefore 

and 

Now, 


t — = 2x 
t 

t+- = 2\/x 2 +1 
t 


dt = 


1 + 




x“ +1 


(l/2)[t + (Vt)\ 


dx 

dx 
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or 

Therefore 


t + (1/t) , C +1 . 
r/x =--A =- dt 


21 


It 


I=\t n 


r + l A 


J‘ I 2r 




JV + r"- 2 )* 


f n+i j»-l 
- + - 


+ c 


n+1 n-1 

(x + \lx 2 + 1)' ,+1 (x + 'Jx 2 +1)" 


1 


U + 1 


- + - 


« —1 


+ C 


Answer: (A) 


€ 


Try it out Try the case when n = ± 1. 


J 


59. 


3 'N 

cosx-cos X 
1 - cos 3 X 

.) --shr\ 

3 

) | Sin -1 (sit 


1/2 


dx = 


/ 


cosx + c 

(B) 

» 3/2 x) + c 

(D) 


2 , 
3 1 


Solution: Let the given integral be I. Then 
' Vcosx(sinx) 


1 = 


\l 1-cos 3 X 


-dx 


Put cos 3/2 x = t so that 


— Vcosx(-sinx)Jx = dt and cos 3 x = t 2 


Then 


1 = 


-- \dt 


3 

2 _! 

= —Sm t + c 
3 


= - — Sin 1 (cos 3/2 x) + c 


Answer: (B) 


3(1+ 4 tan 2 x) 


8 H{x) 


60. J(sinx) 11/3 (cos x) 1/3 dx - 
where H{x) is 

(A) tan 3 x (B) (tanx) 5/3 


+ c. 


(C) (tanx) 


2/3 


(D) (tanx) 


8/3 


Solution: Since sum of the indices of sinx and cosx 
is -4 (even), put t = tanx [see Sec. 4.5.10, Case III, part 
(c)]. Now 


1 = 


sinx 

cosx 

1 


-11/3 


(tanx) 1V3 
1 




cos 4 xdx 
sec 4 xdx 
dt 


= j \r ul 3 +r 5,3 )dt 


? (-ll/3)+l X-5/3)+l 

- +- + C 


(-11/3) + ! (-5/3)+ 1 


_-3 -8 /3 _ 3 2/ 3 

8 2 


( t m + t 213 ) 


+ c 


8 (tan 2 x(tanx) 2/3 (tanx) 


\2I3 


+ C 


1+ 4tan“ x 


tan 2 x(tanx) 2/3 
Therefore H(x) = (tanx) 8/3 . 


+ c 


Answer: (D) 


61 . Jcos(log e x)/fx is equal to 

(A) x[cos(log e x) + sin(log c x)] + c 

(B) |[cos(log e x)-sin(log e x)] + c 

(C) |[cos(log £ ,x) + sin(log £ ,x)] + c 

(D) ^[sin(log e x)-cos(log e x)] + c 

Solution: Let 

I = J cos(log e x)dx 

,, f [-sin(log„x)l , 

= xcos(log e x) - x- - ——- dx 

J X 

= x cos(log e x) + J sin(log ( , x)dx 

. T ■ . f cos(log„x) 

= x cos (log e x) + x sm (log g x) - J x--— 

= x[cos (logg x) + sin (log e x)] -1 


dx 











































Chapter 4 I Indefinite Integral 
Therefore 

21 = x[cos (log, x) + sin (log, x)] 


M. J 


(l + e 2x ) 2 


dx = 


1 = ~ [cos (log, x) + sin (log, x)\ 


f sin 4 x 1, 

62. - dx = - log, 

J cos x 2 


cosx 
equals 


1 + sinx 
1-sin x 


Answer: (C) 

-g(x) + c where g(x) 


1 , l - 

(A) — sin x + sinx (B) — cos x +cosx 

1 , 1 , 

(C) — sinx-sinx (D) —cos x-cosx 

Solution: Let 




cosx 


*sin xcosx 


cos 2 X 


dx 


= f-L_ 

Jl-t 2 

J 


dt where t = sin x 


r- l+i 
"7^ 


dt 


-J(/ 2 + l)rZf + J^ 


=-t+ —log,,- 

3 2 Be \l-t 

-1.3 ■ 1, 

= —sin x-smx + —log 
3 2 


+ c 


(A) —^- + Tan 1 e x +c 


(B) | 

< C > f 


1+e 

f 


2x 


v 1 + c 2 V 


- Tan J x + c 




\ 


v l + e j 


2x 
f x\ 


+ —Tan 1 e x +c 
2 


V 2 7 


(D) Tan -1 

Solution: Let 


1 

H— 
2 


' e* A 


1+e 


2x 


+ c 


(l + e 2v ) 2 
■ dt 
(1 + t 2 ) 2 


dx 


where t = e x 


Put t = tan 9. Then 


sec 2 9 
sec 4 9 


d9 


‘l + cos20 


de 


Q 1 

= —+ —sin20+c 
2 4 

1 _1 JC If 2tan 9 

= -Tan e + - -=— |c 

2 4vl + tan~fL 


63. 


flogx , . 

J —^—dx is equal to 


(1 + sinx 



= -Tan“V + - 
2 2 

r c* ^ 

H 


(l + e 2x ) 

V1 - sin x. 



Answer: (A) 

«• J 

J* rlr- 




\la 3 - x 3 



+c 


Answer: (C) 


(A) logx + — + c (B) — logx-he 

X X 

logx 1 ^ (1 + logx) 

(C)-^+- + c (D) -^ + c 

XX X 


Solution: Let 


1 = 


•logx 


dx 


= -logx- [—1 — |dx 
x J x l^x, 

logx f 1 , 

-— + —dx 

x J x~ 

- log X 1 
-2-+ c 

X X 


/ ^ 3/2 

(A) Cos -1 I — J + c 


(C) -Cos- - +c 


3/2 


Solution: Let 


Vx 


? / \ 3/2 
, B , -Sin-'(-) + o 

( "\ 3/2 

(D) Sin 1 f ~ J + c 


J 

-jx 1,2 (a 3 -x 3 y ll2 dx 


r 3 j 

V0 -x 


Put x = asin 2/ ~’ 9 so that 


dx- — sin 13 9cos9d9 
3 


Answer: (D) 











































Therefore 


, f 4a sin I/3 9(2 . , /3 

I-\ — tjt - —asm 9cos9 \d9 

J a 3/2 cos 9 U 

-!J* 

2 

= -0 + c 
3 


o / \3/2 

= |sin _1 (-) +c 


Answer: (B) 


66 . Let / be a positive differentiable function defined 
on (0, °°) and 


( p(x ) = lim 


f\x + - 
_v_« 

/O) 


\« 


Then 


Jlog,(0(x))£fx is equal 


to 


(A) -(/(x)) 2 + c (B) f(x)f\x) 


Worked-Out Problems 


(C) log e (/(*))+ c (D) loJ/M 

l fix) / 


+ c 


Solution: We have 


(p(x) = exp 


= exp 


lim 


lim 


f(x+(Vn)) 

fix) 


-1 


f(x + (Vn))-f(x) 
(x+(l Jn))-x 


/w 


= e f\x)lf(x) 


Therefore 


log, <p(x) = 


f'jx) 

fix) 


Integrating both sides we get 

J log e (0O)) dx = j^Tfjdx 


fix) 

= !og e (f(x)) + c 


Answer: (C) 


Multiple Correct Choice Type Questions 

1. J (Vtan x + J cot x) dx is equal to 


(A) V2Tan _1 


(B) 72Tan _1 


Vtan x - Vcotx 

~W~ 

Vtanx + %/cotx 

7/2 


+ c 


+ c 


v V- y 

(C) V2Sin _1 (sinx-cosx) + c 

(D) V2Tan _1 (sinx-cosx) + c 

Solution: Let 

I = J(Vtanx + Vcotx) dx 

Put tanx = ? 2 so that sec 2 xdx = 2tdt. Then 

, 2t . 
dx — t dt 
i+t 4 


Now 


/(, < 
(■20 
J t 

£ 


If 2t 


1 + f 4 
dt 


■dt 


2(t 2 +1) 

+ 1 
l+(l/r) 


= 2 —-V- dt 

+ (1 It 2 ) 


= 2 


dz 

7+2 


where £ = f — 
t 


2 T -i 

= —F=Tan 

42 

= y/2 Tan -1 


Hence (A) is correct. 
Also 


_ , + c 

42 

%/tanx - Vcol7 

~4T~ 


+ c 


/ = 


rsin 

J x/si 


x + cosx 


dx 


Vsmxcosx 
sin x +cosx 


72] 


dx 


smxcosx 
sin x +cosx 


yjl- (sinx- cosx) 

Af * 


r dx 


Vi7 


where f = sin x-cosx 


= 42 Sin _1 f+c 
= 42 SnT 1 (sin x - cos x) + < 
Hence (C) is correct. 


Answers: (A), (C) 
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I 


dx 


(1 + x)\l 1+x-x 2 


is equal to 


(A) -2Tan 


-l 


V 1 + x-x 2 +1 


+ 1 


+ c 


(B) 2Tan _1 


■J 1 + x- 


x z +1 


+ c 


(C) Sin 1 


(D) Sin 1 


3x + l 
5(x + l) 

3x + l 
7 (x +1) 


+ c 


+ c 


Solution: First, we use Euler’s substitution. Put 
V 1+x-x 2 =tx -1 (vc>0) 

This gives 


1 + x-x 2 = t 2 x 2 - 2 tx +1 


•1-x = t x-2t 


■ x = 


1 + 2 1 

77 


So 


Also 


. 2(1 -t-t 2 ) J 

dx = — - „ , ' dt 


2+1 




^l+x-x 2 =tx — 1 

t(l + 2t) 

'77^ 

_ t 2 + t- i 

'77^ 


-i 


1 


Therefore 
_ 1 

(1 + x)\ll+ x-X 2 


Therefore 


So 

I 


dx 


. dt 
dx = —— 
t 


1 


(1 + x)7 + x — X " 1 fl 7 7 1 


dt 


= -Sin 


y]3t-t 2 -1 
‘ dt 

I+T 

t-- 
_2 

7/2 

V / 


-1 


+ c 


= -Sin -1 f 77 | + c 


= -Sin 


-l 


7 
' 2 
x +1 


— 3 


7 


y 


= -Sin 
= Sin -1 

Flence (D) is correct. 


-l 


-3x-l 

(x+i)7 


f 3x + l ^ 
7(x+i) 


+ c 


+ c 


+ c 


Answers: (A), (D) 


dx = 


2(1 -t-t 2 ) 


3. By a suitable substitution, the indefinite integral 
f dx 


1 + 


= -2 


h 


1 + 2 1 

77 

dt 


( 2 


r+f-i 

177 


2\2 


(1 + 0 


r/f 


smx + secx 


can be expressed as sum of two of the following 
integrals. Identify them. 


= -2 


+ 2t + 2 
dt 


(t+iy + i 


= -2Tan 1 (r+l) + c 


(A) | 
(C) j 


dt 

7 ? 

dt 

77 


(B) J 
< D > | 


77 

3 + t 2 


= -2 Tan 

So (A) is correct. Now, we put 
1 


7 + x — x +1 


Solution: Let 


+ 1 


+ c 


1 = 


dx 


7 


smx + secx 
cosx 


sinxcosx + 1 


dx 


t = 


or x +1 = - 
x +1 t 
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Worked-Out Problems 


2cosx 


-dx 


2 + 2sinxcosx 
‘ (cos x + sin x) + (cos x - sin x) 


2 + 2sinxcosx 


dx 


dx + 


• cosx + sinx 
2 + 2sinxcosx 
■ cosx + sinx 
3-(sinx-cosx) 2 
dt f dz 


dx 


dx + 


cos x- sin x 
2 + 2sinxcosx 

cos x-sin x 


l+(sinx + cosx)" 


-dx 




1 + z 2 


where 


and 


t = smx-cosx 
z = sinx + cosx 


Answers: (B), (C) 


"I 


x 3 + 3 


(x +1) (x - +1) 


dx equals 


(A) x + log e |x +1| - log e (x 2 +1) -Cot^x + c 

(B) x-log e |x + l|+log e (x 2 + l)+Tan~ 1 x + c 

(C) x + log c |x + l|-log e (x 2 + l)+Tan _1 x + c 

(D) x - log e \x +1| — log e (x 2 +1) - Tan _1 x + c 

Solution: Let 


1 = 


x 3 +3 


(x + l)(x 2 +1) 
x 3 +1 + 2 


-dx 


(x + l)(x 2 + 1) 


-dx 


■ x" - X + 1 


x 2 + 1 


= 1 - 


X 2 +1 


dx + 2 J 
dx + J 


dx 


(x + l)(x 2 +1) 

1 x — 1 
X +1 x 2 +l 


dx 


= X ~\ lo §e ( X ~ +1 )+ lo ge \ X + l \~\ lo ge ( X2 + ] ) 

+ Tan _1 x + c 

= x + log e | x +1| — log^ (x 2 +1) + Tan _1 x + c 
Hence (C) is correct. Also 

Tan _1 x = — — CoL J x 
2 


Therefore (A) is also correct. 


Answers: (A), (C) 


>•1 


9e x -4e 


— dx equals 


19 35 

(A) - —x+—log(9e*-4e A )+c 

(B) -|* + |hog(9 e 2 *-4)+c 


+ c 


(C) 

4 

— x + 
9 

70 1 

I dx 

9 J 

9e 2x —4 

(D) 

4 

70 

(■ dx 

9 

9 • 

' 9e 2x -4 


+ c 


Solution: Let 


Write 


' 4e' T + 6e~ x 
9e x -4e~ 


1 = 


-dx 


4e x + 6e~ x = X(9e x - 4e~ x ) + f.i — (9e x - 4e~ x ) 

dx 

= X(9e x - 4e~ x ) + /d(9e x + 4e~ x ) 

Equating the coefficients of e A and e~ x on both sides we 
get 

9X + 9ju = 4 
-4X + 4iu = 6 

Solving these equations we get 

. 19 35 

X = -, u = — 

36 M 36 


Therefore 


1 = 


J X dx + n J 


9e x + 4e 
9e x -4e~ 


dx 


19 35 

=- x+-\ogA9e x -4e~ x )+c 

36 36 

So (A) is correct. 

In the above answer, if we write e~ x = 1 / e x then we 
get that (B) is also correct. 

Also 


1 = 


■4e lx +6 
9e lx -4 


That is 


4e lx + 6 4 

- = - + - 


dx 


70 


(4.31) 


9e 2x - 4 9 9(9e 2x -4) 

Therefore from Eq. (4.31), we have 

, 4 70 r dx 

I= —x+— 


9 9 J 9e 2x - 4 


Hence (C) is also correct. 


Answers: (A), (B), (C) 
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6. If Jsinx(secxtanx) dx = f(x) +g(x) + c, then 

(A) /(x) = tanx (B) /(x) = secx 

(C) g(x) = -2x (D) g(x) = -x 

Solution: We have 

J sin x sec x tan xdx = J tan 2 xdx 

= J(sec 2 x-1) dx 

= tan x — x + c 

Answers: (A), (D) 


Now, 


Therefore 


and 


/'| y | = 0 and /'(1) = 0 


/'(x) = 3x 1 + lax + b 


/^J:j = 0=>-2fl + 3h = -l 
/'(!) = 0=>2a + /> = -3 


(4.32) 

(4.33) 


From Eqs. (4.32) and (4.33), we obtain a = - 1, 6 = —1. 
Further 


7. If 


' cos4x + l 
cot x- tan x 


dx = A/(x) + c 


/(2) = 0=>8 + 4n + 2b + c = 0 

=> c = —2 (v n = —1, h = —1) 


Therefore 


then 

(A) A = --,/(x) = cos4x 

8 

(B) ?i = \,f{x) = sin4x 

O 

n 

(C) Least period of f(x) is — 

(D) f(x) is an even function 

Solution: We have 

-dx = 


-dx 


coLr-tanx J cos2x 
= J cos lx sin 2xdx 

= — f sin 4.r dx 

2 J 

-1 . 

= —cos4x + c 
8 

Answers: (A), (C), (D) 

8 . Let f(x) - x 3 + ax 2 + bx + c where a,b,c are real num¬ 
bers. If f(x) has local minimum at x = 1 and a local 
maximum at x = —1/3 and /(2) = 0, then 

(A) f(x) = x 3 -x 2 -x + 2 

(B) f(x) = x 3 -x 2 -x-2 


(C) f(x) = x 3 + x 2 + x-2 


-14 


(D) If F(x) = J f(x)dx, then F(l)-F(—1) 

Solution: Since f(x) has local maximum and local 
minimum at x - -1 / 3 and x = 1, respectively, we have 


f(x) = x 3 -x 2 -x-2 


Hence (B) is correct. Also 

F(x) = J f{x)dx + c 


1 4 1 3 1 2 o 

= — x —x —x -2x + c 
4 3 2 


so that 


F (1)- F (_1 ) = I(1_1)_I(1 + 1)_I(1_1)_2(1 + 1) 

-2 /| -14 


Hence (D) is correct. 


Answers: (B), (D) 


'•1 


1-cosx 


cosx(l-i-cosx) 


dx is equal to 


(A) log e |secx + tanx|-2tan — + c 


(B) log e 


tan — 
2 


-2(secx + tanx) + c 


(C) -2tan- + log £ 


, n x 
lan| 4 + 2 


(D) 2 tan - + log. 


, n x 
tan 4 ~2 


+ c 


+ c 


Solution: Let 


1 = 


‘ 1-cosx 
cosx(l-fcosx) 


-dx 
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Worked-Out Problems 


‘I 


= 11 tan 2 - 


1 + tan 


2 X 


2 I 1 X 

' 1-tan 


dx 


Put tan(x/2 ) = t so that sec 2 (x/2)dx = 2dt. Therefore 
2 1 2 


Also 


Note: 


/ = 


1 


■dt 


= -2 1 - 


1 


1-r 


= -2f+2| -log. 


= -2 tan ^ + log e 


= -2 tan — + log e 


dt 
1 + t 


1-t 


+ c 


l+tan : 


l-tan : 


+ c 


1 = 


1 


COSX 1 + cosx 


, n x 
Un 4 + 2 


dx 


+ c 


= 11 secx-sec 2 — I dx 


= log e |secx + tanx|-2tan —+ c 


lOge 




X . X 

1 + tan — 


cos —+ sin — 

2 

i 

2 2 



X . X 

1-tan — 


cos — sin— 

2 


2 2 


, 1 + sinx 

= log,- 

cosx 

= log e | (sec x + tanx) | 

Answers: (A), (C) 


10. [ r +X dx equals 
J V a — x 


n. 2 

o- -1 x Vfl -X 

(A) nSin —+- + c 


(B) flSin l — -\]a 2 -x 2 +< 

(C) flSin -1 — + \Ja 2 -x 2 + < 


(D) -aCos 1 — -\la 2 -x 2 +1 


(IIT-JEE 2004) 


Solution: We have 


I = jJ^dx 


a — x 
a + x 




xlx 


X 

dx 


f dx f x , 
= a , + , dx 

J 12 2 J 12 2 

Vfl -x \la -x 

= a Sin -1 — -^a 2 -x 2 +c 


Hence (B) is correct. 
Also 


/ = f —-dx 
J V O — X 


Note that -a < x < a. Put x = acos 9 so that dx = {-a sin 9) (19. 
Therefore 


1 = 


1 + cos 6 


(—a sin 0) d6 

1 - cos 6 

cos(0/2) ( 9 0 


fee 


2 sin —cos— dO 


sin (0/2) l 2 2 

c 6 

= -aj 2cos 2 —dO 

= -aj*(l + cos0)d0 
= -aO-asinO + c 
= -aCos -1 — - avl-cos 2 0 + c 


„ -i x Lx 
= -a Cos- a. 1 7 +c 

n v tr 

„ -1 X r~2 2 

= —a Cos —-x +c 
a 

So (D) is correct. 

Note: In (B), if we replace Sin _1 (x/a) by (;r/2)—Cos 1 (xla) 
we obtain (D). But the procedure is different. 

Answers: (B), (D) 

f x 3 

11. . dx can be evaluated by using one (or more) 

J Vx 8 +1 
substitutions. 

(A) x 4 = f (B) xV = Vl+x 8 
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(C) t 2 x s = yjl + x 8 (D) fV = V 1+x 8 

Solution: Let 


7 = 


V* 8 +i 


dx 


Put x 4 = tsothat x 3 rfx = (l/4)<7f .Therefore 
1 f dt 


- f 
4 J 

= —Sinh _1 f 
4 


= — log(7 + yfl-H 2 ) 
1. 


= -log(x 4 Wl + x ) 


Hence x 4 = t is useful. Also 


/ = 


Jx 3 (l + x 8 )~ 


■ 1/2 




According to integration of Binomial differential, m= 3, 
n= 8, p=— 1/2 so that 

m +1 4 1 

—+ p = --- = 0 (integer) 

Hence the substitution i'r — v'1 I .C can be used. 

Answers: (A), (C) 

12. Which of the following methods are handy to evalu¬ 


ate the indefinite integral J 


yj 9 + 8x-. 


- dx ? 


(A) The substitution x - 4 = t 

(B) Writing x = A(8 - 2x) + p 

(C) Substitution 9 + 8x - x 2 = t 2 

(D) Both (A) and (B) 

Solution: We have 


1 = 


-dx 


■J 


c/x 


V 9 + 8x-; 
x 

V25-(x-4) 2 
f t+4 

= i = dt where t = x-4 
J V25 - r 2 

J ‘ 


+ 4 I 




\j25-t 2 J yj25-t 2 


= -yj25-t 2 + 4SnT 1 f^j + c 


= —->/9 + 8x - x 2 + 4Sin 


• -if* _ 4 


+ C 


Also, 


x = A(8 - 2x) + p 

A = — and p = 4 
2 


Therefore 


T If 8 - 2x , , f dx 

I ~ — J / —7 + 4 I / —y 

2J V9 + 8x-x 2 J V9 + 8x-x 2 

= --x2a/9 + 8x-x 2 +4[ rf ~ V =■ 

2 J V25-(x-4 ) 2 

= -yj9 + 8x-x 2 + 4 Sin -1 1 A _ ^ | + c 


13. The indefinite integral 

f sin x cos x 


a 2 cos 2 x + b 2 sin 2 x 


Answers: (A), (B) 


tix 


can be evaluated by means of the following substitu¬ 
tions. Identify them. Given that ab^O and b 2 - a 2 > 0. 

(A) tan = ? (B) a 2 cos 2 x + b 2 sin 2 x = t 

(C) t — cos 2 x (D) t = sin 2 x 

Solution: We have 


r f sinxcosx 

i — I 2 2 2 7 

I n cos x + Zr snr x 


tanx 


a 2 + b 2 tan 2 x 


dx 


(i) Put t = tan x so that dt = sec" x dx and hence 

1 


dx — , dt 

1 + r 


Thus 


7 = 


(a 2 + b 2 t 2 )(l+1 2 ) 


-dt 


Now, use partial fractions. Therefore t = tan x is 
workable. 

(ii) We have 


So 


t = a 2 cos 2 x + b 2 sin 2 x 


dt = 2(b 2 -n 2 )sinxcosxrfx 


Therefore 


7 = 


1 f dt 


2(b 2 -a 2 ) 


If 


-log e (a 2 cos 2 x + b 2 sin 2 x) + c 


2(b 2 -a 2 ) 
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Worked-Out Problems 


Hence t = a 2 cos 2 x + b 2 sin 2 x is useful. 

(iii) Let t = cos 2 x so that dt = (-2sinxcosx)dx. There¬ 
fore 


I 


1 f dt 
2"J a 2 t+b 2 (l-t) 


If dt 
~~2.J b 2 -(b 2 -a 2 )t 

Therefore t = cos 2 x is also useful. Similarly, t = sin 2 a: is 
also workable. 

Answers: (A), (B), (C), (D) 


Matrix-Match Type Questions 

1. Match the integrals of Column I with their values in 
Column II. 


Column I 


Column II 


(A) 

f dx 

(p) 

J Vl + sinx 

(B) , 

f dx 

(q) 

J sinx + cosx 

(C) . 

f dx 

(r) 

' sinx+V3cosx 

(D) 

f 1 + cosx , 

- ax 

J sin x cos x 

(s) 


72 1 


X 

an — 

2 

n x 
— 1 — 
8 4 


tan | ^- + ^11 + c 


(C) Let 


= -^=Jcosec| x + — |dx 


1 , (x n 

= 72 log ' tan U + ¥ 


Answer: (B) (s) 


1 = 


j- 

J sir 


dx 


sinr+ V3cosx 
If dx 


2J 1 . V3 

-sinr+ —cosx 


ff+f] 

l + c 

1 

f ( A 

U 8 J 

I 

= - 

cosec x H— 


2J 

l 3 ) 


Solution: 

(A) Let 


1 = 


dx 


(B) Let 


Vl + sinx 
‘ dx 

sin — + cos — 
2 2 


1 


dx 


./? J 1 . X 1 X 

v —;=sm —+—^cos — 

V2 2 V2 2 

If (X 7t\ 

= cosec — + — \dx 

V 2 J u 4 


cosec xdx = log tan | — | + c 


Answer: (A) — > (q) 


/ = 


dx 


1 smx + cosx 
1 r dx 


J 2 .J 1 • 1 

v -^sinx + ^cosx 

V2 V2 


(D) Let 


1, (x n 

'^tan - + -| + c 


Answer: (C) ->(r) 


/ = 


J4 

J si 


1 + cosx 


dx 


smxcosx 

= 2 J cosec2 xdx + J cosec xdx 
= 2 (7 j l°g(tan x) + l°g e f tan ^ \+c 


= log e | tan x tan — | + c 


Answer: (D) —> (P) 


2. Match the integrals of Column I with their corre¬ 
sponding values in Column II. 


Column I 

Column II 

(A) Jxcos 3 (x 2 ) sin(x 2 ) dx 

(p) -tan[i] + c 

(B) — i=tanjx sec Jxdx 

* 2yjx 

(q) -2 cos Vx + c 


(Continued) 
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Column I 

Column II 

(C) P in / X ^ 

(r) --cos 4 (x 2 ) + c 

(D) 1 2 
* COS (xj 

(s) secVx+c 


Put Vx = t so that 


Therefore 


Solution: 

(A) Let 


1 = 


Jxcos 3 (x 2 ) sin(x 2 )dx 


Put cos(x 2 ) = t .Then 


Therefore 


-2x sin(x 2 )dx = dt 


/ = y J Pdt 

= - — f 4 + c 
8 

1 4 / 2 \ 

=-COS (X ) + C 

8 v 2 


Answer: (A) (r) 


(B) Let 


1= f—^=tanVxsecVxr/x 

J i4x 

Put sec yfx = t .Then 

sec -Jx tan -Jx = dt 


2^[x 


Therefore 


I = jdt = t+c = sec yfx, + ( 


Answer: (B) —> (s) 


(C) Let 


J= \™^dx 


= f- 

J ^ 

Put t = yfx so that dt= (L/2 \[x)dx .Therefore 

I = j2sintdt = -2cost + c = -2cos\[x + c 

Answer: (C) —> (q) 


(D) Let 


1 = 


dx 


9 9 

X" COS“ X 


- tt dx = dt 

X 


I - - sec z tdt 


= - tan t 
1 

= - tan — 
x 


Answer: (D) —> (P) 

3. Match the items of Column I with those of Column II. 


Column I 


Column II 


f l+log„x , 1 

(A) Jl + ,lo»A J:e ‘! Uals <P> 6 loS - 


(B) j 

J X 

(C) 


l+xlog e x 
dx 


x -1 


x + 5 


2 + 4x - 5 


IS 


(q) log e |l + log e x| + c 

(r) 


f r . „ , ,-, 1/2 , logJsecx(secx + tanx 

M l + 2tanx(tanx + secx)J dx 

is 

(D) J 


- -equals < s > l°*.|l + *log,l| + c 


x(l+log £ ,x) 


Solution: 

(A) We have 


r t+tog.* ^ r 

J 1+xloe.x J 


dx 


(l+xlog e x) 


-dx 


l+xlog e x J l+xlog e x 

= log e (l + xlog e x) + c 

Answer: (A) —>(s) 

(B) We have 

dx f dx 


r dx _ r 
J r 2 + 4r — 5 


x“ + 4x - 5 J(x + 5)(x-l) 

1 t( 1 1 


6 J v -V — 1 x + 5 
x — 1 


dx 


= — log 

6 ^ 


: + 5 


+ c 

Answer: (B) -» (P) 


(C) We have 

J[l+ 2tanx(tanx + secx)] 1/ " dx 
= J (1 + tan 2 x + tan 2 x + 2 tan x sec x) 1/2 dx 
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Worked-Out Problems 


= J (sec 2 x + 2 tan x sec x + tan 2 x) 1/2 dx 

= J (sec x + tan x)dx 
= log e |sec x + tan x | + log e |sec jc| + c 
= log e |secx(secx + tanx)| + c 

Answer: (C) -+(r) 

(D) We have 

dx r (Vx)dx 


f dx r 

J x(\ + loe xl J ( 


x(l+\og e x) J(l+log e x) 

= log e |l + lo g(; x| + c 

Answer: (D) —> (q) 

4. Match the entries of Column I with those of Column II. 


Column I 


Column II 


(A) fe 

(B) je 

(C) \e 

(D) J« 


(2 + sin2x) ^ 
l+cos2x 

(P) 

V X 

e tan —+ c 

2 

(2-sin2x) , 

- -ax 

1-cos2jc 

(q) 

— r/2 

-e sec — 
2 

(1+sinx) dx 

(r) 

e v tanx + c 

1 + cosx 



■x /2 V 1 - sin x dx 

(s) 

- e x cot x + c 


1 + cosx 


Solution: 

(A) We have 


/= L ^(l + sinxcosx) dx 
J 2cos 2 x 


= J e x (tan x + sec 2 x)dx = e x tan x + c 

Answer: (A) —> (r) 


(B) We have 


2(1 - sin x cos x) 


I = \e x t "'’ v 

J 2sin~x 

= J e x (cosec 2 x - cot x)dx = e x (- cot x) + c 

Answer: (B) -+ (s) 

(C) We have 

(1 + sin x ) 


1+cosx 


I = | e x v ~ ' ' dx 

c 

X X 


l + 2sin — cos : 

= JV ^ --- ^dx 


2 cos 


2 X 


= je x (-Hec 2 — + tan — | dx 


= e tan — + c 
2 


Answer: (C) —> (P) 


(D) We have 




1 + cosx 

Put -x/2 = t so that 

, Vl + sin2t 


/ = -2 e 


!■ 


l + cos2 1 


dt 


r ,(sin/ + cos/) , 

= -2 e -=—- dt 

J 2 cos 2 / 

= - J e' (sec / + sec / tan t)dt 
:t + c 

sec(x/2) + c 


= -e sec/ + c 

-x/2 


= —e 


Answer: (D) -+> (q) 

5. Match the entries of Column I with those of Column II. 


Column I 


Column II 


(M [c x{x +X + l) dx 

J (l + x 2 ) 3/2 

(P) 

Ce x (x 3 -x + 2) 

{ ] J (x 2 + l) 2 

(q) 

(c > Hi 1 ,;] 

2 

dx 

(J) 

(D) \e x (x2 + 3x+ 7 3) dx 

J (x + 2) 2 

(s) 


x + 1 
x + 2 


+ c 


Vl 


- -t- c 


+ x 
e x x 


V1 + x 


■ + c 


e x (x + l) 
x 2 +1 


+ c 


Solution: 

(A) We have 

\ eX ^\ X + 1) dx= \ eX[x(x2+ M +1] dx 

j (l + x 2 ) 312 J 


(l + x 2 ) 3/2 


= e 


■ (l+x 2 ) 3/2 

je x [f(x)+f\x)]dx 


dx 


where f(x) = 


\]x 2 +1 
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= e x f(x) + c 
e x x 

+ c 


\l X 2 +1 


Answer: (A) —> (r) 


(B) We have 

fx (x 3 -x + 2) 
J (x 2 +l f 


dx = JV U.’‘+W**+}) + \-Z*-x ! ] dx 


(+ + 1) 2 

x + 1 1 — 2x — x 2 

+ - 


x 2 +1 (x 2 +l) 2 

e x (x + l) 
x 2 +1 


dx 


- + c 


Answer: (B) —> (s) 


(C) We have 



dx = [ e x 

J Li+x 2 . 

J 


2x 


2\2 


1 + X (1 + X ) 


dx 


1+x 


- + c 


Answer: (C) —> (q) 


(D) We have 

j* x (a + 3x + 3) 

r (x+ 2) 2 


dx = Je x {X + 1){X + ? + 1 dx 


= e 


(x + 2) 

x + 1 1 

+ - 


_x+2 (x + 2) 2 
e x (x + l) 


dx 


x + 2 


- + c 


Answer: (D) —> (P) 

6. Match the items of Column I with those of Column II. 


Column I 

Column II 

(A) J 

fcos5x + cos4x , 

- dx 

‘ 1-2cos3jc 

1 , 

(p) —(sec 2x-3sec2x) 

6 

(B) j 

‘cos7x-cos8x , 

- dx 

l + 2cos5x 

(q) |(2 + sin3x) 3/2 

(C) J 

tan 3 2xsec2 xdx 

(r) ^(2sinx + sin2x) 

(D) . 

j" \J2 + sin 3x cos 3 xdx 

1 1 

fsl —sm2x—sin3x + c 

2 3 


Solution: 

(A) We have 


f (cos5x + cos4x)^ 

J l-2cos3x 
r (cos 5x + cos 4x) sin 3x 
J sin3x-sin6x 


dx 


9x x\ . 

2 cos—cos— sm3x 

:Ji_ K dx 


j 


0 9x . 3x 
-2 cos — sin — 

2 2 

x(. . 3x 3x 

-cos— 2sm—cos— 

2 { 2 2 


sin- 


3x 


dx 


= -J (cos2x + cos x)dx 
= - f — sin2x + sinx | + c 

U 


= - — (2sinx + sin2x) + c 


Answer: (A) -+ (r) 


(B) We have 


f(cos7x-cos8x)sin5x 
J sin5x + sinl0x 

( . 15x . xV . 5x 5x' 

= fi_?_ 2j\ _2_2^ 

J „ . 15x 5x 

2sm-cos — 

2 2 


= | 2sin—sin — dx 
2 2 


i- 

= J (cos2x - cos3x)r/x 

= —sin2x-—sin3x + c 
2 3 


Answer: (B) —»(s) 


(C) We have 

I = J tan 3 2x sec 2x dx 

= J tan 2 2x(sec 2x tan 2x) dx 

= J (sec 2 2x -1) sec 2x tan 2x dx 

Put t = sec2x, so that 
dt 


— = (sec2xtan2x)Jx 


Therefore 


7 = 1 
2 


J(t 2 -1) dt 
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Worked-Out Problems 


1 , 1 

= —sec 2 x—sec 2 x + c 
6 2 


Answer: (C) —> (P) 


(D) We have 


+ 


/= V 2 + sin 3x cos 3 xdx 


Put 2 + sin3x = t .Therefore 3cos3xdx = dt. Now 


I = Jr-—dt 




= -( 0 3/2 + c 
9 W 

= ^-(2 + sin3x ) 3/2 +c 

Answer: (D) -» (q) 

7. Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) = (P) 3 


X 

k equals 


4 3 x k 


(B) If J 


2 + yJx . Ax / \ o 

dx = -A=—, (q) 2 


(x + Vx + 1) 2 x + Jx + l 

then A is 

(C) If f ^ 10 + 2 dx = — (xl ° + 2)3/2 + c, ( r ) 15 

v ' J x 16 30 x m 

then m is 

(D) If f dx = n \og e (l+J~x), then n (s) 5 

J x+Jx 

is equal to 

Solution: 

(A) Let 


1 = 


• y/x 2 +1 


dx 


-1 1 


3 sin 3 0 
-1 1 


+ c 


3 (sin 2 0 ) 3/2 
= -^(cosec 2 0) 3/2 
= d (1 + cot 2 0) 3/2 


+ C 




3/2 


3 V x“ 

-l(x 2 + l ) 3/2 


Therefore k = 3. 


Answer: (A) —» (P) 


(B) We have 


1 = 


2 + \fx 


(x + >fx + 1 )^ 

2 + yfx 

2(1 1 1 

X I 1 H -;= H - 


-dx 


Jx 


2 1 
- + 


v 2 xjx 

. 1 1 
l +_ /= +_ 

Jx X 


-dx 


Put 


so that 


„ 1 1 

1 H— j= H-— t 

dx X 


-1 1 u , 

-=- \dx = dt 


2xjx x 2 


' 2 1 

— H- 7 = |rfx = — 2dt 

„ v x> 


Therefore 


Put x = tan 0. Then 


‘sec 0 sec~ 6 


/= J S TX " de 


■j 


tan 0 

cos0 d e 


sin 4 0 


= J t A dt where f = sin 0 

C 4 * 1 -1 -3 

—-hC —- 1 + C 

-4 + 1 3 


I = j-(-2)dt 


2 

= — + c 
t 


1 1 1 

~ + ~/= +1 
X V-r 


+ c 


2 x 


1 + yj~X 


- + C 


+ x 
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Therefore A = 2. 
(C) We have 


Put 


so that 


Therefore 


Answer: (B) —> (q) 


'-J—* 


16 


■Vx 10 +2 

x 11 -x 5 


dx 


1 + 


.10 


,it 


l+ — = t 2 
x 10 


-dx 


-20 

„ii 


dx = 2tdt 


dx -1 
=> —= —tdt 
x 11 10 


/ = 11| — 1 1 dt 


10 


=-hC 

30 


-If. 2 f 2 

= — 1 + -UT +C 


30 1 - 10 


x 

10 , 0 n3/2 


1 (x +2) 

30 7^ 


- + c 


So m = 15. 


(D) We have 


Answer: (C) —> (r) 


/ = 


dx 


x+\[x 
’ dx 


•n/x(Vx + 1) 


Put \fx -t so that 


—j=dx = 2rit 
Vx 


Therefore 


/= |-df 

f + 1 


h 

= 21og(f+l) 

= 21og(Vx +1) + < 


So 7i = 2. 


Answer: (D) -> (q) 


Comprehension-Type Questions 

1. Passage: Using the formula judv = uv-jvdu, 

(C) xlog e (l + tanx) + c 

answer the following questions. 

f a 

(D) xlog e (l + sinx) + c 

(i) sec xdx is equal to 

(A) — (sec x tan x + log c sec x + tan x) + c 

2 

(iii) J e x sin xdx is equal to 

X 

(B) ^-(secx + log e secx + tanx) + c 

c 

(A) —(sinx-cosx) + c 

2 

r 

1 

—c 

(B) -(sinx-cosx) + i 

(C) — (sec x + tan x + log e sec x tan x) + c 

2 

(D) secxtanx + 21og e seex + tanx+c 

c x 

(C) — (sinx-cosx) + c 

(ii) j"log e (l + cosx)dx-Jxtan^-dx equals 

e x 

(D) —(cosx-sinx) + c 

(A) -xlog e (l + cosx) + c 

Solution: 

(B) xlog e (l+cosx) + c 

(i) We have 













441 


Worked-Out Problems 


7 = J sec 3 xdx 
= J sec x sec^ xdx 
= sec x tan x - J sec x tan 2 x dx 
= sec x tan x - J sec x(sec 2 x -1 )dx 
= sec x tan x -1 + J sec x dx 
Therefore 

21 = sec tan x + log|secx+ tanx| 


Answer: (A) 


(ii) We have 

^ = Jlog e (l + cosx) dx 

= xlog e (l + cosx)-Jx 


-smx 
1 + cosx 

X 
2 


dx 


= xlog e (l + cosx) +Jxtan^ dx 
Therefore 

7- fxtan —dx = xlog e (l+cosx) 

7 2 

Answer: (B) 

(Hi) We have 

7 = J e x sin x 

= e x sinx- je x cosx t/x 

= e x sin x — fc* cos * — J e* (— sin ■*)*& 

= e x sinx-e* cosx-7 
Therefore 

21 = e x (sin x - cos x) 


• 7 = —(sinx-cosx) 


Answer: (A) 


2. Passage: If m, n,p are rational numbers, then the in¬ 
definite integral Jx'”(«+ bx") dx can be evaluated 

in the following cases with the help of the substitu¬ 
tion suggested. 

m +1 

Case 1: If-is an integer, put a+ bx = t , where 

VI 

a is the denominator of p. 

YU -f-1 

Case 2: If-1 p is an integer, put a + bx" = t a x", 


Answer the following questions: 

(i) If 

J x 1/3 (2 + x 2/3 ) 1/4 dx = | (2 + x 2/3 )*> - j (2 + x 2/3 )** + c 
then a x - a 2 is equal to 
(A) 4 (B) 3 (C) 2 (D) 1 

(ii) If 

f dx 5 7 lY* 5 7 1^ 


J x 3 s/l+(l7x) 4\ 1 + xJ 9 v + xj +C 

then p-a equals 

(A) 1 (B) 2 (C) -1 (D) 3 

Solution: 

(i) Let 

7 = J x 1/3 (2 + x 2/3 ) 1/4 <7x 

Now m = 1/3, n = 2/3, p = 1/4. Therefore 
m +1 _ (1 / 3) +1 


2/3 


- = 2 (integer) 


So put 


so that 


Therefore 


So 


2 + x m = t 4 


x = (t 4 - 2) m 


dx = ^(4? 3 )(f 4 -2) m dt 
= 6t\t 4 -2) ll2 dt 


7 = J(t 4 - 2) 1/2 (t)(6t 3 )(t 4 - 2) 1/2 dt 
= 6j t 4 (t 4 -2) dt 

+ c 


= 6 


t 9 2 5 

-r 

9 5 


= — (2 + x 2/3 ) 9/4 - ^ (2 + x 2/3 ) 5/4 + c 


Hence 


9 5 

«1 - =- =1 

4 4 


Answer: (D) 


where a is the denominator of p. 


(H) Let 
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I = jx- 14, \l + x)- V5 dx 


Now m = -14/5, n = 1, p = -1/5. Therefore 

m + 1 -14 .1 _ , 

-+ p = — + l-- = -2 (integer) 

n 5 5 


Put (1 + x) = xi so that 
1 


x = 


t 5 -1 


= (f 5 -l)- 1 


So 


Hence 


r/x = (-1) (5f 4 ) (f 5 -1) 2 dt 


I = JV - l) 14/5 [t s (t 5 - l)" 1 ]- 1/5 (-5f 4 )(r 5 -1 y 2 dt 

(14/5)+(l/5)-2 


= “5 J ( f5 - 1 ) 

= -5jV(t s -l) dt 

+ c 


(t )dt 


= -5 
5^1 + x 


r 9 r 4 


9 4 

4/5 


4 V x 
Therefore 


5( 1 + x 
91 x 


9/5 


+ C 


o 9 4. 

B-a = -= 1 

H 5 5 


Answer: (A) 


3. Passage: To evaluate 

‘flsinx + hcosx 


fflsn 
J csir 


dx 


csinx+ dcosx 

where c 2 +d 2 ^ 0, express the numerator as 

asinx + hcosx = A (Denominator) +ju (Derivative 
of the denominator) 

Answer the following questions 

’2sinx + 3cosx 

—--- dx equals 

3sinx + 4cosx 


® 1 


18 1 

(A1 —x + —log„|3sinx + 4cosx| + c 
K 2 25 25 Sel 1 

—18 1 

(B) -x + —logJ3sinx + 4cosx| + c 

U 25 25 1 

x 18, . . , 

(C) — + —log c |2smx + 3cosx| + c 

-x 18, „ . , 

(D) — +—log e |3sinx + 4cosx| + c 


T£ f smx + 2cosx , . ., 

(u) It - dx is equal to px + 

J 2sinx + cosx 

r/log ( .|2sinx + cosx| + c, then p + q equals 


8 

( A ) 5 


(B) | (C) | (D) 1 


Solution: 
(i) Let 


Let 


1 = 


‘2sinx + 3cosx 
3sinx + 4cosx 


dx 


2sinx + 3cosx = T(3sinx + 4cosx) + //(3cosx-4sinx) 

Now equating the coefficients sinx and cosx on 
both sides we get 

3A-4/1 — 2 
4A + 3p = 3 

Solving these equations, we get that A = 18/25 and p 
= 1/25. Therefore 


J 25 25 J 3 si 


25J 3sinx+4cosj 


-dx 


18 1 , . , , 

= —x + —log. 3smx + 4cosx +c 
25 25 S 1 


Answer: (A) 


(ii) Let 


Let 


T fsinx + 2cosx , 

l = - dx 

J 2sinx +cosx 


sin x + 2 cos x = A( 2 sin x + cos x) + p(2 cos x - sin x) 
Therefore 

2A-p=l 
A + 2p — 2 

so that A = 4/5 and p = 3/5. Hence 

4 A 3 

p = — and q = — 

5 5 


and so 


P + q= 5 


Answer: (C) 


4. Passage: To evaluate 

I 


(Linear)VLinear 

















Worked-Out Problems 


and 


f 1 

7 f 1 PI 

J (Quadratic)7Linear 

•47-4 + UJ 


put ^Linear = t. Answer the following questions. 


«> “J 


dx 


(x + 2)y/3x + 4 
equals 


= 72/(x) + c, then f{x) 


(A) Tan 1 
(C) Tan" 1 


3x + 4 
2 

x + 2 


(B) Tan 1 


r '3x + 4' m ' 


(D) Tan 


(ii) If 


dx 


= Plog, 


Vx+I-V3 


(x 2 -4)7x + l 

then pq is equal to 
1 


\j x + 1 + 73 


-q>Tan Vx + l + c 


(A) 

(C) 


4V3 

1 

3V3 


(B) 


(D) 


8V3 


(iii) If J 


dx 


(x-3)7x + 2 


is equal to 


(A) V5 l0g ' 


(B) ^log, 


(C) jjlog, 

(D) ^log, 


x + 2 — sfs 


x + 2 + Vs 

x + 2 + Vs 


+ c 


x + 2 — VS 
■s/x+~2 — Vs 


+ c 


-\J x + 2 + 's/s 

V*+~2 + Vs 


V *+~2 — Vs 


+ c 


+ c 


Solution: 

0) We have 


1 = 


dx 


(x + 2)73x + 4 


Put 3x + 4 = 7 so that 


7-4 


and 

Therefore 


. 2t 
dx = —dt 
3 


= 2 lr 


3 

dr 


+ 2 


+ 2 


2 „ -it 

—=Tan -t= 

72 72 


= 72 Tan" 1 


' yj3x+A 

~7T 


+ c 


So 


/(x) = Tan 


_i / 3x + 4 


Answer: (B) 


(H) We have 


7 = 


dx 


Put x +1 = t. So dx = 2 tdt. Therefore 

/ = J 1 

= 2 1 


[(7-l) 2 -4]t 

dt 


(x 2 -4) 7^+1 
t. There 

(2t) dt 


= 2 


(7-1+2) (7-1-2) 

dt 


(7 + 1) (7-3) 
2 r( 1 1 

4 


1^7-3 7 


+ 1 


l 


273 


log, 


r-73 


t + 73 


dt 

-Tan V 


+ c 


473 


l<>g t 


7x+i—73 


7x+i + 73 


-—Tan Vx + l + c 
2 


Therefore 


ill 
pq = —^x~ = 


473 2 873 


Answer: (D) 


(iii) Let 


7 = 


’ dx 

(x-3)7-r+2 


Put x + 2 = 7. Then 


7 = 


1 


= 2 


(7-5)7 

(■ dt 

J7^5 


(2t) dt 
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2V5 


log, 


t-yj 5 


= V5 108 


t + V5 

Vx+~2 — a/5 


+ c where £ = > Jx + 2 


yj X + 2 + 's/s 


+ C 


Answer: (C) 


5. Passage: J /(g(x)) g'(x) dx = J f(t)dt where t = g(x). 

This rule is called substitution rule. Answer the fol¬ 
lowing questions: 


(i) If 


f /- 1 1 

J sec xtanx7sec 2 x + 1 dx = — SinlT 1 (sec x) + — /(x) + c 


then f(x ) is 

(A) tanx7sec 2 x + l (B) secx7sec 2 x +1 
(C) secxTtanx (D) sec 2 x7tanx 


<"> | 


— 1 dx 


x 2 + 


1 7l + x 4 


(A) 7J Cosh 

(B) ^ Sinh 


4 x72 

1 + x 2 


+ c 


4 x72 
1 + x 2 


+ c 


(C) ^Ta„- 


x72 

1 + x 2 


+ c 


1 _1 X-J2 

Ti 


( D ) /^ CoS ! , 2 


1 + X~ 


(iii) If 


dx 


(.x + lf^x 2 +2x-3 8 (x + l) 

then /(x) is equal to 


\lx 2 + 2x-3 1 

-/ (x) +c 

16 2 V 2 


(A) Sin 1 
(C) Sin -1 


x + 1 
x+1 


(B) Cos 1 
(D) Sec -1 


x + 1 

~T~ 

x+1 


Solution: 
(i) Let 


I = j*secxtanx7sec 2 x+ ldx 




I = k/r +1 dt 


tyjt 2 +1 1 1 

- 1 —Sinh t + c 

2 2 


secx 


yjs ee 2 x + l + 1 Sinh -i ( sec r ) +c 


So 


(ii) Let 


/(x) = secx7sec 2 x + l 


Answer: (B) 


/ = 


— 1 dx 


x + 


1 7x 4 +1 


Dividing numerator and denominator with x 2 we 
get 


1 = 


l-(l/x 2 ) 


-dx 


1) 2 1 

t + - ,r+^r 


■ tit 1 

— , where t = x + — 

t\jt 2 -2 * 


f — 

J f 2 LT 




t 2 y]t 2 -2 

Put t 2 - 2 = z 2 so that tdt = zdz. Therefore 
1 


/ = 


(z 2 + 2)z 


(z) dz 


= -^Tan _1 f 4= ) + c 

V2 l V2 J 


= —j=Tan 1 

72 


77-2 

v ^ , 


+ c 


= -L T an 


If 


then 


or 


Tz.n-\\ X ~ +{X/X ~ ) =0 


9 x + ( 1 /x ) 
tan“ 6 * =---- 


s Q c 2 9= [x + {Vx)Y 


Put secx = f so that sec x tan xdx = dt. Therefore 




























































Worked-Out Problems 


so that 


Hence 


cos# = 


V2 


x + (l/x) x 1 +1 
1 X'Jl. 


Therefore 


9 = Cos 


1 


x 2 +1 


7 = ^Cos“ 1 X 

V2 


( -V2 ^ 

V X 2 +ly 


+ c 


Answer: (D) 


(iii) Let 


1 = 


dx 


(x + l) 3 \lx 2 +2x-3 
Put x +1 = 1/f so that 


dx — it dt 
t 


Therefore 


. f 1 f-lL 

1= 1 ~ry~ \dt 

J fT \t 2 
a- 4 


Vl- 


4t 


1 r 1 — 4r — 1 


dt 


4 r 


= -\yll-4t 2 dt~- 


il* 


dt 


1, 

4' 


4J Vl-41 2 

1 7 , 1 f 

^ V0^4) 


= —x21 A--t 2 dt- — 


-t 


t^/A- 


p 1 

—+-ShT 1 2f 


- —Sin _1 (2t) +c 
8 v 2 


1 


x +1 


1 — 


(JC + I) 

ylx 2 + 2x —3 1 _i . . 

----—Sm \2t) +c 


+ — Sin~ 1 (2t)--Sin~ 1 (2t)+c 
16 8 


8(x + l) z 16 
Therefore 


f(x) = Sin 1 


x + 1 


Answer: (A) 


Integer Answer Type Questions 

4 

1. If [ X - r/x = — \]4 + x 5 + c, then p + q=. 

J V 4 + x 5 9 

Solution: Let 


/ = 


V4 


r/x 


+ x 


Put 4 + x 5 = t 2 so that 


Therefore 


4 , 2 

x dx = — tdt 
5 


/=! j* 

2 

“ 5 ? + C 


So 


= -V4 + x 5 +c 
5 


n 2 

- = t=>P + <7 = 7 

g 5 


1 


(Tan 1 x) 2 1 _i n 

dx = —(Tan x) +c 


l + x~ m 

where m + n is 


Solution: We have 

r(Tan— A_j x _ where f = Tan -1 x 

J 1 + r 2 J 


1 3 

— —t + c 
3 

= —(Tan _1 x) 3 +c 


So m + n = 3 + 3 = 6. 


Answer: 6 


3. If 


x 2 -l 


f 

xVx 4 + 3x 2 + 1 
then the value of k is 


dx = log f 


t 2 + 1+ V-r 4 +3x 2 +1 


+ c. 


Answer: 7 
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Chapter 4 I Indefinite Integral 
Solution: Let 


r-f -f 

1 * 2 

-7jsec 7 xi 

x\/x 4 +3x 2 +1 

lx 2 +^-+3 

= - cot x sec 7 


V x 2 

= - cot x sec 7 

Put x + (l/x) = f. Therefore 


Therefore 


1 = 


dt 


1 

= Sinh^t + c 
= log e (t+yjt 2 +1) 


+ c 


= log,|.« + i) + JUi| +l+c 


= log, 

Therefore k = 1. 


(x 2 + lW* 4 + 3x 2 +l) 


+ c 


Answer: 1 


4. If 


sin 2 x , 1. | . „ | 1, - . _ - 

dx = — log c |sin3x|-log e |sm5x| + c 


J sin 3xsin 5x p 

then |p - r/| is_. 

Solution: We have 

sin 2x , fsin(5x-3x) 


-dx = 


J- 

J ! 


dx 


dx 


sin3xsin5x J sin3xsin5x 

f sin 5x cos 3x - cos 5x sin 3x 
J sin3xsin5x 

= J (cot 3x - cot 5 x)dx 

= ^logglsinSxl-^logglsinSxl + c 


Therefore 


\p-q\ = \3-5\ = 2 


Answer: 2 


5. If 


•cosec x-7 
cos 7 x 


dx = -(cot x) a (sec x)P + c 


then the value of -a is_. 

Solution: We have 

fcosec 2 x-7 , f 7 2 , „f 7 

-=- dx = sec xcosec“xax - 7 sec x dx 

j COS X J J 


7J sec 7 xdx - 7J s 


P-a= 7-1=6 


Answer: 6 


6 . If 


f _ 

fx 2 -^ 

J (l-x 2 )Vx 4 -l 

{x 2 -lj 


+ c 


then 1 Ik is equal to_ 

Solution: We have 

-J- 


—2x 


(x 2 -i) 3/2 a/77i 

—2x 


c/x 


dx 


2 1N 2 I* +1 


Put 


Therefore 


V-1 


* + 1 _ 2 
x 2 -r 


2x(x 2 -1) - 2x(x 2 +1) 


(x 2 -!) 2 


dx = 2tdt 


—2x 


(x 2 -!) 2 


dx = tdt 


So 


I = \- t (t)dt 


= t + c 


x 2 + l 


+ c 


Hence 


, 1 1 9 
k =i 01 r 2 


7. If 


Answer: 2 


\2/5 


cot x cos x , -l(l + tan5x) 

dx = — --— + c 


J (sin 5 x + cos 5 x) 3/2 
then a is equal to_ 
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Solution: Let 


8 . If 


1 = 


cot xcosx 


5 x3/5 


(sin x + cos x ) 


dx 


cos 4 a: 


5 x 3/5 


sin x(sin x + cos x) 


dx 




4 

COS X 


5 x3/5 


sin x(l + cot x) 


sec 2 x 


5 \3/5 


tan x(l + cot x) 


dx 


dx 


Put tan = t . Then 


1 = 


1 


5 \i3/5 


t b [l+(l/L)] 
1 


dr 


t\l+t 5 f 5 


dt 




Here 


f A , Tan 1 (x 3 )dx = — [Tan 1 (x'")]"+c 
J 1 + x k 


l + x° ' ' k 

then mn -k is equal to. 

Solution: Let 

l + x° 

Put Tan“ 1 (x 3 ) = f so that 


r x 2 

I = — —r-Tan^x 3 Wx 

J 1 + r 6 


Therefore 


3x 

l + x b 


-dx = dt 


I = J — dt 
1 2 

= —t +C 
6 

= -(Tan _1 x 3 ) 2 +c 


m +1 -3 + 13 

- + p = — -- = -1 (integer) 

VI j j 

Put 1 + t 5 = z 5 t 5 (Binomial differential). Then 


So 


mn — k = 6-6 = 0 


Answer: 0 


and 


So 


t 5 = 1 


z 5 -1 


1 + t 5 = z 5 t 5 = Z 


z 5 -1 


A=y(z 5 -l) ( " 1/5) “ 1 (5z 4 )f/z 
= -z 4 (z 5 -l)- 6/5 ^z 


/=|e s -D 

= -JzA 


3/5 


( 5 A 


v z 5 -l y 


-3/5 


(-z 4 )(z 5 -l) _6/s ifz 


9. If 


» 2x +6e x + 5 4 


-dx = —log 


r e x +a ^ 
\ e>C +b J 


+ c 


then |a-h| i 


is 


Solution: We have 

'=1 


e 2x + 6e x + 5 


dt 


(t + l)(t + 5) 


if 

fJ— 

1 \ 

4J 

U+i 

t + 5) 


= — iog e [ ——ii 
4 &e [e x + 5 


dx 

where t = e x 
dt 

+ c 


=- + c 

2 


-1 

~2 


^ 1 + ^ 2/5 


+ c 


V 1 / 


-1 (l + tan 5 x) 2/5 
2 tan 2 x 


+ c 


Therefore a = 2. 


Therefore 


10 . If 


i-b\ = 4 


2x 


•> (x 2 + l)(x 2 +2) 
then b - a is_. 


dx = log ( 


(2 \ 
x +a 

x 2 + b 


Answer: 4 


+ c 


Answer: 2 
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Solution: Let 

f 2x 


Therefore 


(x 2 +l)(x 2 + 2) 


- (lx = 


dt 


It 


(t + l)(f+2) 

1_1_ 

^ +1 t + 2 


where t = x“ 

dt 


= log e 


x 2 + 1^ 
x 2 +2 


h-a=2-l=l 


Answer: 1 


EXERCISES 


To have a grip over integration, the student has to practice 
problems on various methods. That is why we are supply¬ 
ing the student with a number of problems for evaluation. 
Hence, the exercise contains only subjective problems. 


1. Evaluate J 

2. Evaluate J 


xe' 


( 1 + *) 

xe x 


-dx. 


VI 


dx 


+ e 


Hint: Take u = x,dv = 


4l + e* 

and use integration by parts. 

3. Show that 


so 


that v = 2 V 1 + < 


dx 


Vu 


L + e + e 
4. Show that 


2x 


= log e 


—l + e x + ^ll+e x +t 


2x 


1+ e x + Vl + e' T +e 2x 


+ c 


F- 


2 + tan“ xdx = Tan 


-1 


tan* 


Vu 


! + tan“ x j 
log £ ,(tanx +V2 + tan 2 x) + c 
Hint: Put t = tanx. 

5. Evaluate J ( x 3 - 2x 2 + 5)e ix dx. 

floe, x — 1 , 

6. Evaluate -- -ydx. 

J (log e x) 2 

7 . Show that 

f _t*28£_ dx = Tan- 1 V7T: - + , 

J (j: 2 -1) 3 ' 2 V7~L 

8 . Prove that 

•VI 


t 


+ U 1 

dx = —;=log £ 


2 + x 


2V2 


VI 


+ 2x —x 


V2+H 2 


+ X 


-\og e (x + yjx 2 + 1) 


+ c 


9. Show that 

f x 3 Tan l xdx = —-1 Tan 

J 4 

Hint: Use integration by parts. 


1 x x 

x -h —+ c 

12 4 


10. Evaluate J- ——- dx. 


VT 


+ X 


11. Show that 


•V 


x z + l 


X 

„2 , 1 \3/2 T 


[log e (x 2 + 1) - 2 log e x]dx 


(x z + iy 


9x 


2-31ogJl + 4 


+ c 


1 


Hint: Put 1 + —~=t. 
x 

12. Compute J sin x log e tan xdx 

„ . . fx 3 +3x 2 +5x 

13. Evaluate -^-dx. 


14. Evaluate J 

15. Evaluate 


1 + x 2 
x 2 +1 


Vx 3 + 3x +1 
J l°g e X 


c V 1 + 1 °ge 


dx. 

dx 


16. Show that 


h 


dx 


2 sin 2 x + b 2 cos 2 x ab 


- = — Tan 1 f —tanx | + c 


b 


Hint: Divide numerator and denominator with cos 2 x 
and put t = tanx. 


17. Compute J 


x 2 -l 


(x 4 + 3x 2 + l)Tan 1 1 x + ^ 


dx ■ 


Hint: Divide numerator and denominator with x 2 
and put f=Tan 1 \x + — J. 
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dx 


18. Evaluate 

J x -6x+13 

19. Show that 

J(x -1 )x~ 2/3 dx = - A)x l! " + c 

20. Show that 

dx lx — 1 


1 


(x + 1 )\/x 2 -1 V-t + l 


■ + c 


21. Prove that 
f dx 


J(x 2 -4)yfx + l 4V3 
where u = ^jx + 1. 

22. Show that 

f (l-v/l + .r + x 2 ) 2 


log, 


n - V3 
u + Vs 


-—Tan 'm 
2 


x 2 \!l + x + x 2 

2x +1 + 2v/l + x + 

Hint: Use Euler’s substitution v/l+* + * 2 = fct +1 
and carefully simplify. 

dx 


dx = —(-Jl+x + x 2 -1) + 
x 


log. 


+ c 


23. Evaluate 




x +3x-4 


Note: To evaluate this integral, you can use Euler’s 
substitution 


yj(x + 4)(x -1) = (x + 4)t 
But it is easy to see that the given integral is 

1- 


dx 


x + - 


25 

16 


which is a standard integral. 
. 3 

f sin x 

24. Compute --— dx. 

J 2 + cosx 


_ _ , fcos X , 

25. Evaluate — —j— dx. 
J sir 


4 

sin x 


26. Evaluate 


I 


dx 


V 5-7x-3x 2 ' 


27. Show that 

j 


dx 


\j2-3x- x 1 


= Sin 


-l 


2x + 3 

~w 


~\~ c 


28. Show that 
lx + 1 


1 


2 1 

, 2 d* = -log e (3x-l) + -log e (2x + l) + c 

6x + x -1 3 Z 


29. 


Compute / = J 


dx 


1 + sin x 


Hint: Divide numerator and denominator with 
cos 4 x and put t = tan x. Then 


1 = 


t 2 +1 


2t 4 +2t 2 +1 


dt 


1 + 


r 


, 1 

2r + ^+2 

t 


dt 


Now write 

Find a, b and then use the substitutions 

yj2t ---u and sj2t + - = z 
t t 

Note: This is a very interesting case and the one who 
attempts the problem is generally considered to be a 
good student. Do not mind the answer. The proce¬ 
dure is required. 

30. Show that 


dx 


= -j=log e \6x + 5 + yll2x(3x + 5) I + c 


J yj3x 2 + 5x v/3 
31. Show that 

f dx 


x\lx 2 + 4x-4 2 

Hint: Put x = Vt. 


1_. -i(x-2' 

= -Sin 1 — t= l + c 


rV2 


32. 


Compute j(2x-x 2 ) 3/2 


dx- 


Hint: Put 2 — x = t~x. 
33. Evaluate J 


' \lx 2 + 2x 


dx. 


34. Show that 

F 


2 x-x L dx= — \l2x-x 2 + ^-Sin 1 (x-l) + c 


35. Show that 


dx 


4-5sinx 3 


= T lo g £ 


tan — — 2 
2 


2 tan — — 1 
2 


+ c 
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Hint: Put t = tan(x/2). 

_ —, , fx 2 Tan _1 x , 

36. Evaluate -= — ax . 

J 1 + x 2 

37. Compute Jx 3 (log e x) 2 dx. 

38. Show that 


■l 


x 6 + l 


10 


log, 


/ 6 if 

x +1' 


-1 

~6~ 


2,3/2 lo 4 f3/2 

3 9 


dx 


+ c 


where t = 


39. Evaluate 


x 6 +1 


log e X 


- (l + log,x) 2 
Hint: Put log, x = t 


dx. 


40. Evaluate f Vcos2x ^ 

J sinx 

Hint: Write cos2x = 
f dx 

41 . Evaluate 


l-tan 4 x , , . , 

-=— and put f-1-tarnx 

1+tan r 


(* z +ir 

Hint: Use integration by parts or put the substitu¬ 
tion x = tan#. 


42. Evaluate 


(u+i ) 2 


dx. 


Hint: We have 


x -1+1 


(x 2 +l) 2 (x 2 + l) 2 

x 2 -1 


x 2 + l (x 2 +l) 2 


43. Compute J 


X + X + 1 

(* 2 +l ) 2 


dx. 


f 1 + xsinx + cosx , 
44. Evaluate I---— dx. 


45 


Compute J 


x(l + cosx) 

cosx + xsinx 
x(x + cosx) 


dx. 


46. Evaluate 


I 


x 2 +1 


X 3 +1 


dx. 


Hint: 


x 2 + 1 


A Bx + c 

- + - 


X j +1 X +1 x 2 — X + 1 
47. Show that 


(a) j 

0» | 


X 2 +1 
x 4 - X 2 + 1 


dx= Tan 1 


^x 2 -!^ 


+ c 


x 2 -1 
X 4 -x 2 +1 


dx — 


2V3 


log. 


— xV3 +1 


x" +x 


V3 + 1 


+ c 


Hint: For (a), divide numerator and denominator by 
x 2 and put x-(l/x) = t. 

For (b), put x + (1/x) = t. 

48. Show that 


x 4 -1 


<c 2 \lx 4 +x 2 +1 


dx = 


J. 


x 4 + x z + l 


- + c 


Hint: Divide numerator and denominator by x 3 and 

2 1 . 2 

put substitution x + — +1 = t . 


49. Evaluate 


I 


l-x z 


dx 


1+x 2 J 


50. Compute J 


l-x z 


x 4 +1 


dx 


1+x 2 7 i 


+ x 2 +x 4 


= 1 - 


x 2 + l (x 2 +l) 2 


ANSWERS 


1. 


- + c 


c 3,1 1 3 2 2 13' 

5. e ix \ -x-x z +-x+— + c 


x +1 

2. 2xyjl+e x -4yll + e x -21og e 


v/l + e v -1 
yj\ + e x +1 


+ c 


6 . 


log,x 


- + c 






























































Answers 


10. 2>/l + xSin 1 x + 4y/l-x+c 
12 . -cosxlog e (tanx) +log 


x 

tan — 
2 


+ c 


13. ^- + 3x + 21og e (x 2 +l)-3Tan 2 x+c 

14. ^(x 3 +3x + l ) m +c 


15. — (log e x — 2)^Jl + log^ x + c 


17. log e 


Tan M x + — 


+ c 


18. ^anW^H-c 


23. log £ 


yj X + 4 + yfx —T 


a/x + 4 —yjx — 1 


+ C 


COS 2 X „ „, . 

24. — r - 2cosx + 31og c (2 + cosx) + c 


25. 


2 

-1 


1 


3 sin x sinx 


- + c 


1 . -\(6x + l ' 

26. -n=Sm ,- | + c 

V3 l V109 


32 


x -1 


r+C 


yjlx- 

33. a/x 2 + 2x + logj, x +1 + Vx 2 + 2x 


+ c 


36. x Tan 1 x-^-log e (l+x 2 )-^-(Tan 2 x ) 2 + c 

x 4 2 * 4 , x 4 

37. — (log e x) -ylog e x + —+ c 


39. 


l + log.x 


- + c 


1 , 

40. --log. 


1 + t 


1-t 


+ 72 Io8 ‘ 


V 2 + t 


y/2-t 


where t = yj\ - tan 2 


41. 


* , -1 , 

- + — Tan x + c 


2 (x 2 + 1 ) 2 


3 _i x 

42. x — Tan x +- 7 —+ c 

2 2 (l + x 2 ) 

43. Tan~ 2 x-- 


2 (x 2 + 1 ) 


44. l°gf.|x| + 21og f 


45. log, 


x + cosx 


sec — 
2 


+ c 


+ c 


46. 


2 1 1 
3 log, |x +1| + - log, (x 2 - x +1) + -j= Tan ^ 1 ^ 


2 x-l 


+ c 


AO 1 rp -1 \lx 4 + l 

49 ‘ “7T Tan - TT 

V 2 Xa/2 

-1 * 

50. Sm - T + c 

1 + x 2 


+ c 
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A differential equation is a 

mathematical equation for 
an unknown function of one 
or several variables that 
relates the values of the func¬ 
tion itself and its derivatives 
of various orders. 

Integration is an important 
concept in mathematics and, 
together with its inverse, dif¬ 
ferentiation, is one of the two 
main operations in calculus. 
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Chapter 5 I Definite Integral, Areas and Differential Equations 


5.1 Definite Integral 

To find the area of a region bounded by an irregular curve, we subdivide the region into rectangles of small width; the 
sum of the areas of these rectangles gives an approximate value to the area of the given region. As we reduce the width 
of the rectangle, the sum of the areas gives a good approximation to the area of the region. This idea led to the defini¬ 
tion of definite integral by Bernard Riemann (1826-1866), a nineteenth century mathematician. In this chapter, we 
state the theorems (without proofs) and provide many problems to improve the working skills of the student. 

DEFINITION 5.1 Let a, b e M, a < b and f: [a, b] — > R be a function. Suppose 

P = [a — x 0 < < x 2 < ■■ ■ < x n = b) 

is a partition of [a, b]. Suppose t t e , x t \, i = 1,2,3, Then 

n 

S(f, P) = ^ l f(t i )(x i -x i _ j) 

i=i 

(it is customary to write Ax, for x- - x ( _, ) is called a Riemann intermediate sum of/associ¬ 
ated with the partition P. If S(f, P) converges to a limit eras rnaxjAx,, i = 1,2,..., n) tends to 
zero then we say that / is Riemann integrable, or simply integrable, over [a, b] and a is the 
(Riemann) integral of/over [a, b]. We denote a by 

b b 

J 7 or \f{x)dx 

a a 

Here x is only a dummy variable and can be replaced by any other variable. For example 

b b 

or J 7 (y)dy 

a a 

b 

In this case,/is called the integrand and f(x)dx is called the (definite) integral of/over [a, b\. 


Theorem 5.1 If / : [a, b] —> R is an integrable function, then /is bounded. 

DEFINITION 5.2 Suppose f :[a, b\— is integrable so that/is bounded (by Theorem 5.1). Let 

P — ju = x n < x 1 < x 2 < ■ ■ ■ < x n = b\ 
be a partition of [a, b]. Write 

M t = l.u.b [f(x)\xs[x l _ 1 ,x i ]} 

and m, = g.l.b. {f(x ) | x e [x^, x t ]} 

Then 

n 

L (f, p )=y\™ i (x i -x,_i) 

i=1 

is called the (Riemann) lower sum of f over [ a , b] and 



455 


5.1 I Definite Integral 


U(f,P) = J j M i (x l -x i _ l ) 

i =1 

is called the (Riemann) upper sum of f over [u, b\. 
It may be noted that L (f. P) <S (f, P) <U if, P). 

From the definition of integrability, the following can be easily proved. 


Theorem 5.2 


a a 


Suppose/and g are defined and Riemann integrable over [a. h]. Then 

b b 

(i) A e R => A/' is integrable over [a, b ] and J A / = aJ/. 

I 

b b b 

(ii) /+ g is integrable and J (/ + g) =J / + Jg. 

a a 

b b 

(iii) f(x)<g(x) V*E[a,b]=> J/< Jg. 


a a 


Note: If/p/,,...,/ are integrable over [a, b], then from (ii) of Theorem 5.2, it follows that /) + / 2 + ••• + /„ is integrable 
over [ a , b] and 


b 


J(/t +/ 2 



Examples 


1. The constant function 1 is integrable over [a, b] and 


jl = {b-a) ( S(f , P)) = b-a 


for every partition P of [a, b ] and hence S (f,p) —» b 
-a as MaxjAxp Ax 2 ,...,Ax lt ] -» 0. 

2. Suppose a < b and /: [a, b\ —> R is defined by 


/M 


[1 if x is rational 
[0 if x is irrational 



a 


Proof: Let P = {a = x 0 < x 1 < x 2 < ■ ■ ■ < x n ) be a partition 
of [a, b ] and t i e [x,_ 1 , x t \ so that 


x i- 1) = X f '( X ‘ ~ x ‘~ ] ) 

i= 1 i=l 


Now 


Then /is not integrable over [a, bj.This is because 


S(f,P) 


[0 if we take t L e [ jc i—1 , as irrational 
[b-a if wetake f, s [v 1 _ 1 , x,] as rational 


so that S' (/ P) does not converge as MaxjAxp 
Ax 2 ,...,Ax n ] tends to zero. 

3. The identify function / : [a, b] —> R given by f(x) = x 
for all x g [a, b] is integrable over [a, b] and 


b 1 2 - a ( b +a 


2 

n~ x 0 


(b-a) 
( x n- x o) 


2 2 
-*n 
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i =1 




/—i 


Hence 


Hence 


i 2 2 

s(f,P 

= 

n , 

I 



i=l ^ 


1) 


1) 


i =1 


if Ax, < 






7 2 2 

0 


5 . 1.1 Geometrical Interpretation of the Definite Integral 






o 


f/ 


*i 


AXj 


-> 

X 


(b) 


FIGURE 5.1 


Let/: [a, 6] —> [0, °°) be a function ,P = {x Q ,x 1 ,x 2 , ...,xj be a partition of [a, b] and / e [x,^, x ; ] for i = 1, 2,...,n. Then 
(see Fig. 5.1) 

/(/)AX;=/(/)(X;-X;_l) 


Hence 


= Area of the rectangle with width Ax. and height / (/) 


5(/,P) = X/(^)^ 

i=l 


= Sum of the areas of the rectangles with width Ax. = x ; . - x ( _ 1 and height / (/) 


Thus, the area A enclosed by the x-axis, the lines x = a,x = b and the curve y=f(x ) is approximately equal to S (f,P ). 
When the width of the rectangles becomes smaller, that is when Max {Axj, Ax 2 ,..., Ax ( J is small, the sum of the areas 


or S (f, P) is very nearly equal to A. If /is integrable, then S (f \ P) converges to J /(x) dx and hence 


A = 



a 


Thus, definite integral of a non-negative function /, when integrable, maybe interpreted over [a, b ] as the area enclosed 
by the curve y =/(x), the lines x = a,x = b and the x-axis. 
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As already mentioned in the beginning of this section, we are going to state some theorems (without proofs) whose 
validity, we assume. 


Theorem 5.3 


Suppose a < c < d <b and / : [ a , b] —» R. is defined by 


/(*) 


1 if x e [c, d] 
0 otherwise 


Then/is integrable over [ a , b] and 


b d 

\f=]l=d-C 


a c 


From Theorem 5.3 it follows that every step function/on [a, b] is integrable over [ a , b\. In fact we have the following 
theorem. 


Theorem 5.4 


Suppose /: [u, b] —> ffi. is a step function. Hence,/can be written as 


/=X^« 

i=i 

where / is a sub-interval of [«, b\ and J v .... J m are disjoint. Then /is integrable and 

b in 

J/=2v(/,-) 

a i —1 

m 

=X^'( di-Cj ) if J ‘ = 

1=1 


where ) is the length of the interval./, 


Note: In part (2) of the example given after Theorem 5.2, the function is not a step function, even though it has two 
values. That is, 


is not a step function. 


/ 0) 


[1 if x is rational 
[0 if x is irrational 


Theorem 5.5 


Suppose a<c<b and/is integrable over [a, c\ and [c, b]. Then/is integrable over [«, b] and 


b c b 




In fact, if a 0 < a x < a 2 < ■■■ < a n and/is integrable over each of [a, : ,, a t ] (i = 1,2, 3then/is 
integrable over [« (| . «J and 


a n U\ a 2 Cl n 

j/=J/ + j/ + - + j/ 


1-1 
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Theorem 5.6 


Suppose /: \a, b\ —> R is integrable and A v A v A n e (a, b). Suppose g(x) = f(x) for x A A v 
A 2 ,A n . Then g is integrable over [a, b] and 



In other words, if two functions / and g differ only at a finite number of points in [a, b] and if one 
of them is integrable, then the other function is also integrable and will have the same integral. 


The following theorem is useful to decide the integrability of a function. 


/: [a, b\ —¥ R is integrable over [a, b] if and only if to each e > 0, there exists a partition P of [a, b] 
such that 

\U(f,P)-L(f,P)\<e 
A good application of Riemann integrable criterion is the following. 

Theorem 5.8 Every continuous function on [a, b] is integrable over [a, b]. 

Theorem 5.8 is very important, application wise, since many of the functions we come across are continuous. 


Theorem 5.7 
(Riemann 
Integrability 
Criterion) 


■V, QUICK LOOK 1 


1. Every polynomial function being continuous for all 
real x, is integrable over any interval [a, b]. 

2. The functions sinx and cosx being continuous on 
any interval [a, b], are integrable over [a, b]. 


3. The function logx is continuous on any closed in¬ 
terval [n, b], 0 < a < b. Elence, log x is integrable 
over [a, b]. 

4. Since e x is continuous for all real x, e x is integrable 
over any closed interval [ a , b]. 


Note: 

1. Even though Theorem 5.8 is useful application wise, it suffers from one drawback , namely it does not give the value 

b 

of the integral J/. 

a 

2. Theorem 5.8 remains true even if /is discontinuous at a finite number of points in ( a , b). 


Theorem 5.9 


(i) Every increasing function on [a, b] is integrable. 


(ii) Every decreasing function on [ a , b] is integrable over [ a , b]. 


b 

Note: Here again, the integrability of a monotonic function /is guaranteed, but does not specify the value of J/. 

a 


Theorem 5.10 
(Addition 
Theorem) 


Suppose /: [a,b] —> R is a function and a<c< b. Then/is integrable over [a, b] if and only if/is 
integrable over [a, c ] and [c, b]. In this case, 


b c b 




a a c 
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Corollary 5.1 \ia<c<d<b and/is integrable over [a, b], then/is integrable over [c, d\. 
DEFINITION 5.3 Suppose a<b and/is integrable over [ a , b ]. Then, we define 

}/ = -}/ and jf = 0 

b a a 

As a consequence of this definition and earlier results, we have the following theorem. 


Theorem 5.11 


Suppose/is integrable over [ a , b] and a, fi. y e [a, b]. Then 

P y a a 

J/ + l/+j/=j/=° 

a (3 y a 


Note: 

1. Suppose /: [0,1] —> R is defined as 


/(*) 


Jl/x if x ^ 0 
{ 0 if x = 0 


Then / is continuous on [c, 1] for every c e (0,1] and hence it is integrable over (c, 1] if 0 < c < 1. But / is not inte¬ 
grable over [0,1], since it is not bounded on [0,1]. 

2. Define /: [0,1] —> M by 


/(*) = 


. 1 
sin-, 
x 


0 , 


x ^ 0 


x = 0 


This function / is bounded on [0,1] and is continuous on [0,1] except at x = 0 and hence it is integrable over [0,1]. 
The following theorem is called mean value theorem for integrals. 


Theorem 5.12 
(Mean Value 
Theorem for 
Integrals) 


Suppose a <b and/be continuous on [a, hj.Then there exists c e [a, b] such that 



The following theorem is very important in view of its applicability. This theorem is useful in evaluating definite inte¬ 
grals. It is also known as Newton-Leibnitz theorem. 


Theorem 5.13 
(Fundamental 
Theorem of 
Integral 
Calculus) 


Suppose 

(i) / : [a, b\ —> R is integrable. 

(ii) h : [a,b\ R is continuous. 

(iii) F\x) = /(x) in (a, b). 

Then 
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Note: 

1. It is customary to denote F (6) - F ( a) by [F(x)f a . 

2. Theorem 5.13 can also be stated as follows: If F(x ) is an antiderivative of / (x) on [a, b\, then 

b 

\f = F{b)-F{a) 


b 

3. J F’ - F(b ) - F(a) if F' is integrable. 

a 

4. Theorem 5.13 remains true if F\x) = f(x) on [a, b] except at a finite number of points in [a, b]. 
Using Theorems 5.8 and 5.13 we can prove the following examples. 


Examples 


1. — is an antiderivative of x on [a, b] so that 


b 

'2" 

\ xdx = 


J 

a 

T 


,2 2 

b —a 


n +1 


2. : -(rzA-1) is an antiderivation of x n so that 

n+V ’ 


b 


[ x" dx = 

X 

J 

a 

n +1 


1 (, b n+1 -a n+1 ) 


n +1 


where a > 0, b > 0. 

3. Antiderivative of e x is e x . This implies 


je x dx = e b -e a 


4. sin x is an antiderivative of cos x. This implies 


cos xdx = sin b - sin a 


5. 


Let sign x = • 


-1 

0 

1 


if .Y < 0 
if x = 0 
if x > 0 


Now | x | is an antiderivative of sign x except at x = 0 
and sign x is a step function and hence is integrable. 
Therefore, from Theorem 5.13 and Note (4) under it, 
we have 


2 

J sign x dx = [| x |] 2 ? =2-2 = 0 

-2 


6. Suppose F(x) = yfx on [0,1] so that 


Let 


F\x) 


1 

2y[x 


on (0, 1] 


/ 0 ) 


— 7 = if 0 < x < 1 
• 2vx 

0 if x = 0 


Then F\x) =f(x ) on (0,1) and/is not integrable over 
[0, 1] since it is not bounded. Hence, Fundamental 
Theorem of Integral Calculus (Theorem 5.13) is not 
applicable in this situation. 


DEFINITION 5.4 Suppose /: [a, b] —> R is integrable and x e [a, b\. Then/is integrable over [a, x\. We define 

* 

F(x) = jf \/ xe[a,b] 

a 

F(x) is called the indefinite integral of/over [«, b]. 


X 

Note: We may choose any c e [a, b] and define G(x) = J / which is also an indefinite integral. Also F and G differ by 
a constant. c 
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We have the following theorem about the indefinite integral. 


Theorem 5.14 


Suppose /: [a, b] —»R is integrable.Then the indefinite integral F(x) = \ f is continuous over 
[a,b]. 


Theorem 5.15 
(Fundamental 
Theorem of 
Integral 
Calculus - 
Second Form) 

Note: This theorem gives the impression that the indefinite integral F(x) is an antiderivative of f(x). But this is not 
true in view of the following example. 

Example 


If / is continuous on [a, b\, then 

X 

(i) F(x) = J f(t) dt is differentiable. 

a 

(ii) F'(x) = f(x) V x e [a, b\. 


x . signum function “sign x” on [-1, 1]. But F(x) is not 

F(x) = J sign tdt = \x\-l is the indefinite integral of the differentiable at “0” and hence is not an antiderivative of 
-l sign x on [-1,1]. 


As an application of the Fundamental Theorem of Integral Calculus - Second Form, we have the following theorem 
known as substitution theorem which is useful in the evaluation process of definite integrals. 


Theorem 5.16 
(Substitution 
Theorem) 


Suppose 

(i) g: [a, b] —> R is continuously differentiable. 

(ii) g ([a,b]) (z[c,d]. 

(iii) /: [c, d] —¥ R is continuous. 

Then (/ ° g) • g' is integrable over [a, b] and 


b g(b) 

J (/ ° g)g' = J / 

“ g(“) 

That is, 


b g{b) 

\f{g{t))g'{t)dt= J f(x)dx 

a g(a) 

As a consequence of Theorem 5.16, we have the following properties of definite integral listed below as P r P 2 , • • •, P 6 - 


5.1.2 Some Properties of the Definite Integral 

P x : If/is integrable over [0, a], then 

a a 

J f(x) dx = J" f{a - x) dx 
0 0 
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Proof: Write g (x) = a - x. Then 


u \J 

J f(a -x)dx = -J f(a - x) dx 

0 a 

0 

= J/teW)s'to (■■•*'(*) 

a 

g( 0) 

= f f(x)dx 

g(“) 

a 

- J f(x)dx 


- 1 ) 


Example 


5.1 


Evaluate Jx(l -x) 9 dx. 
o 

Solution: Let 

t 

I = Jx(l — x) 9 dx 

0 

1 

= J(l-x)[l-(l-x )] 9 
0 
1 

= J(l-x)x 9 

0 


= J(x 9 -x 10 ) dx 
o 



1 _ 1 

io IT 

l 

no 


—[x 

IV 


“i 1 

lo 


Example 


n/2 

Evaluate J 

o 


sin x 


sin x + cos x 


-dx where n is rational. 


Solution: Let 


tt/2 

'-J 

0 

tt/2 


sin x 


sin x + cos x 


-dx 


sin" (f - x) 


sin" (f - x) + cos" (f - x) 


-dx 


0 - <2 -V 1 v ' wo V2 

nil „ 

f COS X , 

J- dx 


0 


cos r+sin x 


Therefore 


7l! 2 


21 = 


o 

tt/2 


sin x 


cos x 


sin" x + cos" x cos" x + sin" x 


dx 


= l ldX =2 


This implies 


1 = 


n 

4 
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Example 


Show that 


n nil 

j"x/(sinx)dx = — J /(sinx)rfx 


71 

= 7r J/(sin x) (/. 


'x — I 


Therefore 


Solution: Let 


21 = n 


71 

J /(sin x) dx 


/ = 


71 

J x /(sin x ) dx 

o 

n 

J (n - x) /[sin(7r - x)] dx 


I = — 


o 

nil 


J /'(si n x) dx 


P 2 : If /is integrable over [0,2 a\ then 


la a a 

J /(x) dx = J /(x) dx+ J /(2a - x) dx 


and further 


la 

J f(x)dx 


a 

ZJ /(x) dx if /(2a - x) = /(x) 


if f(2a-x) = -f{x) 


Proof: Let 


la 

I = J /(x) dx 
o 


J /(x) dx + J /(x) dx (By Theorem 5.10) 

0 a 

a 0 

J f(x ) dx + J f(2a - 1)(- 1) d£ where t = 2a-x 

o a 

a a 

J f(x) dx + J /(2a - f) dt 
0 0 
a a 

J f(x) dx + J f(2a — x) dx 
o 

a 

J /W dx if /(2a - x) = /(x) 


if /(2a-x) = -/(x) 
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Example 


„ , f xsmx 

Evaluate J-^— dx. 


o 


1 + COS X 


Solution: Let 


Therefore 


r r xsmx , 

I = - =—dx 


l+cos“x 

(tt - x) sin(7T - x) 
1 + cos 2 (k — x) 


dx 


n ) 


sin x 


1+COS X 


-dx-1 


2I = n\ 


smx 


1+cos x 

o 

2nl2 




smx 


1 + cos x 


-dx 


= 2k 


nil 

l \- 


sinx 


l+COS“ X 


-dx 


smx 


sin(2^-x) 

1 + cos 2 (2T-x) 1 + cos 2 x 


= 2 n 


= 2k 


f 1 

J l+r 

r dt 


where t = cos x 


= 2k [^Tan 

= 27r(Tan _1 l-Tan~ 1 0) 


K 

~2 


Hence 




P 3 : Suppose/is integrable over [-a, a]. Then 


Proof: We have 


Therefore 


a 



if / is an even function 
if / is an odd function 


a 

I = J f(x)dx 

-a 

0 a 

= J f(x) dx + J f(x) dx (By Theorem 5.10) 

-a 0 


0 a 

I = J f(-t)(-dt) + J f(x)dx where x = —t 

a 0 

a a 

= J" / (-t)dt + j* /(x) dx 
0 0 


a a a 

I = J f(t) dt + J /(x) dx = 2 J /(x) dx 
0 0 0 


If/is even 
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If/is odd, then 

a a 

I = j-f(t)dt + j f(x)dx = 0 
0 0 


Example 


5.5 


Evaluate 


(■ dx 

J !+?’ 

-i 


Solution: Let 


1 = 


(• dx 

J ITT' 

-1 


We know that 1/(1 + x 2 ) is an even function. Therefore 



= 2(Tan~ 1 l-Tan~ 1 0) 



n 

2 


Example 


5.6 


Show that 


1/2 (\ \ 

J cos v log g I + Y j dx = 0 


- 1/2 

Solution: Let 


= cos Jt [log,,(1 - x) - log, (1 + *)] 

= -co“log.(H) 

= -/(*) 

Therefore,/is an odd function and hence 


f(x) = cos a: log ( 


fl + jc/ 

-1 1 

1/2 

ll-J 

tor — < x < — 

2 2 

I 


Now 


f(x) dx = 0 


- 1/2 


f(~x) = cos(-x)log, 



Example | 


If /: R. —> K and g: R. —> R are continuous functions 
then show that 

n/2 

f [f(x) + f(-x)][g(x)-g(-x)\dx = 0 

-n/2 


so that 


Q(-x) = [/(-*)+ f(x)][g(-x) - gW] 
= -Q(x) 


Therefore Q is an odd function. Hence 


Solution: Let 

Q(x) = [/(*) + /(-*)] [g W -g(-x)] 


n!2 

f Q(x) dx = 0 

-n/2 
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P 4 : Suppose / is a periodic function on R with period T. That is 

f(x + T) = f(x) V jce: 

Then for any positive integer n, 

nT T 


J /(x) dx = n J /(x) dx 


Proof: We have 


Let 


nT T 2T mT 

J f(x) dx = J f(x ) dx+ J /(x) dx H-h J f(x) dx H-h 

0 0 r (m-l)T 


mT 


Put t = x-(7n-l)T.Then 


Hence 


I,n = J f(x)dx, 777 = 1,2,3,. ..,72 
(ra-l)r 


x = (777 - i)r => t = 0 
x = mT => t = T 


I m = ) f[t + (m-l)T\dt 
0 
T 

= jf(t)dt [v (772 — 1)T is also period of / when m = 


J f(x)dx = ^I m 

0 m= 1 

n mT 

=X J 

m=l( m -l)T 
n T 

S J / (x) dx 

m= 1 0 
T 

= 77 J /(x) rfx 

0 


nT 

[ f(x)dx 

n-l)T 


2,3, ..., 77 ] 


Therefore 
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Example 


5.8 


too 

Evaluate J ( x-[x\)dx. 

o 


Solution: Since x - [*] is of period 1, we have 


too 1 

J (x — [x\)dx = lOoJ* (jc — \x\)dx 
0 0 

1 

= 100 j xdx = 50 
o 


P s : If/is integrable over [ a , b], then 


u u 

J f(x) dx = J f(a + b-x)dx 


Proof: Let t = a + b —x so that dx = -dt. Now 

x = a => t = b 

and x = b => t = a 

Therefore 


b a b 

jf(a + b-x)dx = jf(t)(-l)dt = jf(t)dt 

a b a 

P 6 : This property implies 

f f( x ) dx~ b ~ a 

J f(x) + f(a + b-x) 2 

a 

Proof: Using P 5 we have 

/ = f_ M _ dx= f fix + b-x) dx 

J f(x) + f(a + b-x) J f(a + b-x) + f(x) 

a a 

Therefore 

b 

21 = J ldx = b — a 

a 

r b — a 

=t>/ =- 

2 


Example 


5.9 


100 

Evaluate f- °^ e X - dx. 

if, log, x + log,(110 -x) 


Solution: We have 


100 


log,X 


10 


log, x + log, (110 - x) 


, 100-10 .. 
-dx = -= 45 
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Theorem 5.17 Suppose/: [a, b\ —> R is integrable, f([a, b\) a [c,d\ and g :[c, d] —> M is continuous. Then g°f 

(Composite is integrable over [a, b]. 

Theorem) 

As an application of Theorem 5.17, we have the following theorem. 


Theorem 5.18 


If /: [a, b] —> R is integrable, then | /1 is integrable over [a,b]. Further, if | f(x) \ < M V x e [a, b\, 
then 


Proof 


u u 

J7 <j\f\<M(b-a) 


Let g(x) = | x | so that 

\f\(x) = \f(x)\ = g(f(x)) 
Hence by Theorem 5.17, the result follows. 


Note: The converse of Theorem 5.18 is not true. That is, if | /1 is integrable, then / need not be integrable. For this, 
consider 


/(*) 


[1 if x is rational 
1 if x is irrational 


on [0,1], Then /is not integrable over [0,1] whereas |/(jc)| = 1V x e [0,1] is integrable. 
The following is another important application of the Composite Theorem. 


Theorem 5.19 
(Product 
Theorem) 


Suppose / and g are defined and integrable over [a, b]. Then f 2 , g 2 and fg are integrable over 
[a, b]. 


Proof 


Define h ( t ) = t 2 . Then 


f 2 (x) = (hof)(x) 


Hence, by Composite Theorem, f 2 is integrable. Similarly, g 2 is integrable and 

f-g = \[{f + g) 2 -f 2 -g 2 } 


is integrable. 


As a nice application of the product theorem, we have the following important theorem known as Integration by parts 
which is very useful in evaluating definite integrals. 


Theorem 5.20 
(Integration 
By Parts) 


Suppose F and G are differentiable on [a, b], f = F', g = G' and / g are integrable over [a, b]. 
Then 


b b 

J (fG)(x)dx = [(FG)(x)] b a -j(Fg)(x)dx 


a 


a 


b 

= [ F(b ) G(b)-F(a) G(a)]- J(Fg)(Y)r/x 


a 


Note: In the integration by parts formula, if we take u = G and dv =/ we have 
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u u 

J udv = [it(x)v(x)]|’ -^vdu 


Hence, the student can follow the usual formula for integration by parts in the indefinite integration with a and b as 
limits of integration. 

Examples 


I I 

L J xe x dx = [ xe x - Je* (1) dx 


t 

J* x log J 


dx = 


= e-(e-l) = 1 


ylog* 


~\e e 9 

-]—~ dx 


i i 


2 x 


2 4 




e 2 -l 


2 

= - + - 
4 + 4 


The following theorem, called Leibnitz Rule, is useful in many problems. 


Theorem 5.21 
(Leibnitz 
Rule) 


Suppose /: [a,b\ —> R is continuous and g, h : [a, b] —> [a, b ] are differentiable. Then 


d_ 

dx 





f(t)dt 


= f(Kx))h\x) - f(g(x))g\x) 


That is, if 


then 


h(x) 

Q(x)= [ f(t)dt 


Q\x) = f(h(x))h'(x) - f(g(x))g'(x) 


Proof 


t 

Write F(t) = J f(x) dx 


F' (t) = /(t). Hence 


so that F is the indefinite integral of / (see Definition 5.4). Now 


Therefore 


h(x) h(x) g(x) 

j /= j /- j f = F(h(x))-F(g(x)) 

g(x) a a 


d_ 

dx 


(*00 ^ 

If 


V^(^) 7 


F\h{x))h\x) - F\g{x))g\x) 
mx))h\x)-f{g{x))g\x) (■■• F' = f) 
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Example 


hetxe [0,1]. Take g(T) = 0, h(x) = x 2 and ^ ^ ^ 

f( x ) = V(x 3 + 1). Then ^ J 177 = I7^ (2x) '° 

o 

2x 

~ 1 + x 6 


Some of the important consequences of Leibnitz Rule are listed in the following theorem. 


Theorem 5.22 

X 1 

(i) If /: [0,1] —> R is continuous and J/ = J/ Vie[0,l], then f(x) = 0 V x e (0,1). 

0 .t 

b 

(ii) If /: [a, b] —> R is non-negative and continuous such that J f(x) dx = 0, then 
f(x) = 0 V x e [a,b\. 

b b 

(iii) If/and g are integrable over [ a, b] and J f 2 (x)dx = 0, then J ( fg)(x)dx = 0. 

a a 

Proof 

X 

(i) Write h(x) = jf(t)dt so that h'(x) = f(x). Now 

0 

1 X 1 

J f(x) dx = jf(t)dt + j f(t) dt 

0 0 x 

= h(x) + h(x) (By hypothesis) 

= 2 h(x) 

Therefore, 2 h(x) is constant. Hence 

0 = 2h\x) = 2/(x) 

=> f(x) = 0 V x e (0,1) 

(ii) Let F(x ) = J f(t)dt be the indefinite integral of/. Then F is continuous (Theorems 5.14 

a 

and 5.15) and F' (x) =f(x) > 0. Hence F(x) is increasing on [a, b]. Further 

F (a) = 0 = F ( b ) (By hypothesis) 

Hence F(x) = 0 V x e [a,b\. Consequently, f(x ) = F'(x) = 0 for all x e [n, b ] [since F(x) is 
the constant function 0]. 

(iii) Suppose/and g are integrable over [a, b] and 

b 

J f 2 ( x)dx = 0 

a 
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Now, A > 0 implies 


](f±Xg) 2 > 0 

a 

■ jf 2+x2 \s 2 ±2hjfg>l 


a a 


Therefore 


’jV±2Aj/s> 0 v J/ 2 = 0 

a a V « 

b b 

Ajg 2 > 2 J fg 


a 


a 


Since this is true for every A > 0, it follows that 


].fg 


= 0 


Even though 


VT^ 2 


is not defined at x = 1, we write 


dx 


K 


. -= Sin _1 l-Sin _1 0 = — 

Vi^2 2 


To overcome this, the following concept is being introduced. 

DEFINITION 5.5 (i) Suppose / : ( a , b\ —¥ R is defined and is integrable over [c, b ] for every c e ( a,b] and let 


u 

F(c) = jf(x)dx 


for c e (a, b]. If limF(c) exists finitely (that is the limit is finite), then we say that /is inte- 

c—*u 

grable over [ a , b ] and write 

b 

I" f(x)dx = limF(c) 

J c—>a 

a 

(ii) Suppose /: [ a , b) — > IR is defined and is integrable over [a, c] for every c e [a, b) and let 

C 

F(c) = jf(x)dx 

a 

If lim F(c) exists finitely, then we say that/is integrable over [a, b] and write 


c—>b 


[ f(x)dx = limF(c) 
J c-^b 
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Example 


Suppose 

f( x ) = j^_ x2 , x e [0,1) 

Then/is integrable over [0, c) for all c e [0,1) and 



= Sin 1 c-Sin *0 
= Sin^c 

Also F(c) = Sin _1 c —> Sin -1 1 = n/2 as c —> 1 - 0. There¬ 
fore 

r dx n 

J 0 7T^ = 2 


Example 


Suppose f(x) = Ux 2 ,x e (0,1]. Then / is integrable over 
(c, 1] V c g (0,1] and 

f 1 

F(c) = J — dx 

C ^ 

-r' 

X 

= -[l-(l/c)] 

= (1 !c) - as c —^0 + 0 


Thus hm F(c ) is not finite and hence f(x) = Vx~ is not 

c—>0 + 

integrable over [0, 1]. Since lim F(c) = ° o, in this case 

c->0 + 

we write 


l 


'7 dx ” 


nil nil 

The value of J sin" xdx = J cos" xdx can be evaluated by repeating the integration by parts which is given in the 
o o 

following theorem. This formula is also known as Wallis Formula and is useful in some of the area problems. 


Theorem 5.23 
(Wallis 
Formula) 


(i) If n > 2 is an integer, then 


k/2 

J sin" xdx = 
o 


[(« —1)(» —3)(w —5)-2orl] 
[n(n-2)(n-4)---2 or 1] 


where q = n!2 if n is even, otherwise q— 1. 
(ii) If m, n are positive integers, then 


7T/2 


sin x cos x = 


[(m-l)(m-3)---2 or l][(/z-l)(n-2)---2 or 1] 
[(m + n)(m + n-2)(m + n-4)---2 or 1] 


xp 


where p = tc!2 if both m and n are even, otherwise p = 1. 


Note: Actually (i) is a consequence of (ii) if we take n = 0 in (ii). 

Caution: In writing the factors in the Numerator and Denominator of the Wallis Formula, one should stop 
before entering into zero factor or negative factor. 
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Examples 


nil 

1. J sin 7 


xdx = 


o 


( 7- 1)( 7-3) ( 7-5) 
7(7 — 2) (7 — 4)(7 - 6) 


6- 4-2 _ 16 

7- 5-3 “35 


nil 


2 . 


sin xdx = 


(8-l)(8-3)(8-5)(8-7) ; ^ 
8(8-2)(8-4)(8-6) 2 


7- 5-3-1 7r 

8- 6-4-2 X 2 


35n 


256 


3. 


nil 


J sin 6 xcos 4 xdx = 
o 


[(6 —1)(6 — 3)(6 — 5)][(4 —1)(4 — 3)] 
10(10 - 2)(10 - 4)(10 - 6)(10 - 8) 



(5-3-l)(3-l) ^ n 
10-8-6-4-2 2 


3 n 


512 


5.1.2 Definite Integral as a Limit of a Sum 

Sometimes definite integral can be used to find the limit of a sum. This is because, for a given function / on [a, b] and 
a partition P of [a, b],S(f, P) (see Definition 5.1) is a finite sum and as the maximum of Ax ; of P tends to zero, the sum 

b 

tends to J/. For example, suppose /: [0,1] —> R. is integrable. Let n be a positive integer. Consider the partition 

b 

P={ odT.l 2d.!!} 

{ n n n n n J 

of [0,1]. That is the interval [0,1] is divided into n equal parts. Here Xi=i/n for i= 1,2, ...,n and x r _ l -x r = Vn forr = 
1,2,...,« so that 


||P|| = max{Ar ; -, Ax 2 , Ax (I } (where Ax t = x t -) 

_ 1 
n 

The division points x are equally spaced in [0,1]. We select t r = Vr in [x r _ ,, v r ] = [(l/(r-1)), 1/r ]. Flence, 

S(f,P) = f(h)(x 1 -x 0 ) + f(t 2 )(x 2 - Xl ) + ■■■ +f(t n )(x n -x „_i) 



Since /is integrable over [0,1,], 


b 




a 


lim — 

n n 



a 


Thus 
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5.1.3 Method of Finding the Limit of a Sum as a Definite Integral 

Here, we give a procedure which can be done mechanically to obtain limit of a sum. 

Step 1: Write the general term r th or (r + l)th term of the sum whichever contains r. 

Step 2: Replace n with 1/h in the general term and simplify it. 

Step 3: Alot one h in the numerator to dx and in the remaining replace rh with x. 

Step 4: (i) If the number of terms in the sum is n — 1 or n or n + 1, then the limits of integration are from 0 to 1. 

(ii) If the number of terms in the sum is 2/7 — 1 or 2n or 2 n + 1, the limits of integration are from 0 to n. 

In this way we find the function and its limits of integration so that the definite integral obtained is the limit 
of the sum. 


Example 


^ , ,.1^11 1 

Evaluate lim —-= 1 + —= + —= + •••+ _ 

\n\ v 2 v 3 v4 n. 


Solution: 

Step 1: T r = rth term = —j= • \= 
dn ^jr 

Step 2: Put n = — so that 
h 


T=J—= h 


-Jrh 


Step 3: Replace rh with .r. 

Step 4: Since there are 4 n terms in the sum, the required 
limit is 


J d X 

o 


yfx 


lim 

?-> o 


r dx 



•: —j= is not defined at x = 0 
dx 


= lim [2Vx] 

r->0+ L 

= 2^-0 
= 4 


Example 


_ , ,. | 1 1 1 1 
Evaluate lim — +-- +-- + •••+- 


n n+1 n+2 


n + 2/7 


Solution: 


Step 1: (r+l)th term T r+1 = 


n + r 


1 h 

Step 2: Put n = — so that T r+1 =-. 

h 1 + rh 


Step 3: Put rh = x. 

Step 4: Since there are 2n +1 terms in the given sum, the 
required limit is 

Jif^ = [ log e (1 + *)]o 
0 

- log 3-log 1 
= log 3 


Note: If the sum contains kn terms, then the limit is log,, (k + 1). 


Example 


Show that lim — f(/7 +1)(/7 + 2)---(n + ri)f n = —. 

«-><» n e 


Solution: 

Let 

A= lim— [(/7 + 1 )(/i + 2)---(/7 + /7)] 1/ " 

«-><*> n 


= lim 


1 + -)(l+-)-( 1 +- 
n )\ n) v n 


~il In 


Therefore 

log A = lim — 
n 


Now 


log| l+-M + logfl + ^j + --- + (l+^ 


rth term = — log f 1+ — 
n \ n 


Put n = 1 Ih so that 
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/'th term = h log (1 + x) 
where x = rh. Therefore 
1 

log, A = J log, (1 + x) dx 
o 

l 

= [* log, (1+ *)£-[ 7^—dx 

o 


So 


5.2 I Areas 


± 

= log,2-j 


1 -- 


1 + x 


dx 


= log 2-(1-log, 2) 
= 21og,2-l 


A = e 21 °*- 2 - 1 = - 
e 


Example 


T „ 1 1 1 1 ,, 

If S„ = -p=+-;= +- 7 = + --- +-p=, then 

l+sjn 2 -\-yj'T.n 3 -\-y3n 

find lim S „. 


dx 


Solution: 


T r = rth term = 


r + yjrn 


Put n = l//z,so that 

\[h h h 


r\[h + yfr rh+ \frh x + y[x 


Now 


j. 

Required limit = J 


dx 


x + 


Vx 


V^+i) 


= lim 


i 

I 


dx 


t^>0+ J y[x(s[x + l) 


= 2 log, (Vl +1) - lim 2 log, (Vf +1) 

r->0+ 


( 


1 


V X+y[x 
= 2 log, 2-2 log, 1 = 2 log, 2 
Therefore 

lim S n = log, 4 


is not defined at x = 0 


Example 


Show that lim 


<t n 2 
— + - 




Therefore, the required limit is 


(rc + l) 3 (n + 2) 3 

8 nj 8 

f dx 

(l+x)“ 3+r 

Solution: 


ia+*) 3 

-3+1 


T r+1 = (r + l)th term = 
Put n = 1/h so that 


^r+l ~ 


h 


( n + r ) 3 


h 


(1 + rhy (1 + x) 3 


1 

= — x 


2 L(l + 1) 2 

-1 (1-4) 

2 4 


-1 


3 

8 


5.2 Areas 

We have already observed that the area enclosed by the x-axis, the lines x = a, x = b and a curve y = f (x) represented 

b 

by a non-negative function /(x) can be regarded as the definite integral J/(x)r/x. This is definitely the case when/is 
continuous. a 
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1. In other words, if f : [a, b] —> R. is continuous and non-negative, then the area A of the region enclosed by the lines 
x = a,x = b, the x-axis and the curve y=f(x ) is given by (see Fig. 5.2) 

b 

A = J f(x)dx 

a 



2. If /: [a, b] —> R is continuous and non-positive, that is / (x) < 0 for all x e [a, b ], then the area B of the region en¬ 
closed by the x-axis, the lines x = a, x = b and the curve v = / (x) is same as the area of the region enclosed by the 
curve y = -f (x) and the lines x = a,x = b and x-axis, since both the regions are mirror reflections of each other about 
the x-axis. Hence 


See Fig. 5.3. 




a 


a 



3. Suppose a < c < b, f: [a, b] —> R is continuous, /(x) > 0 V x e [a, c] and /(x) < 0 V x e [c,b\. Then, the area of the 
region enclosed by the x-axis, the lines x = a,x = c and x = b and the curve y = / (x) can be split into two parts (see 
Fig. 5.4). 

(a) Area A enclosed by the x-axis, the lines x = a, x = c and the curve y = /(x), a<x<c [so that /(x) > 0 ] 



FIGURE 5.4 
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(b) Area B enclosed by the x-axis, the lines x = c, x = b and the curve y = f(x), c<x<b [so that /(x) < 0 ]. 
Hence the area of the total region is 


A + B = 


L U 

J f(x)dx + j—f(x)dx 


[ f(x)d* 


\f(x)d> 


-- j\f(x)\dx + j\f(x)\dx 

a c 

b 

-\\.f(x)\dx 


4 . The area A enclosed between the y-axis, the lines y = a,y = b and the curve x=f(y ) is given by (Fig. 5.5) 

b b 


A = 


j f(y)dy = f xdy 



5. Suppose / : \a, b] — > R, g : [a, b\ —> E are continuous functions and 0 < f(x ) < g(x) for x e [a, b\. Then the area A 
of the region bounded by the curves y = g (x), y = f (x) and the lines x = a, x = b is given by (see Fig. 5.6) 

b b 

A = jg(x)dx-jf(x)dx 

a a 

b 

— j is—f)i x )dx 

a 



FIGURE 5.6 
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Note: If the two curves intersect in the points (x v >'j) and (x 2 , y 9 ), then 


*2 

A= j (g~f)(x)dx 

x i 

While computing areas, it is always useful if a rough diagram (figure) is drawn. For this the following tips will be helpful. 

1. Symmetry: 

(a) If the powers of x in the curve equation are all even, then the curve is symmetric about y-axis. That is, the equa¬ 
tion of the curve does not change if x is replaced by —x. 

(b) If the equation of the curve does not change by replacing y with —y, then the curve is symmetric about x-axis 
(i.e., the powers of y are all even). 

2. Find the points of intersection of the curve (s) with the coordinate axes. 

3. Observe whether there are any limitations for the abscissa (ordinate) of points on the curve. 

4 . If for any point (x,y) on the curve, lim y = 0 and y A 0 for all points on the curve, then the curve approaches nearer 

*->+<» 

and nearer to x-axis but will never meet it. Similarly, if lim x = 0 and x A 0 for all points, the curve approaches 
y-axis without meeting it. 


Example 


5.15 


Show that the area bounded by the curve 

2 2 

—y + —=■ = 1 (called ellipse) 
a b 

is nab square units. 


Solution: 



(i) Since powers of both x and y are even, the curve is 
symmetric about both coordinate axes. 


(ii) -a<x<a and —b < y <b. 

(iii) Curve meets the axes in (± a, 0) and (0 ,±b). 

Therefore 

Area bounded by the curve 

= 4(Area in the first quadrant) 


= 4 [—\4/ 2 -x 2 dx 

J a 


4b 

a 


l~2 2 

t \la -x 


2 r 


Sin -1 — 


= — \ (0 ■- 0) + — (Sin -1 1 - ShC 1 0) 
a 2 


4b a (n . 

= —x— — I = nab 
a 2(2, 


Example 


5.16 


Find the area included between the parabola y = 2x-x 2 
and the x-axis. 


Solution: We have 

y = 2x-x z = l-(x-l) 2 => (x-1) 2 = — (y —1) 

This is a downward parabola with vertex at (1, 1) and 
meeting the x-axis in (0,0) and (2,0). The required area 
(shaded region in Fig. 5.8) is 
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2 2 

J y dx = J (2x - x 2 ) dx 
0 0 



Example 


5.17 


Compute the area bounded by y = e x , x-axis and the lines 
x = 1 and x - 2. 


Solution: The required area is (see shaded region in 
Fig. 5.9) 


2 

J e x dx = 

l 



= e~ 


-e 



4 

3 



Example 


5.18 


Show that area enclosed between the parabolas y 2 = 4 ax 
and x 2 = 4by is 16 ab / 3 square units. 

Solution: The two curves intersect in the points (0, 0) 
and (h, k ) where h = 4a ll3 b 213 and k = 4 a 2l3 b V3 (see Fig. 
5.10). Now 

2 

0 <x<h=> y= \j4ax > : — = y 
7 4b y 



Therefore the required area (shaded one in Fig. 5.10) is 

h 

r2, 


4ax-f h )dx = 24~axl [x 3/2 ]' -^[x 3 ] 


_ ^ 3/2 _ h 3 
3 ' 126 

(4a m b 213 ) 312 - (4n 1/3 6" /3 ) 3 


3 

4 4a 


12 b 


r 64 ab 2 

x8 -Jab - 

3 12 b 


32 16, 

= -{ ab )-—{ ab ) 

16 , , s 

= y(«6) 


Example 


5.19 


Compute the area enclosed between the curves y = sin x 
and y = cos x for ^ < x < ^. 

Solution: See Fig. 5.11. Flere 

cosx<sinx forxe 



FIGURE 5.11 
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Therefore, the required area is 

Stc/4 

(sin x - cos x) dx = [- cos x - sin xf*^ 
tc/4 

( 5 n . 5 k 'i ( n . n\ 

= - cos — + sin— + cos —+ sin — 
l 4 4 J { 4 4) 


= -^- —1 + f—+ —1 
, V2 V2j + lV2 + V2J 

= V2 + V2 
= 2V2 


Example 


5.20 


Compute the area of the whole region enclosed by the 
curve ay =x (a -x ). 

Solution: 

1. Since the powers of x and y are even, the curve is 
symmetric about both the axes. 

2. The curve meets x-axis in (-a, 0), (0,0) and (a, 0). 



3. The curve meets y-axis at (0,0) only. 

2 

4 . y 2 = — (a 2 - 2 c 2 ) => -a < x < a. 

a “ 

A rough diagram is shown in Fig. 5.12. Therefore, the 
required area is 


4 hyf^~7dx = — x-\(a 2 -x 2 f 2 T 
J a a 3 L J o 


-4 
3 a 


[0-a 3 ] 


4a 2 

T" 


5.3 Differential Equations 

Differential equations have applications in many branches like Physics, Chemistry, Chemical Engineering, Biology, 
Economics, Geology, etc. Therefore in-depth study of differential equations assumed great importance in all modern 
scientific research. James Bernoulli (1654-1705), Joseph Louis Lagrange (1736-1813), and Leibnitz (1646-1716) are 
some of the early mathematicians responsible for the development of differential equations. 

In this section, we will study some basic concepts regarding differential equations, learn how to form differential 
equations and find the solutions of ordinary differential equations. We strictly confine to the types of differential equa¬ 
tions which are included in IIT-JEE syllabus. 

DEFINITION 5.6 Equation involving derivative (derivatives) of a dependent variable with respect to one or 
more independent variable(s) is called a differential equation. 

If there is only one independent variable, then the equation is called an ordinary differential 
equation. 

Examples 


The following are ordinary differential equations: 
1 dy 

1. —— + cos x = 0 
dx 


3. 


d 2 y 

dx 2 


+ y = 0 


2 . 



+ y = 


0 
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DEFINITION 5.7 Order and Degree The highest order of the derivatives that are present (or occur) in the dif¬ 
ferential equation is called the order of the differential equation and the degree of the highest 
order derivative present in the equation (when the equation is a polynomial equation in de¬ 
rivatives) is called the degree of the differential equation . 


Examples 


1. f —1 + f — 1 +1 = 0 is of order 1 and degree 2. 

\dx) {dx) B 

,2 v 

2. —y + y = 0 is of order 2 and degree 1. 
dx" 


3. 


,2 f 

a y 

yd X 2 j 


+ 2| —1 + -^- + y = 0 is of order 2 and 
dx J dx 


degree 3. 


^-^ + sin( — ] = 0 is of order 2 but the degree is not 
dx 2 {dx) 

defined because the given equation is not a polyno¬ 
mial equation in derivatives. 


5. 1 + 


dx 2 


( 


i+i* 

dx 


2 \ 


is of order 2 and degree 3. 


DEFINITION 5.8 Solution, General Solution, Particular Solution 

1. Any relation between the independent and dependent variables satisfying a differential 
equation is called a solution of the differential equation. 

2. A solution which contains as many arbitrary constants as the order of the equation is called 
general solution of the given equation. 

3. Any solution obtained from the general solution by giving values to arbitrary constants (i.e., 
solution free from arbitrary constants) is called a particular solution. 


5.3.1 Procedure to Form Differential Equation When General Solution is Given 

Step 1: Write the general solution or the equation representing the family of curves. 

Step 2: Differentiate the given equation as many times as the number of arbitrary constants that are present in the 
given equation. 

Step 3: Eliminate the arbitrary constants from the equations written in Step 1 and Step 2. Then the differential equa¬ 
tion obtained is the equation representing the curves mentioned in Step 1. 


Example 


5.21 


Form the differential equation of all lines of the form 
y = mx. 

Solution: Given that y = mx (m is arbitrary constant). 
Therefore 



Substituting the value of m = dyldx in y = mx, we have 



= y 


which is the differential equation representing the set of 
all lines y = mx. 


Example 


5.22 


Find the differential equation of all circles in xy-plane Solution: Since y-axis is a tangent to a circle at (0, 0), 
touching y-axis at the origin. the centre of the circle lies on the x-axis. Hence any circle 

touching y-axis at (0,0) is of the form 
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(j K-a) 2 + y 2 =a 2 

or x 2 + y 2 - lax = 0 (5.1) 

where “a” is the arbitrary constant. Differentiating Eq. 
(5.1) w.r.t. x, we get 

dy 

x +y~r = a (5.2) 


Eliminating a from Eqs. (5.1) and (5.2) we have 
x 2 + y 2 — 2x^x + y^-j = 0 

Therefore 

dy _ y 2 —x 2 
dx ~ 2xy 

is the differential equation of all circles touching y-axis at 
the origin. 



QUICK LOOK 2 


The equation 


dy 

dx 



is the differential equation of all circles touching the 
x-axis at the origin because equation of such a circle is 
of the form 

x 2 + (y-a) 2 - a 2 


Example 


5.23 


Form the differential equation whose general solution is 
y = Ae x + Be~ x ( A , B are arbitrary constants). 

Solution: We have 

y = Ae x + Be~ x (5.3) 

Differentiating w.r.t. x we get 

^ = Ae x -Be~ x 
dx 


and 


,2 

= Ae x + Be~ x = y 

dx 2 


(5.4) 


From Eqs. (5.3) and (5.4) we have 



which is the differential equation whose general solution 

is y - A e x + Be~ x . 


Example 


5.24 


Form the differential equation whose general solution is 
y = A cosx + B sinx, where A and B are arbitrary con¬ 
stants. 

Solution: We have 

y = A cos x + B sin x (5.5) 

Differentiating w.r.t. x, we get 

dy A ■ n 
— = -Asmx + B cos x 
dx 


and 


dry 

—2 =-Acosx- Bsmx = -y (5.6) 

dx 2 


From Eqs. (5.5) and (5.6), we get that 


d 2 y _ 
dx 2 +y_ 


is the differential equation whose general solution is 
y - A cos x + B sin x. 


Example 


5.25 


Form the differential equation from the equation y 2 = 4ax Solution: We have 
(a is an arbitrary non-zero constant). 


y 2 = 4«x 


(5.7) 
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Differentiating both sides w.r.t. x, we have 


dy _ 
y— = 2 a 
dx 


5.3 | Differential Equations 

Eliminating a from Eqs. (5.7) and (5.8), we have 

( s„ 


5.3.2 Variables Separable or Separation of Variables 

In this section we solve equations of the form f{x)dx + g(y)dy = 0. The solution is 
an arbitrary constant. 


jf(x)dx + jg(y)dy 


= c 


where c is 


Example 


Solve sec 2 x tan y dx + sec 2 y tan xdy = 0. 

Solution: The given equation can be written as 

SCC ~ X dx + SCC ^ dy = 0 (Variables Separable) 
tan* tany 


Therefore 


rsec 2 x rsec 2 y 
J tanx J tany 
=> log |tan x\ + log |tan y| 
=> | tan x tan y| = e c or 


dy = c 


= c 

tan x tany 


c 


Example 


5.27 


Solve 


dy _ x+y 

dx 


Solution: 


We have 
dy 

dx 


■ e 


Therefore 

e~y dy = e x dx (Variables Separable) 


Integrating we get 

J e~ y dy = J e x dx + c 

^_ e -y = e * +c 
=>e x + e~ y = c' 


Example 


5.28 


Solve (y log y) dx - xdy = 0. 


Solution: We have 

dy dx 

yiogy x 

Integrating both sides, we get 


dx 


= c 


f dy f 

J yiogy J 
log log y - log x = c 

■iog(bpf,=c 

log y = cx 
y = e cx 


Example 


5.29 


Solve * 
dx 


i+y 2 

l+x 2 


Solution: We have 
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dy dx 
1 + y 2 1 + x 2 


(Variables Separable) 


Example 


5.30 


Solve 


dy 

dx 


xy+y 

xy + x 


Solution: We have 


dy y(x + 1) 
dx x{y +1) 


y + 1 


dy 



dx (Variables Separable) 


Integrating we get 


f dy 
h + y 2 


(• dx 


+ c 


=> Tan 1 y = Tan l x + c 


Integrating both sides we get 


x+1 


ATM 

• y + log y = x + log x + c 


dx + c 


■ y — x= log 




yj 


+ c 


Example 


5.31 


Solve ^--xtan(y-x) = l. 
dx 

Solution: Put y-x = z. Differentiating w.r.t. x we have 

dy _ i _ dz 
dx dx 
dz 

=> — = xtanz 
dx 

=> (cot z)dz = x dx (Variables Separable) 


Integrating we get 


J cot zdz — j x dx + c 

=> log(sin z) = ^ x 2 + c 

=s> sin z = ke x 12 
=> sin(_y- *) = ke x 12 


5.3.3 Homogeneous Differential Equation 

DEFINITION 5.9 (Homogeneous Function) A function f(x, y) is called a homogeneous function of degree n 
(n need not be an integer) if 

f(tx,ty) = t n f(x,y) 

for any non-zero t. 


Examples 


1. f(x, y) = ax 2 + 2hxy + by 2 , where at least one of a, h, b 
is non-zero, is a homogeneous function of degree 2. 

x m + y m 

2. f(x, y) =-is a homogeneous function of 

x + y 

degree 1/2. 


3. 

4. 


f(x y) = X +x y + y is a homogeneous function of 

*-y 

degree zero. 

f{x, y) = —r — X + y is a homogeneous function 

x +y +x y 
of degree -2. 
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DEFINITION 5.10 Homogeneous Differential Equation Equation of the form 

dy = fix, y) 
dx g(x, y) 

where both /and g are homogeneous functions of the same degree is called a homogeneous 
differential equation. 

To solve a homogeneous differential equation, use the substitution y = vx so that the equation will reduce to Variables 
Separable form which can be solved. Finally in the solution replace v with ylx. 


Example 


5.32 


Solve * 
dx 



Solution: Put y = vx. Therefore 

dv dy v 2 —1 

v + x — = — =- 

dx dx 2v 

dv v~ — 1 

=> x — =-v 

dx 2v 

_ -(l+v 2 ) 

2v 


Now 


2v 


,1 + v 

Integrating both sides we get 
2v 


dx 

dv + — = 0 (Variables Separable) 
x 


, , dx 

dv + — = c 


f ~^dv + \ 

Jl+v 2 J 
log(l + v 2 ) + log x = c 

■ (1 + v 2 )x = k 

■ x 1 + y 1 = kx 


Example 


Solve — = x2y 


3 ' 


dx x 3 + y 

Solution: Put y = vx so that 
dv 

v + x — = 


dv 

x — = 


dx 1 + v 3 

V 


dx 1 + v 3 


— V = 


1+v 3 


^1 + v 3 ^ 


J dx n 

dv-\ -= 0 


Integrating we get 


|JjJL rfv+ | 


r I dx 
dv+ — = c 


-+ Jog v + log x = c 

3v 3 

l/3v 3 


■ vx — k e 

■ y = k e^ l3y3 


Example 


Given that y = n!2 when x = 1, solve 


ycos — (xdy-ydx) + xsin — {xdy + ydx) = 0 
x x 


Re-arranging the terms we get 

dy ( y 2 ■ y\ 2 y ■ y 

— Erycos — + x sm— =y cos —— xysm — 
dx\ x x) x x 


Solution: We have 
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Put y = vx. Then 


dvV . . 2 

v + x — (vcosv + smv)= v cosv-vsinv 
dx ) 


dv v cosv-vsinv 

=> v + x — =- 

dx vcosv + sinv 

dv -2vsinv 
=> x— = ■ 


dx vcosv + sinv 

vcosv + sinv \ , 2 , 

dv-i — dx = 0 

vsinv 


Integrating we get 

J- 


vsinv 


-dv + 2[— = c 

J x 


J V sin v v J J x 
=> log(sin v) + log v + 2 log x = c 
=> (vx 2 )sin v = k 

=> (xy)sin^—j = k 

Since}' = 7il2 whenx = 1, we have k = tv! 2.Therefore,the 
solution is (xy) sin(y/x) = 7i!2. 


Example 


Find the equation of the curve passing through the point 
(4, -2) and satisfying the equation 

dy y(x+y 3 ) 
dx x(y 3 -x) 

Solution: The given equation can be written as 

(xy 3 -x 2 )dy — (xy + y 4 )dx = 0 

=> y 3 (x dy — y dx) — x(x dy + y dx) = 0 

3 (xdy-ydx) 1 , , 

=> y - -z - (xdy+ ydx) = 0 


■ y 3 df — ]- — d(xy) = 0 
yx J x 

y -d{^\ - ±-d(xy) = 0 


xy 




x \x 
On integration we have 

llY)\i =c 

2 v x J xy 

Since the curve passes through the point (4, -2) we have 

m- 1 


. 2 2 
xj x z y z 


2U6 J (4)(— 2) 

Therefore c = 0. Hence the equation of the curve is 

- Z y+ — = 0 
2x“ xy 

=> y 3 = —2x 


Example 


Solve + _ V + 3+y 


dx x 3 + 3 xy 2 

Solution: Put y = vx. Therefore 

dv v 3 + 3v 

V+X— = -y 

dx 1+ 3v" 
dv v 3 + 3v 

=> X-= -y-V 

dx 1 + 3v 
2v-2v 3 


Hence 


1+ 3v 


( l+3v 2 ^ 
v(l-v 2 ) 


dv - dx = 0 

x 


Integrating we get 


l + 3v 


’ dx 


-dv-2[— = c 
v(l — v)(l + v) J X 


1 2 
- + 


dv - 2 [ — = c 
v 1 — v 1+vy J x 


log v - 2 log(l - v) - 2 log(l + v) - 2 log x = c 
\l-v) 2 (l + v) 2 x 2 ' 


•log 

V 

■{l-v 2 ) 2 x 2 =kv 
(x 2 -y 2 ) 2 x 2 _ ky 


• (x 2 -y 2 ) 2 =kxy 


= -c 
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Example 


5.37 


Cl dy y 
Solve x — + -— = y. 

dx x 


Solution: The given equation can be written as 

^y+il = y 

dx x 1 x 


Put y = vx. We have 


dv i 
V + x — + v~ 
dx 


= V 


dv dx 
■—+ — = ° 
v x 


Integrating both sides we get 


f dv r dx 

h + \ 


- = c 


-h log X = C 

V 

■x = ke xly 


Example | 

„ , dy , y(x + y) 

Solve — +- 9 — — b. 

dx x 


Solution: Put y = vx. We have 
dv 


v + x — + v(l + v) = 0 
dx 

dv „ 9 

• x - \-2v+v l =0 

dx 

1 j dx 
-dv+ — = 0 


v (2 + v) 


Integrating we get 



=> log v - log (2 + v) + 2 log x = c 
=> vx 2 = k (2+v) 

=> yx = /r^2 + —j 

=> yx 2 = k ( 2 x + y) 


5.3A Linear Differential Equation 

Suppose P and Q are integrable functions of x. Then the differential equation 

d i+Py = Q 

ax 


is called linear equation of first degree. To solve linear equations, multiply both sides with f l>llx so that we have 

—(ye? Pdx ) = Q(J Pdx 

dx 


Therefore 


ye Ipdx =fQe lpdx dx + c 


is the solution. Here, e^ pdx is called the integrating factor (I. F.) 
Note: If P and Q are integrable functions of y, then the equation 

* + p*=e 

dy 


is also called a linear equation whose solution is 


JPdy - 


fQe lpdy dy 


+ c 
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Example 


5.39 


Solve — + xy-x. 
dx 

Solution: Here P = x, Q = x so that integrating factor is 
l.F.= e* pdx =e hdx = e x2 ' 2 


Therefore the solution is 

ye ipdx =^Qe lpdx dx + c 

=> ye x2 ' 2 =jxe x2 ' 2 dx + c=e x 12 +c 

_ 2/9 

Therefore y=l + ce is the solution. 


Example 


5.40 


dy 2x 1 

Solve — +- -y = -^-r-. 

dx \ + x 2 (1 + jT ) 2 

Solution: Here 


P= 2X Q = - - - 

1 + x 2 ’ ^ (1 + x 2 ) 2 


The integrating factor is 


I.F. = e 


J Pdx 


f —^dx 

) 1 + r 2 


_ e log(l+.v ) 

= 1+x 2 


The solution is 


ye Spdx =jQe lpdx dx + c 


This implies 


y( 1 + * 2 ) = J (1 , ^. 2n2 (1 + x 2 )dx + c 

4 


(1+x 2 ) 2 

dx 


1 + x 


- + c 


= Tan 1 x + c 


So, the solution is 


y(l + x 2 ) = Tan l x + c 


Example 


Solve (siny)— = cos x(2 cosy -sin 2 x). 
dx 


Solution: Put cos y = z- Therefore 

, . .dy -dz 
(sin y) — = — 
dx dx 

=> —— = cosx( 2 z-sin 2 x) 
dx 

dz .? 

=s>-t (2cosx)z = cos x sin x (Linear equation) 

dx 

Here the integrating factor is 

t T 7 Jlcosxdx 2sin;t 

l.r. — e = e 

Therefore the solution is 

ze 2smx = j*(cosxsin 2 x)e 2smx dx + c 


= \r 2 e 2t dt+c wheref = sinx 


1 2 2f f 1 
= -t~e - , 

2 J 2 


\\e Z, {2 t)dt 


+ c 


t 2 e 2t f 2t , 

—--J te dt + c 

t e 1 2 t f 1 it j 

2 2 J 2 

t 2 e 2t te 2t e 2t 


- H-h C 

2 2 4 

e 2t , 

= —(2t 2 -2t+l)+c 


So the final solution is 


2sinx 

(cos y) e 2smx = - (2 sin 2 x - 2 sin x + 1 ) + c 
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Example 


5.42 


t dy 

Solve cos x — + ycosx = smx. 
dx 


Solution: Given equation can be written as 


ay 2 2 / • . 

~^~ + y sec x = tanxsec x (Linear equation) 


The integrating factor is 

I F_ = gisec 2 * _ £ tanx 


The solution is 

ye tanx = J tanxsec 2 xe tanx dx + c 

= jte‘dt + c where f = tanx 
= te‘ — j*e ( (V)dt+c 
= e\t-V) + c 

Hence 

ye tanx = e tanx (tan x-l) + c 


Example 


5.43 


/ 2 \ dy / \ 4 ~ft ft 

Solve (cos x) -(tan2x)y = cos x, — <x<—. 

dx 4 4 


Solution: We have 


dy 

dx 


2 tanx 1 7 7 

-t— sec xy = cos x 

1 -tan 2 x) 


Here 


P = - 


2 tanx 2 

- x —sec x 

1 -tan" x 


Therefore 

jPdx = j-^—ydf where f = tanx 

= log(l-r) (Note that |f| < 1) 


The integrating factor is 

I.F. = e lPdx 

- glog(l-' 2 ) 


= 1-r 2 
= l-tan 2 x 


Therefore, the solution is 

y(l - tan 2 x) = J cos 2 x(l - tan 2 x) dx + c 
= J (cos 2 x - sin 2 x) dx + c 

= Jcos2 xdx + c 
1 • „ 

= —sm2x + c 
2 


Example 


Solve y+— (xy) = x(sinx + logx). 
dx 


Solution: The given equation is 


y + y + x — = x(sin x + log x) 
dx 


dy 2y 

=> —— + — = sin x + log x 
dx x 


(Linear) 


The integrating factor is 


I.F. = e 



= x 


2 


Therefore the solution is 
yx 2 = J x 2 (sin x + log x) dx + c 


■ x 3 1 

-- dx + c 

3 x 


= J x 2 sin x dx + J x 2 log xdx + c 
= x 2 (-cosx)-J(-cosx) 2xdx+ ^-logx - J 

9 f X , Is 

= -X‘ COSX + 2 XCOSX+ logx — X +c 

J 3 6 9 

2 * 3 X 3 

= —x cosx + 2(cosx + xsinx) + —log e x- —+ c 
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Example 


5.45 


Solve dx + xdy = e~ y sec 2 y dy. 

Solution: The given equation is 

— + x = e~ y sec 2 y (Linear) 
dy 


The integrating factor is 

I.F. = e Sldy = e y 
Therefore, the solution is 

xe y = (e~ y sec 2 y) e y dy + c = tan y + c 


Example 


5.46 


Solve (l + xy)^ + y 3 = 0. 
dx 


Solution: The given equation is 
dx 1 + xy 

-+-T^- = 0 

dy y 

=,*+4=1 (Linear) 
dy y z / 

The integrating factor is 

LK = J dy,y2 =e -(V y ) 


Therefore, the solution is 

v.-(i !y) - 


Hence 


or 


f 1 ~ (1/y) +r 
=- t e dy + c 

J y 

= \te’ dt + c where t = - — 

J y 

= e‘(t- l) + c 


xe -(.m =e -m 


x—ce Vy — 


- 1 -!] 

y y 

'i + i) 

y) 


+ c 


5.3.5 Extended Form of Linear Equation (Bernoulli's Equation) 

The equation 

d f+Py=Qy n 

dx 

where n is rationales called Bernoulli’s equation. The value n = 0 gives linear equation. To solve it, divide the equation 
by y n and then use the substitution y l ~ n = z so that the resulting equation is linear in z. 


Example 


5.47 


Solve 3 —+ 

dx x + 1 



Solution: Multiplying both sides with y 2 we get 

3 /4+4l = +3 

dx x + 1 

Put y 3 = z. Therefore 


dz 2 

- 1 - 

dx x + 1 


The integrating factor is 

f 2 ,i x 

I.F. = e X+1 = e 21 og l- v+1 l =( x + 1) 2 

Therefore we have 

z(x + 1) 2 = jx 3 (x+ 1) 2 dx+c 

= j x 3 (x 2 + 2x + l)dx + c 


So the solution is 


3/ +\2 1 6 2 5 1 4 

y (x+1) =-X +-X +-X +C 

y V 2 6 5 4 


(Linear) 
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Example 


5.48 


Solve x — +v log y = xye x 
dx 


Solution: Dividing both sides with xy we get 
1 dy | log y _ 

y dx x 


The integrating factor is 


I.F. = 



= x 


Therefore 


zx = 


J x e x dx + c = e x (:t - 1 ) + c 


Put log y = z. Therefore 

dz z x n ■ \ 

— + — =e (Linear) 
dx x 


The solution is 

x log y = e*(x — 1 ) + c 


Example 


5.49 


Solve — + y cot x = y 2 sin 2 x. 
dx 


Solution: Dividing both sides with y 2 , we have 

_2 dy 1 , 2 

y — + — cot.r = sm“j: 
dx y 

Put 1 !y = z. Therefore 


UZ . . 2 

-+ zcot.t = sin x 

dx 


=> — + (-cotx)z = -sin 2 x (Linear) 
dx 


The integrating factor is 

j p _ gJ-cotirfjr _ 1 

sinjr 


Hence the solution is 



= cosx + c 


dx + c 


So 


1 . 

— = smjrcosx + csmx 

y 


Example 


5.50 


ay i . _ 3 ? 

Solve -— + —sm2y = x cos 3 ;. 
dx x 

Solution: Dividing both sides with cos 2 y, we have 

2 dy 1 . . . 2 1 

sec“ v— + — (sm 2 y)sec“ y = x 
dx x 


The integrating factor is 


I.F. = 



_ e log(-t 2 ) 


= X 


2 


■ (sec 2 y) — + — (tan y) = x 3 
dx x 


Put tan y = z.Then 



(Linear) 


The solution is 


zx 


’jx\x 2 )d. 


x + c 


2 1 6 
x“tany = — x +c 
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WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 

10 

1. J e x ~M dx ([■] denotes integral part) is equal to 


Jl 

‘•J 


x 2 sin 2 xsin[(n:/ 2 )cosx] 
2 x — n 


dx = 


„ 10 -j io , 

e — 1 e —1 e —1 


(A) 10(e-l) (B) - (C) - (D) 

v ' v ' v 10 v ' 10 V e-1 


Solution: Let 


10 

I = je x ~ [x] dx 
o 


Since x - [jc] is a function with least period unity, we have 

(byP 4 ) 


i 

I = 10fe x ~ M dx 


= 10 J e x dx (■.• 0 < x < 1 => [x] = 0) 


= 10(e —1) 


Answer: (A) 


n 

'•J; 


-dx is equal to 


n 


(A) n (B) - (C) 0 (D) -n 


Solution: Let 


7 = 


-dx 


^cos (n-x) 


^COS ( 7 r-x) _j_ ^-cos(;t-a) 


-dx 


dx (By P 4 ) 


Therefore 


'i cosa . -cos A m 

27 = f-- dx = f ldx = n 

I _COSA . -COST I 

J P 4- P •> 


0 


0 


This implies 


7 = — 
2 


(A) A 
n 


(B) t 


(C) — 
v ' 8 


(D)* 

n 


Solution: Let 7 be the given integral. Note that for 
x = k! 2, the integrand is not defined. Put 


n 

t = —x 
2 


Then 


-tt /2 — -t sin( 7 r- 2 f)sin 
- 


|cos |-t]|(-l)rft 


n! 1 


2 K 
nil | * ~ tn + ^ 


2 "\ 


- 2 1 


sin 2 t sin I — sinf 


-nil 

Observe that 


f 

t 2 + — 

V 4, 


2 1 


sin 2 t sin I — sinf 


dt 


21 


is an odd function (see P ).Therefore 


^ tt/2 

7 = — J (-tt) sin 2 f sinf 77 sinf \dt 

-nil 
nil 

= — x 2 /r J sin 2 ^sinf ^-sin t \dt 


o 


nil 

r J 2 sir 


n . 


= n | 2 sin/cosfsin| — sinf \dt 


Put (jri2) sin t=z so that cos t dt= (217t) dz . Therefore 

re! 2 


8 71:12 

= — zsinzdz 
k J 

o 

fr • inII r inll~\ 

[[smzJo -lzcoszj 0 J 


8 fr . -|^/2 

= —| |sinz 
n 


Answer: (B) 
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= -( 1 - 0 ) 
n 

_ 8 
K 


Answer: (D) 


4. If f—= —, then x equals 

7^ 12 

(A) 4 (B) log 2 (C) 2 (D) 21og 2 

Solution: Let 


X 

I 

V2 


dt n 


T 12 


{Sec" 1 ?] 


i * _ n 
V2 “ 12 


■ Sec ^-Sec l -j2= — 
12 


=s> Sec _1 x- —= — 
4 12 


=> Sec L x = — + — = — 
4 12 3 


■ x = sec — = 2 
3 


Answer: (C) 


5. Solution of the equation 


f -A 

J .D 


dt n 


log, 2 


Ve'-l 6 


IS 


(A) 4 (B) 2 (C) log, 2 (D) log, 4 

Solution: Let 

dt 


1 = 


f -A 

J n 


log, 2 


JT- 


i 


: 1 i dt 

4.2 


Put e r -l=z 2 . Then e‘dt = 2zdz. Now 
t = log,2=>z=l 

t = x => z = \Je x -1 

Therefore 


477 477 

1 7T— ^z)dz = 2 J ^ 

{ (z +1 )z •} 


z 2 + l 


= 2(Tan 1 \le x -1 -Tan J l) 


n 


= — (By hypothesis) 

6 


Hence 


e -1 = ^tan-jJ =3 
■ e x =4 or x = log, 4 


Answer: (D) 


6 . The value of the integral 


-l 


x 1 - 3x 5 + 7.r 3 - x 
cos 2 X 


dx 


is 


(A) | (B) 0 (C) ^ (D) 2 

Solution: We know that x 7 -3x 5 + lx 3 -x is an odd 
function and cos 2 x is an even function. Hence the 
integrand is an odd function. Therefore, the value of the 
integral is zero. 

Answer: (B) 


dx 


Xyj 1+lOg, X 


(A) 2 (B) 4 (C) 2V2 (D) 4V2 

Solution: Let 


1 = 


dx 


{ xJl + \og e X 

Put \ogx = t. Therefore x = e‘ so that dx = 7dt. Now 
x = 1 =s> t = 0 


x = e => f = 3 


So 


1 = 


f t e ' dt 

J p l -v/l + t 


6 -\/l + t 

I 

* dt 

■\ J \-\-1 
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(1 + 0 


-( 1 / 2)+1 


-( 1 / 2 )+ 1 

= 2[VIT7 1 

=2(vr+3-i) 

= 2 ( 2 - 1 ) 

= 2 


Answer: (A) 


>•1 


1 + logio x 


dx = 


(A) -log 10 e 
(C) |log 10 e + l 

Solution: We have 
"l+ logio X 


(B) 


1 +logio e 


(D) 21og 10 e 


/ = 


JM 


log g x-logio e 


dx 


= [l°ge xf l + (log 10 e)|[(log, x) 2 ]^ 

= (! - 0) + \logio e [(log, e) 2 - (log, l) 2 ] 


= 1+“ lo §10 e 


Answer: (C) 


So 


2 I = n 


n 

J /(sin x) dx 


nil 

■ 7tx2j /(sinx)rfx [v sin(7r-x) = sinx] 


Hence 


nil 

I = n J /(sin x)dx 
o 


So k = n. 


f xsinx 

10 . - —dx = 

j 1 + COS" X 


f(7T-x)sin(7r-x) 
J 1 + cos 2 {n-x) 

71 

f 7rsmx , 

: -x- dX — 1 

•11 + COS" X 


dx 


Therefore 


Answer: (B) 


o 

(A) — (B) — (C) -^= (D) -^= 

V ' 4 V 2 2 K J 2^2 V ’ 4^2 

Solution: We have 


T f xsinx , 

1 = - +—dx 

1 1 + cos" x 


n nil 

?. If Jx/(sinx)r/x = k J /(sin x)dx. 


the value of k is 


(A) | (B) n (C) | (D) 2n 

Solution: We have 

n 

I = J x/(sin x) dx 
o 

n 

= J (n - x) /(sin(/r -x))dx 
o 

n 

= i rj /(sin x) dx -1 
o 


21 -n\ SmX , dx 

J 


o 


1+COS X 


nil 


= 7TX 2 


sinx 


Hence 


1 + cos" x 


dx [y /(2a- x) = /(x)] 


nil 


0 


1 + COS" X 


f -dt 

n\ - 

J 1+f 

r c/t 

^ - 

1+f 


where t = cosx 
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Worked-Out Problems 


= 7 t(Tan X l-Tan 1 0) 
_ n 2 

“T 


Answer: (A) 


ian* coo 

11. f - t —ydt+ I" 

L i+t L 


dt 


t(l+t z ) 


(A) 2(tane-l) (B) 2tane 

(C) 1 (D) tan e + cote 

Solution: Let 

tanx cot* 

F(x)= f — { —dt+ [ - t - T - 

L i+t 

Then 

\ ( tanx ^2 1 / 2 \ 

F(x) =-r— sec x + --—(-cosec x) 

Vl + tan 2 xy cotx(l+cot~ x) 

= tan x - ( 1 /cot x) 

= 0 

Therefore Fisa constant function. Now 


F\ - 1 = f — dt+ f- 1 — 

4 ) J 1 + t 2 J t(l + t 2 ) 

1/e 

= 

= N* rflle 

= 0-(0-log e e) 

= 1 


dt 


Hence F(x) = 1. 


Answer: (C) 


bill X COS X 

12. J (Sin -1 \ft)dt + J (Cos _ 1 Vf)r/t = 
o o 

(A, , (B) f (C, f (D, ^ 

Solution: Let 

sin 2 x cos 2 x 

F(x) = J (Sin - 1 Vf)r/t+ J (Cos - 1 Vf)df 


Then 


F'(x) = (Sin 1 Vsin 2 x) (2 sin x cos x) 


+ (Cos i xjc os 2 x)(-2sinxcosx) 
= 2 x sin x cos x — 2 x sin x cos x 
= 0 


So F(x) is a constant function. Now 

1/2 1/2 

4 1 ’ 


f( —)= J Sin l yftdt+ J Cos l \ft dt 
o o 

1/2 

J (Sin -1 V7 + Cos~ l yft)dt 


o 

1/2 

“If* 

0 

_ 71 
~4 


Therefore 


F(x) = ^ 


Answer: (C) 


l°g e 5 


13. 


f e-'y/e x -1 
-t- dx = 


e +3 


(A) 3 + 7 T (B) 3-jt (C) 4 + k (D) 4 -n 

Solution: Let 


1 = 


lo % 5 ^ nr - / 

J tA-Afc 


e + 3 


Put e Y -1 = f 2 (v e x > 1 for x > 0). Therefore 


Now 


e Y <fx = 2fr/f 


Z 

MV-r( 2 0* 

j r + 4 

0 

2 o 


0 


t 2 +4 


-iH 


r +4-4 


+ 4 


t/f 


= 2 1 P-? 
0 


+ 4 


dt 


= 4 — — 
2 
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= 4-4 (Tan - 1 1-Tan - 1 0) 
n 


15. If 


= 4 - 4 l--0 
= A-n 


Answer: (D) 


then 


-7T/6 


14. 


dx 


A A 

J e zx ■ e~ z dz = /(x)j* e z 14 dz 


Je'flog e (/(x)) + |jdx 


-nl 3 


, 1 + tan x 


(A) - (B) - (C) — (D) - 

y > 4 y > 6 v ' 12 v 2 

Solution: Let 

—7t/6 


/= 1 

-n! 3 

k /3 

1 


dx 


k /6 

k /3 


k /6 


1 +tan x 
dx 

l + tan 4 (-x) 
dx 

. 1 + tan 4 x 


k /6 
k /3 

: r. 

J . 4 f tt 7t a( n n \ 

V 3 6 J U 6 J 


a l TC TC 

cos — + — X 
3 6 


dx 


nl 3 . 4 

sin x 


I 


k /6 

Therefore 


cos 4 x + sin 4 x 


dx 


4 . 4 

„ r . cos x + sin x , 
2 1=1 ;-5 —dx 


I 

n/6 
nl 3 

/ 


4 ■ 4 

cos x + sin x 


Hence 


= J l dx 

n/6 

_ n n 

" I ~~ i 

_ 77 

~~ 6" 


/=* 

12 


/ A \ X 

(A) — + c 

X 2 e x 

(O — + c 

Solution: Let 


xV 

(E) ^ + c 

xe x 

(D) — + c 


/ = J e zx -e~ r dz 
o 

= Jc-- 2 dz 


xx 2 ( xt 2 

= p^ 2 J 
0 


ff/3 4 

X / xt 2 

f COS X . 

4 . 4 


J cos x + sin x 

J 


Put z - (x/2) = / so that dz = dt. Also 
z = 0 => t = -x /2 
and z = x => t = x /2 

Therefore 


x/2 

/ = e * 2/4 f e - f 2 d/ 

-x/2 
x/2 


= e' ' ( 2 ) J e r dt 

o 

( 2 )] c -“ 2 


„x 2 /4,o\ | „-u 2 /4 [ 1 

u 


0 


= e x 2 / 4 J e -» 2/4 d M 
0 


n 

2 


= e x 2/4 J e -, 2/4 dz 
0 


Therefore 


Answer: (C) 


f(x) = e 


x /4 













Worked-Out Problems 


so that 


II 

^5 

f 2 A 

-1- 


l 4 2 J 


xV 


- + c 


dx 


Answer: (B) 


16. If 


/, = J e u+5)2 dx 


2/3 


and 


I 2 = 3je 9 W 3 » 2 dx 


1/3 


then the value of /, + 1 2 is 
(A) 0 (B) 1 (C) e - 1 

Solution: Given 

I, = \e^dx 


(D) e 


Put t = x + 5 so that 


I 1 =je ,2 dt = -je' 2 


dt 


Again 


2/3 


2/3 


/ 2 = 3 J e 9 [ JC_ ( 2/3 )] 2 = 3 J dx 

1/3 1/3 

Put t = -3x + 2 so that dx = -(l/3)dt. Also 

1 


and 

Therefore 


x = — => t = 1 
3 


x = — => t = 0 
3 


h = 3jV 2 f-f\dt = je t2 dt 
l ^ ' o 


So 


l l 


h + h=~ 


J e l dt + je 1 dt = 0 

o o 


a 


QUICK LOOK 


Generally, if a relation between two integrals is 
being asked, try to transform both the integrals to 
have same limits of integration. 


L t u — t 

17. If I = f— — dt, then f — - dt = 

Jt+1 J t-a-1 

0 a-1 


(A) le a (B) {-I)e a (C) {-I)e~ a (D) le 

Solution: Let 


J = 


t-a-1 


-dt 


a -1 

Put t = x + a- 1 so that 

t = a — 1 => x = 0 

and t = a => x = 1 

Therefore 


J = 


-(*+0-1) 

x-2 


-dx 


l 


A-x 


3 a f— — -dx 

J . 


0 


jc-2 


Again, put z = 1 - x so that 




= -e 


z +1 


-dz 


= -e-“(I ) 
= (-I)e- a 


18. J \x(x-\)\dx - 


-2 


1 = 


Answer: (C) 


(A) H (B ) H (C) H (D) ^ 

Solution: We have 


z, 

J |jc(jc — l)|rfx 

-2 

0 1 2 
J x{x-V) + ^(x-x 2 )dx + j(x 2 -x)dx 


-2 


Answer: (A) 
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=VT -VT + VT-VT Solu,ion: Let 

3 L J -2 2 1 - J -2 2 L Jo 3 L Jo 


1 = 


8 _ 1 1 7 3 

— —\- 2 -\ - 1 - 

3 2 3 3 2 

8 „ 3-2+14-9 
=-+ 2 +- 


=-+ 2+1 

3 

_ 17 
~~ 3 


Answer: (A) 


a +1 


19. The maximum value of I e ^ 11 dx is attained (a is 


real) at 

0-1 

(A) a = 2 

(B) a = 1 

(C) a = -1 

O 

II 

Q 

Q 

Solution: Let 

a+ 1 

F(a) = J d* 


a -1 


Now by Leibnitz Rule (Theorem 5.21), we have 
F\a) = e -( " +1 “ 1)2 - 


So 


= e - 2 _ e -(-2) 2 


F'(fl) = 0 

a 2 (a-2) 2 

> e = e v ' 

> a = 1 


Also 


F"(a) - -2ae~“ 2 +2(a-2)e ~ {a - 2)2 
=> F"(l) = -2e _1 - 2e _1 < 0 
Therefore F is maximum at a = 1. 


Answer: (B) 


n!2 


n!4 


20 . 


J /(sin2 a:) sin* dx = k J /(cos2*)cos* dx where 

0 0 

k equals 

(A) 2 (B) 4 (C) V 2 (D) 2V2 


J /(sin 2*) sin * dx 

0 

nil 

\f 

0 

r/2 

J /(sin 2*) cos *d* 


(5.9) 


0 

tt/2 


sin 2-* 

2 


sin | ^- - * |d* 


(5.10) 


From Eqs. (5.9) and (5.10), we have 

nil 

21 = J /(sin 2*) (sin * + cos *) d.v 


7T/2 . 

V2 J /(sin 2*) sin I * + 


-- Id* 


Now, put 


so that 


and 


n 

t = -x + — 
4 


* = 0 => t = + — 
4 


n n 

x = — =» t - — 
2 4 


and dx = -dt. Therefore 

21 = 42 ] fLin2(^-t]\m(^-t + ^\-dt) 


n/4 

n/4 


4 jj (4 4 

■ 42 I / (cos2f) cost dt 

-jcI 4 
n/4 

■ 242 J /(cos2t)cos/dt 


(v cos* is an even function). Therefore 


/ = 


k/4 

42 J /(cos 2 1) cos 


tdt 


Hence 


k = 42 


Answer: (C) 
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21 


. J* |sin27TJc| 


7r/2 


dx = 


(A) - (B) - (C) - (D) n 

n n k 


Solution: Let 


/ = 


1 

J |sin27rx| 


dx 


Put t = 2nx. Now 

and 

Also 

Therefore 


x = 0=> f = 0 
x = 1 => t = 2 n 


dx = — dt 
2 n 


I = — 
2k 


2 K 

- |sinf|dt 

J 


o 

K 


l K 2 K 

= — sin t dt+ — (-sin t)dt 
2 jtJ 2 k J 

0 n 

= — [-costl* + —[cos/T 71 
2k L J ° 2 K V 

2 k 2k 

1 1 
= —+ — 

K K 

_ 2 

K 


Answer: (B) 


nil 

22. J (sin 4 x + cos 4 x) dx = 


I 1- — sin / 2 x | dx 
2 

n/2 

J 


. 1 (l-cos4x) . , 

1- \dx 

2 2 


Jit 2 

- J (3 + cos4x)tfx 


1 I \k!2 , 1 / • A \nl2 


= 4 ( 3jc )o ' + ^( sin4 - v )o 


1 

4 

3 k 
~8~ 


- + -( 0 - 0 ) 
2 4 v ’ 


Answer: (B) 


Try it out Since sin 4 x + cos 4 x is of period n! 2, 


the value of the integral 


a+n{2 

J (sin 4 x + cos 4 x)£fx 


is also 3/r/8. 


23. If [t] stands for the integral part of f, then 

5tt/12 

J [tanx]rfx = 


(A) | (B) K (C) ^ (D) 2k 


Solution: We have 
3k 

tan — = tan 75° = 2 + -J?> 

12 

and tan 0 = 0 

1,2 and 3 are integers between 0 and 2 + ViL Therefore 


(A) f (B) ^ (C) ^ (D) ^ 

Solution: Let 


I = J (sin 4 x + cos 4 x) dx 
o 

tt/2 

= J (1-2 sin 2 x cos 2 x) dx 


57T/12 Tan -1 2 Tan _1 3 

J [tan x] dx = J [tan x] dx + J [tan x] dx 

0 TarT 1 1 Tan" 1 2 

Tan _1 (2+V3) 

+ J [tan x] dx 

Tan -1 3 

Tan -1 2 Tan^3 Tan^U+A) 

= J 1 dx + J 2 dx + J 3 dx 

TaiT 1 ! Tan _1 2 Tan _1 3 
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■ (Tan” 1 2 Tan' 1 1) + 2 (Tan' 1 3 - Tan' 1 2) 
+ 3 [Tan' 1 (2 + V3) - Tan' 1 3] 

= - j - (Tan' 1 3 + Tan' 1 2) + 3 f 


A-£_ Tan->(T^| + ,r 

4 4 I l1-6 


= 7r-[Tan x (-l) + 7c\ 


n 

■ n+ — n 
4 

n 


24. 


1 

| Vcosx log, 


1 — x 

1+ X 


dx = 


(y 6 > 1) 


Answer: (C) 


(A) A + n-n 2 (B) A-n + n 2 
(C) A-n-n 2 (D) A + ln-n 1 

Solution: Let 

’2x 2 cos 2 (x/2) 


I = I —— V T rfx 

J (1 

o v 

* 2 , 


(l + sinx)~ 


‘x (1 + cosx) 
(1 + sinx) 2 


c/x 


2 n 2 

■ x" , r x cosx , 

-y dx + - tt dx 

(1+sinx) (1 + sinxc) 


, f X cosx , 
= A+ - -dx 

J i 


0 


(1+sinx) 


Therefore 


(A) 0 (B) 1 (C) 1/2 

Solution: Let 


Let 


l 

/ = J Vcosx log e 

-1 


1 — x 
1 + x 


(D) 2 


dx 


/(x) = Vcosx log e 


1 — x 
1+x 


, , r x cos x 

I = A + - j dx 

J (1 + sinx) 


Let 


Take 


h = 


X cosx 


(1 + sinx) 2 


so that 


/(-x) = -y/cos(—x) log, 
= %/cos X -log f 


1 + x 
1 — x 
1 — x 
1 + x 


= -/(*) 

Therefore / is an odd function so that 7=0. 

25. If 


Answer: (A) 


f x 2 


then 


(1 + sinx)*' 


f 2x 2 cos 2 (x/ 2) 
•> (1+sinx) 2 


-dx = A 


dx 


so that 


, cos x , 

dv =- r-flX 

(1 + sinx) 2 

-1 


v = - 


1 + sinx 

Now using integration by parts, we have 

-\n n 


h = 


-1 


1 + sin x 


o 


-J(2x) 


o 


-1 


1 + sin x 


dx 


n 

Ii = n 1 (-1) - 0 + 2 J 


1 + sin x 


dx 


h=~ 


K 2 +l\ 


n — x 


l + sin(7r-x) 


dx 


h=- 


7T 2 +2 f—- -2 f- 

J 1 + sin x J 


1 + sinx J 1 + sinx 

o o 


dx 


(5.11) 


(5.12) 


(5.13) 




































Worked-Out Problems 


Adding Eqs. (5.12) and (5.13) we get 


JL 

2/j = -2n 2 + 2nj 


dx 


1 + sin.r 


So 


/, = -n~ + n 


o 


o 


1 - sin x 
cos 2 x 


dx 


[(tanx)o- (sec*)'] 
= -n A + n [0 - (-1 -1)] 


= -n +n 

.2 


= -n~+2n (5.14) 

Substituting the value of /, [from Eq. (5.14)] =2 n-n 2 
in Eq. (5.11), we get 

.2 


I = A + 2n-n~ 


Answer: (D) 


26. If a and b are real numbers different from zero, 
then 


k!2 

Ji 


2 cos 2 x + b 2 sin 2 x 


dx = 


n 


(A) - (B) n 


Solution: Let 

tcI2 

M 

o 

na 


\ab\ 


(C) J 


dx 


(■»! 


a 2 cos 2 x + b 2 sin 2 x 

2 


|nh|sec“ x 
a 2 + b 2 tan 2 x 


dx 


. 7rl2 


sec 2 x 


\ctb\ 

b 2 J {alb) 2 + tan 2 x 


dx 


dt 


\b\J Q (a/b) 2 +t 2 


where t = tanx 


«L 1 T -if bt^ 

= H x i—r Tan — 
\b\ \a/b\ [_ v a ) 

= Tan^ 1 (oo) - Tan -1 (0) 

_ n 


Answer: (A) 


27. 


29 

I 


^(x-2) 2 

3 + lJ(x-2) 2 


dx = 


3V3 

(A) 4 + — n 
R 

(C) 4 + —n 
v 2 


(B) 2 + ^n 
(D) 8 +dis¬ 


solution: Put (x-2) 2l3 = t. Therefore 


Now 

and 

Therefore 


x = t m +2 

dx = — t yi dt 
2 


x = 3 => t = 1 
a: = 29 => t = 9 


1 = 


2? 

3+\](x-2y 


- dx 


29 

I 

3 

“IsTT (H* 

1 


2 J 3 + f 

l 

Now put t = z 2 so that dt = (2z) dz. Again 
f = 1 => z = 1 
and t = 9 => z = 3 

Therefore 

3 3 

/ = d f —j (2z) dz 
2 J 3 + z 2 

3 

= 3j - dz 


1 


z 2 +3 


'z 4 - 9 + 9 


z 2 +3 


= 31-— „" dz 

2 ~ 9 


= 3 (z - 3) + 


z 2 +3 


= 3 


= 3 


[* 3 t-3hS 

27 


+ - 


dd_ 6 

3 


+- 


| dz 


21 

Tan -1 -+T 

L V3 


n 



V3L3 6 


e 3^3 

= 8 +- n 

2 


Answer: (D) 
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28. 


1A/3 

I 


dx 


(2x 2 +1 )y/x 2 +1 


(A) I 


(C) Tan -1 1/2 

Solution: Let 

/ = 


(B) Tan -1 2 


(D) n 


1A/3 

I 


dx 


(2x 2 + l)\lx 2 +1 


Put t=llx or x = lit so that 


Now 

and 

Therefore 


dx — . dt 

r 


X —> 0 + => t —> + 

X —^ t —^ yj2> 

V3 


V3 3 / i 

/= f- f- r =[-K\dt 

i (2 + r)Vl+t v f 




r df 


^(2+t 2 )\fl + ? 

Now, put 1 + 1 2 = z 2 , so that t dt= z dz. Again 
t = V3 => z = 2 

and /-> + oo=>£—> + oo 

Hence 

dz 


1 = 


te <z) 

[Tan-^J 


= —-Tan _1 2 


= Cot^ 1 2 + Tan -1 2 - Tan' 1 2 


= Cot" 1 2 = Tan^ 1 - 
2 


(A) (C)y (D)^ 


Solution: Let 


ntl 


/ = 


0 

;r/2 


6 + sin 2 . 


- dx 


6 sec x 


o 

;r/2 


6sec 2 x + tan“x 


- dx 


o 

0 


6 sec x 
7 tan 2 x + 6 


dx 


dt 


It 2 +6 


where t = tan x 


_ 6 17 n _n \6 

~7 X \6 X J~J\7 


Answer: (A) 


50. j 


dx 


x + 


V 73 


(A) - (B) - 

v 2 2 4 

Solution: We have 


(C) a- 


(°>f 


/ = 


dx 


o 


/~~2 2 " 

da -x 


x + 


Put x = a sin 9 so that dx = a cos 9 d9. Therefore 

at2 


'-J 

0 

7u!2 


1 


J- 


asin0 + flcos0 

COS 0 


(« cos 0) d9 


sin 6 + cos 6 


dO = — 


Answer: (B) 

e 

31. If /„=J(log e x) n dx (n is a positive integer), then 



Answer: (C) 

^2012 + (2012)/ 2 oh — 


7Ull 

29 f dx 

J 1 + (1/6) sin 2 x 


(A) ^2011 + (2010)/ 20 io 
(C) / 2011 + (2011)/ 2009 

(B) I. 

(D) / 
























Worked-Out Problems 


Solution: We have 


i n =\ 0°g, x ) n 
1 


Using integration by parts we get 

e 

4 = [*(log e X) n ]* - J x(n log" 1 x) ■ - dx 
1 

e 

tj (log e x)" _1 dx 


= e — n\ 


= e-nl n _ l 


Therefore 


I„ + n = e 


Hence 


4oi2 + (2012 )/ 2 oh — e 

= 4oi3 + (2013)/ 2012 


Answer: (B) 


x 

32. J (1 —jc 2 ) 3/2 


dx = 


(A) — (B) — (C) — (D) — 
v ’ 4 v ' 8 v ’ 16 v ' 32 


Solution: Put x = sin ft Then 

ml2 


1 ;r/2 

J(1 -x 2 ) 3/2 dd = J (cos 3 0)(cos0) 


dO 


0 0 
7T/2 

-J 


1 + cos 26 


ttH 


1 + 2 cos 20 + cos“ 26 


d6 


d6 


nil nil nil 

- f d0+- f cos2 0d0+- f +COS40 dO 
4 J 2 J 4 J 2 

0 0 0 


m/2 


= — f + — [ sin 26 l(f 2 + — x — [sin 40l(f 2 
8 J 4 l Jo 8 4 l Jo 


= — (— 1 + — Isin n - sin Ol + — i sin 2n - sin Ol 
81 2 J 4 L J 32 1 J 

= 2£ + 0+ o = 2£ 

16 16 


xr +1 


33. If 


f(x)= J e 1 dt, then/(x)i 


(A) (-2,2) 

(C) (0, °o) 

Solution: We have 


increases in 


(B) no value of x 
(D) (—,0) 


/'(*) = e^ xl +1)2 (2x) - e~ x “ (2x) 

= 2xe~^ +1)2 [1 - e 2x2 +1 ] 

Weknowthat l<e 2 ' +1 for all realx.Therefore f\x)> 0 
if x < 0. So/increases in (-<», 0). 

Answer: (D) 

34. If/(x) is differentiable and 


l 

J xf(x)d. 


’x = -t 5 


then/(4/25) = 


(A) | (B) -| (C) 1 (D) | 

Solution: Differentiating the given equation both sides 
with respect to t we have 


t z f(t z )(2t) = 2t^f{t z ) = t 
Put t = 2/5 so that 

f {—| = _ 

J { 25 J 5 

Note: One may get the doubt why cannot we have t = -2/5. 
You should not take t = -2/5 as t > 0. 

Answer: (A) 

35. Let / be a positive valued function. Let 


h= J xf[x(l-x)\ 


— x)l dx 


l-k 


and 


h = 


K 

J f[x(l-x)]dx 


1 -k 


then I\!1 2 is 


(A) 2 (B) k (C) - 


(D) 1 


Answer: (C) 
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Solution: We have 


h = 


K 

J (k + l-k-x)f[(k + l-k-x)(l-k-l + k + x)] dx 

-k 

kb b > 

J f(x) dx = J f(a + b-x)dx 


= J (1- x)f((l - x)x) dx 
l-k 

= h~h 


Therefore 


Hence 


2/i = h 


4=1 

h 2 


Answer: (C) 


36. If 


A X 

J f{t)dt = x + J/ f(t) dt 


then/(l) is 

(A) | (B) 0 (C) 1 


(°) 


Solution: Differentiating the given equation w.r.t. x, 
we have 


Therefore 


or 


f(x) = l + 0-xf(x) 


f (*)(!+*) = 1 

m-\ 


Answer: (A) 


37. j 


1-x 
1 + x 


dx = 


(A) | + 1 

(C) -1 


Solution: We have 


(B) f-1 

(D) 1 


!&=1 


1-x 


o 


dx 


c dx r x 
Ul-X 2 ] sll-x 2 


dx 


= ^Sin ^ J + \l 1-x 

= (Sin -1 1 - Sin -1 0) + (VDH - Vl^O) 

= —-i 
2 

Note: The above integral can also be evaluated by using 
the substitution x = cos 6. 

Answer: (B) 

38. Let f(x) = x - [jc], where [jc] is the integral part of x. 
Then 


j /O) dx = 

(C) 0 


(A) 1 (B) 2 

Solution: We have 


i u i 

J f(x) dx = J f(x) dx + J f(x) dx 

-1 -l o 

0 1 

= J ( x — [■*]) dx+j (x — [x]) dx 

-l o 

0 1 

= J (x +1) dx + Jx dx 

-1 0 

1 0 

= J x dx + J dx 


( °) \ 


-l -l 

= 0 + (0 + 1 ) = 1 


Answer: (A) 


39. If 


i 

I(m, n) = J t m (1 + 1 )" dt 


then the expression for I(m, n) in terms of I(m + 1, 
n -1) is 

(A) -- I(m + l,n-l) 

m + 1 m +1 


o 
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(B) - I {m + 1, n-1) 

m +1 

(C) — + ^—I{m + l,n-l) 
m + 1 m + 1 

(D) I {m +1, n - 1) 
n +1 


Solution: Take w = (l + 0" an dv-t m dt. Hence, using 
integration by parts we have 


Now 


I (m, n ) = 


+m +1 


nl 1 


(i+0" 


m + 1 
2 " n 


i t m+l 

[2- n(l + 0" -1 


771 + 1 777 + 1 


777 + 1 

0 0 
I (777 + 1, 77 — 1) 


dt 


Answer: (A) 


. f sin nx , 
7„=J—- dx 


0 


sinx 


In +2 ^ n 


■ sin (/7 + 2)x - sin ttx 


dx 


40. If 


Therefore 


smi 


2 cos (77 + l)xsinx 


dx 


sinr 


= 2 


Ji 

J COS(77 + 1) 


77 + 1 

= 0 


x dx 


2 [sin(77 + 1 )x]q 


sin nx 


u J (l + ;r*)sinx 

-71 

then 

(A) /„=I„ + 2 

10 

(C) =( 10 )^ 

m=l 

Solution: We have 


dx, 77 = 0 , 1 , 2 ,... 


10 


(B) £/ 2m+1 = (20);r 

m=l 

(D) = 


/„ = 


/L 

I 


sin 77 {n - k - x) 

(1 + n n ~ n ~ x ) sin( 2 r - n - x) 

b \ 


-7T 

( b 


v J /(x) dx = J f(a + b - x) dx 


V a 

71 


1 


suitix , f k sin nx 

-—- dx = - dx 

(1 + n A )sinx J (7r A +l)sinx 


Therefore 


Ai +2 - In 


41. The value of 


r cos - .1 
J 1 + a x 


dx, a > 0 is 


n 


(A) n (B) an (C) - 


Solution: We have 

7T 

J 


cos 2 X 
/ = -dx 


l + n A 


7T 2/ \ 

COS” (—2T + 2T — x) 


Answer: (A) 


(D) 2;r 


1 


1 + n 


cos 2 X 


dx v J /(x) dx = J f{a + b — x) dx 


1 + a 


a x cos 2 x 
a x +1 


dx 


27.= r£±f 3 !iniE* 

J (l + n 


Therefore 


{1 + n x )sm.x 
n 

f sin nx , 

- dx 

J sin* 


fsinrcx 

= 2 - ax 

J sinx 


This is because sin nx! sin x is an even function. Hence 


2J = f ^ + pco^ 


f \ a + - 

J 0* 

-K 

71 

= J cos 2 x 

-71 

7t 

= 2 J cos 2 x 
0 


+ 1 
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k r i° 

f = -| x | 

= (l + cos2x) dx 
o 

= 7i + h i sm2x§ 

= 7T + 0 2 

= n Answer: (A) 



Therefore 

I— — 

2 

Answer: (C) 

X _ 

42. Let /(x) = J* V 2 — r 2 . Then the real roots of the 

1 

equation x 2 - f'{x) = 0 are 

(A) ±1 (B) 

(C) ±| (D) 0 and 1 

Solution: We have 

x 2 -f\x) = 0 
=> x~ — \l2-x~ = 0 
=> x 4 = 2 — x~ 

=s> x 4 + x 2 - 2 = 0 
=s> (x 2 - l)(x 2 + 2) = 0 
=> x 2 = 1 or x = +1 

Answer: (A) 

43. If [x] represents integral part of x, then the value of 
the integral 


44. If f(x) = J cos 4 1 dt, then /(x + n) equals 
0 

(A) /(x) +f{n) (B) /(x) 

(C) f{x)f(n) (D) 

Solution: We have 

X+7T 

f(x + k) — J cos 4 1 dt 
0 

71 X+7T 

= j cos 4 1 dt + J cos 4 1 dt 

0 71 

X+7T 

= f (tt) + J cos 4 1 dt (5.15) 

71 

Let 

X+7T 

I = J cos 4 1 dt 

71 

Put y = t - n so that dy = dt. Now 

t ~7T => y = 0 

and t = x + 7t^>y = x 

Therefore 



is 

(A) y (B) 0 

(C) 1 (D) -2log, 2 

Solution: One can notice that log,[(l + x)/(l-x)] is 
an odd function. Therefore the given integral is 

1/2 0 1/2 

J [x] dx = J (-1) dx + J 0 dx 

- 1/2 - 1/2 0 


X 

I = j*cos 4 (y + /r) dy 

0 

* 

= J cos 4 y dy 

0 

* 

= J cos 4 1 dt 
0 

= /(*) 

Substituting the value of 7 = /(x) in Eq. (5.15), we have 
f{x +n)=f{n) +/(x) 

Answer: (A) 
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45. Let a, b, c be non-zero real numbers such that 

1 2 

J (1 + cos 8 x) (ax 2 + bx + c) dx = J (1 + cos 8 x) 
o o 

x (ax 2 +bx + c ) dx 

Then the quadratic equation ax 2 +bx + c = 0 has 

(A) no root in (0,2) 

(B) at least one root in (0,2) 

(C) a double root in (0,2) 

(D) two imaginary roots 
Solution: By hypothesis 

2 

J (1 + cos 8 x) (ax 2 +bx + c) dx = 0 

t 

Define 


(a 2 - b 2 )f(x ) = n| — — 5 ] — Z?(jc — 5) 


Therefore 


So 

2 


a -b 


J / (x) dx = ~y~ — f J f—- bx + 5 (b - a) j dx 


a\ -5 | — fe (jc — 5) 


l 


a 2 -b 2 J V* 
l 


2 i 2 

a -b 


2 

a -b 


a \og e 2 - —(4 -1) + 5 (b — a ){2 -1) 


a \og e 2-^- + 5 (b — a) 


2 T 2 

a -b 


a( l°g e 2 —5) + y 


X 

f(x) = J(1 + cos 8 t)(at 2 +bt + c ) dt 


Therefore a=5,j3=l. 


Answer: (D) 


so that / is continuous on [1, 2] and differentiable in 
(1, 2) and /(1) = 0 = /(2). Therefore, by Rolle’s theorem 
f'(x) = 0 for at least one value of x in (1,2). Thus 

(1 + cos 8 x)(ax 2 + bx + c) = 0 

for at least one x e (1,2). So ax 2 +bx + c = 0 has at least 
one root in (1,2). 

Answer: (B) 


47. For n > 0, 


In 

h 


resin 2 " x 


2n 2 n 

sin x + cos a: 


dx = 


(A)T (B, T (C) + (D)^ 

Solution: Let 


46. If a ^ b and 


af(x) + bf(-] = --5 
\x J x 


for all x ^ 0, then 

2 

[/(*) dx = - 

J a 


■ 2 ~b 2 


a( log2-a) + /3| - 


where jB- a is equal to 
(A) 12 (B) 5 (C) 7 

Solution: We have 


(D) 2 


Replacing x with 1/x we get 

bf(x) + af[^~ j = x-5 
From Eqs. (5.16) and (5.17), we obtain 


(5.17) 


2 n 


/ = 


xsin 2 " x 


o 

2n 


2 n 2 w 

sin x + cos x 


1- 

SI 


(2rr-x)sin 2 "x 


2w 2 tz 

sin" x + cos x 


r/x 


r/x 


Therefore 

2/r 

21 = 2n f — 
J si 


sin 2 " x 


o 


2w 2/i 

sin x + cos" x 


dx 


ft . 2/2 

= 4/r J • 2 » Sm A ' dx [v/(2«-x) = /(x)] 
* sin x + cos x 


j-l=--5 

(5.16) 

nil 

o f 

V xy x 


= 8 ^J 


• 2/2 

sin x 


0 


• 2/2 2/2 

sin x + cos" x 


dx [: f(2a-x) = f(x)] 


= 8# | ^ | = 2;r 2 


So / = 2T". 


Answer: (C) 
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48. 


V 5 —X + y[x 


dx = 


(A) 2 (B) | (C) 3 (D) | 

Solution: It is known that 


/W dx= b-a 


J a f(x) + f{a + b-x) 2 

Taking f(x) = Vx , a = 2 and b = 3 in this equation we 
get 

3 I — 

f ,3-2 1 


dx = 


y/5-x + Vx 2 2 


Answer: (B) 


2 a 


49. I-&>- dx = 

{ f(x) + f(2a-x) 


(A) 2a (B) a (C) - (D) 1 

Solution: Since 


/w 


{ fix) + f(a + b-x) 2 

Now in the present case a = 0 and b =2a. Therefore the 
given integral is 

2a -0 


Answer: (B) 


50. Let 


F(x) = f(x) + f\ - 


where 




dt 


Solution: We have 


Vx 


™-JlS* + J l08 ' 


1 + t 


dt 


By Leibnitz Rule, 


F’( x )~ lo g* ! log(^)T 1 


1 + X 1 + (1/jc) V X 

logX logX 


1 + x x(l + x) 
logx 


Therefore 


F W = | 


log X 


dx 


= |(log x) 2 +c 

But F(l) = 0 => c = 0. Therefore 

= log*) 2 

=^> = 1 

Note: The solution to Problem 50 is quite different from 
the routine types of solutions. 

Answer: (C) 

51. Let 


f(x) = 


l + e x 

m 


h = 


xg(x(l—x))dx 

/(-«) 

m 

h= [ g(x(l-x))dx 
f(-a) 

then I 2 Hi is 

(A) 1 (B) -3 (C) -1 (D) 2 

Solution: We have 


Then F(e) is equal to 

(A) 1 (B) 2 (C) ] - (D) 0 


/(«) + /(-«)=--+ + 


1 + e l + e~ 

e a 1 
- + - 


1+ e a l + e“ 
= 1 




























Worked-Out Problems 


Therefore 


m 


h= f (l-x)g((l-x)x)dx 

(-a) 

'(a) 

J g{x(l — x))dx- 


/(-«) 

m 




/(-«) 

= h~h 


So 


2/i - / 2 => - 2 


Answer: (D) 


52. 


Vx 


y/9 — X + yfx 


dx = 


(A) l (B, | 


Solution: We have 


/(*) 


f(x) + f(a + b-x) 


(C) 2 


dx = 


(D) 1 


b — t 


Here /(x) = Vx, a = 3, b = 6. Therefore, the given inte¬ 
gral is 

6-3 3 

2 ” 2 

Answer: (B) 

3 

53. J|l-x 2 | dx = 

-2 


(A) | (B) f 

Solution: Let 


(C,| 


28 

(°) y 


j 

I = J |l — x z \ dx 
-2 

-1 1 


J (x 2 -1) dx + J (1-x 2 ) dx + J(x 2 - 1) dx 


-l 


l 


7 , , 2 26 . 

3 3 3 

= -(7-3 + 6-2 + 26-6) 

= f (39-11) 

_ 28 
“T 


Answer: (D) 


54. Let 


/= dx 
0 


1 


T (cosx , 

J = I - J=r- dx 

dx 
o 


and / = J- 

o 

Then which of the following is true? 

2 2 

(A) />- and/>2 (B)/<-and/<2 

2 2 

(C)/<-and/>2 (D)/>-and/<2 

Solution: We know that 


Therefore 


_ . sinx . 

0 < x < 1 =>-< 1 (See Theorem 1.27) 


sinx x i— 

—j^<—j==dX 

Vx Vx 


Integrating we get 

l 


j S ^dx< jV^Vx = | 
0 v 0 


So/ <2/3. Also 


sinx 


. . Oil! A, . _ 

0 < x < l=s> cosx <-<1 (SeeTheorem 1.27) 

cosx 1 
< 


Vx Vx 


Therefore 


-2 

= ^M_2 - W-2 + W-t + f Mi - Mi 

-1(-1 + 8) - (-1 + 2) + (1 +1) -1(1 +1) +1(27 -1) - (3-1) 


1 

_ fcosx , 

J = — 1 =- ax 
J >Jx 
0 


1 

■I 


1 


< I —j= dx 
dx 
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= 2\x ml \ 

- 1 [>T‘ 

1 i> +2 T 


L Jo 

77 + 1 L -*0 

/7 + 2 L J( 


= 2 

1 1 


So 


77 + 1 77 + 2 




and J < 2 


Answer: (B) 


55. Suppose [x] denotes the integral part of x. Then the 
value of 

a 

J \. x \f\ x )dx, a > 1 

is 1 

(A) a f(a)-{f(l) + f(2) + ■■■ + /([«])} 

(B) [a] /(a)-{/(l) + /(2) + - + /([«])} 

(C) [a]/([a])-{/(l) + /(2) + .•• + /(«)} 

(D) a/([«])-{/(l) + /(2) + - + /(«)} 

Solution: Let 

a 

7 = J [x]/'(x) dx 

t 

Then 

2 3 a 

7 = Jl f\x) dx + J 2 f\x)dx + —t J [a]/'(x)c/x 

1 2 [a] 

= [/(2) - /(!)] + 2 [/(3) - /(2)] + ■•• + [«] [/(«) - / ([«])] 

= [«] /(«) - 1 /( 1 ) + /( 2 ) + ■ • • + /([«])} 

Answer: (B) 


56. 


Jjc(1-jc) m 


-x) n dx = 


(A) —+ 1 


(C) 


n +1 ;; + 2 

1 


77 + 2 


Solution: We have 


7 = 


(B) 

(D) 


1 


77 + 1 

1 1 


77 + 1 77 +2 


1 

Jx(l-x)" dx 
0 

1 7 a a 

J(1 - x) x" fix v J f(x) dx = J f(a - x) dx 


V 0 


\x n dx-\ 


- I x" +1 dx 


Answer: (D) 

57. Let /(x) be a function satisfying f'(x) = /(x) 
with /(0) = 1 and g(x) be a function which satisfies 
/(x) + g(x) = x 2 . Then 


I 

J f( x ) g( x ) dx = 


7A3 e 5 

(A) e + y + - 

(C) e + — ~ — 
2 2 


(B) e- — -- 
2 2 

(D) e-*-l 
2 2 


Solution: We have 


/'(*) = /(*) 

=>/(*) = e A +c 

Now 

/(0) = l=>c = 0 

Therefore 

f( x ) = e x 

So 

g(x) = x 2 -e x [v/(x) + g(x) = x 2 ] 


Hence 

t 


J /(x) g(x) dx = J e* (x 2 — e A ) dx 
0 0 
1 1 

1 


= x e x dx - e dx 


0 0 

-[x 2 e x -2xe x +2e x f o --[e 2x ] 1 o 


= (e-2e + 2e)-2-^(e 2 -l) 
6 2 2 


Answer: (D) 


58. j 


2x(l + sinx) 
1 + cos 2 x 


dx = 


n 


(A) A- (B) ;r 2 


(C) 0 


(°) § 
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Worked-Out Problems 


Solution: We have 

2x(l + sinx) 


7 = 


1 + COS X 


dx 


2x , f 2xsinx , 
dx + -^— dx 


1 + cos 2 X J 1 + cos 2 X 


Now 


2x 


1 + cos 2 x 


is an odd function. This implies 
f 2x 


1 + COS X 


Jx = 0 


Now 


T f 2xsinx , 

l = -~— dx 

j 1 + COS X 


. f xsmx , I xsinx 
= 4 -^— dx | ^— is even 

o 


1 + cos 2 X v 1 + cos 2 X 


= 4 Hx-xWx-x) ^ 
* 1 + cos 2 (n - x) 


. f sinx , j 
= 47TJ --— dx -1 


0 


1 + COS X 


So 


„ T J f sinx 
27 = 4n\ -j— dx 

j 1+COS X 

tt/2 

= 8 n f sm * dx 

j l + cos"x 
0 


1 


= 8;r 


dt 

IT? 


= 8^[^Tan 1 ij where f = cosx 

= Kf) 


= 2 n L 


This implies 


59. If 


l-n 


7Cl4 

= J tan" x dx 
o 


then lim n(I n + I n+2 ) equals 


(A) - (B) 1 (C) +oo (D) 0 

Solution: Let 


7„ = J tan" x dx 
o 

tt /4 

= J tan" -2 x (sec 2 x-1) dx 


o 

tt/4 

= J tan" _2 xsec 2 xdx-1, 


n-2 


l 


-\k! 4 


[t an ” -'n-2 


Therefore 


n — 1 L J o 

^T-4-2 

n — 1 


In -2 




ra — 1 


Replacing n with n + 2. we have 


In + In+ 2 ~ 


1 


/? + 1 


Therefore 


^ (-T In+2) 


n 1 


So 


60 


n +1 1 + (1/n) 

lim n (/„+/„ +2 ) = l 

Answer: (B) 

b 

If /(a + 6 — x) =/(x), then Jx /(x) Jx = 

a 
b 

(A) J/(a + h + x) Jx (B) jf(b-x) 

a 

b 

(C) J/(x) Jx 


a + b 

T 

b-a 


(D) —^J/(x) Jx 


Answer: (B) Solution: Let 


7 = 


u 

jxf(x) 


dx 


I. 
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U 

= J (a + b — x) f(a + b - x) dx 

a 

b 

= J (a + b - x) f(x) dx [••• f(a + b - x) = f(x)] 


Therefore 


21 = 


This implies 


V u 

J(a + b) f(x) dx = (a + b)j f(x) dx 


1 = 1 ^ dx 


Answer: (C) 

61. Let /:R—be a continuous function satisfying 


X 

f{x) = x + jf(t) dt 


for all xeR.Then, the number of elements in the 
set S = [x e R | f(x) = 0} is 

(A) 1 (B) 2 (c) 3 (D) 4 

Solution: Using Leibnitz Rule, we get 

/'(*) = ! + /(*) 

If y =f(x), then we have the differential equation 

which is a linear equation. The solution of the differential 
equation is 

ye~ x = Jl e~ x dx + c = — e~ x +c 


This implies 


or 


y = -1 + c e x 
f(x) = -1 + ce x 


Substituting the value of f(x) in the given equation, we 
have 

-1 + ce x = x + I (-1 + ce‘) dt 


J(-1 + ce') i 


= * + [-x + c(e x -1)] 
= ce x -c 


This implies c = 1. So 


m = e x -1 

and f(x) = 0 <=> x = 0 

Hence S has only one element. 

62. For each positive integer n, define 

(x n (l-x) n 

for 0 < x < 1. Let 

l 

In=\fn(*)dx 


Answer: (A) 


for n > 1. Then the value of V I N is 



n= 1 

(A) 2\[e -3 


(B) 2>/e -2 

(C) 2\[e-l 


(D) 2Ve 

Solution: Let 

x n 

for 0 < x < — 

fn( x ) = - 

n\ 

(X-x) n 

n\ 

2 

for — < x < 1 
2 

Therefore 



V2 n 

In ~ \~n\ dx + 

f (1 ~x) n 
J n! 

dx 


1 (1 


1/2 

n +1 


= 2 


(n +1)! V 2 
( F 2)" +1 


0 -- 


1 (\ 


(n + l)!U 


n +1 


(n + l)! 


Hence 

X 7 »= 2 


n =1 


m 2 + (v2i + (y2i + ... +ca 


2! 3! 


4! 


= 2 


= 2 


(1/2) (F2) 2 (F2) 3 

1 + --^ + ^- — + ~ -^ + -.. + CXD 


V 


e V2 -~ 

2 


1! 2! 3! 

= 2 %/e - 3 


- 1 -- 

2 


Answer: (A) 
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Worked-Out Problems 


63. Let f{x) = x 3 + ax 2 + bx + c, where a, b, c are real 
numbers. If /(x) has a local minimum at x = 1 and a 
local maximum at x = -1/3 and /(2) = 0, then 


( dx 

[~Sin _1 —1 

* V 4 -x 2 

L 2 J 


j/w 


= Sin 1 


1 


dx 


71 

6~ 


14 14 7 

(A) y (B) -y (C) - 

Solution: We have 

/(2) = 0 => 4n + 2b + c = -8 
/'(l) = 0 => 2a + b = -3 

/'[y ] = 0=>-2fl + 3h = -l 


(D) 


Answer: (D) 


65. If [r] denotes the integral part of t, then 


(5.18) 

(5.19) 

(5.20) 


i 

J cos(;rx) cos([2 x\7r)dx = 


Solving Eqs. (5.18)-(5.20), we have a = —1, b = —1, and 
c = -2. Therefore 


Now 


/(x) = x 3 -x 2 -x-2 


J f{x)dx = J x 3 dx - J x 2 dx - J xdx — 2 J dx 

-l -l -l -l -l 


= 0--(l-0)-0-2(l + l) 

= - 2 -4 
3 

_14 


(A) 1 (B) -1 

Solution: We have 

[2x\ = 


(c) -- 

n 


(D) - 
n 


0 f or 0 < x < — 
2 

1 for — < x < 1 
2 


Therefore 

1 1/2 1 

J cos(/rx) cos (\2x\tt) dx = J cos(;rx) dx + J cos(;rx)(-l )d. 
0 0 1/2 

= -[sin(;rx)]f - -[sin(;rx)]j /2 


Answer: (B) 


64. lim 


1 


1 


1 


V4/z 2 -l 2 \l4n 2 -2 2 7n 2 -3 2 

1 


+ ■•• + 


V4n 2 - n 2 


= ---(o-i) 

n n 
_ 2 _ 
n 


i/VlCos- 1 ! 2X , ] + Tan-'f 2x 


Answer: (D) 


(A) \ (B) 5 


(C) f 


(D) f 


Solution: We have 

T r = rth term = 

Put n = llh so that 

T = 


66. f - 

—1A/3 

(A) 


l + x“ 


1 — x~ 


n 


(B) 


e x +1 


n 


dx = 


(C) 


n 


2 y ' 4 v / 4^3 ^ 2>/3 

Solution: Let I be the given integral. Then 


n 


V 4/7 1 -1 


h 


1 A /3 

7 = J 

-Vji 


[(;r/2)-2Tan 1 x] + 2Tan 3 x 


e x +1 


r/x 


47T 2 


vS 

n f t/x 


where x = rh. Since the sum contains n terms, the required 
limit is 


2 J r e x +l 
-1A/3 
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dx 


So 


1A/3 

- f - 

2 J „{vS)-(yS)-x , 
-VS 

1/V3 

;r r dx 

2 J r e~ x +1 

-1A/3 

1A/3 

^ f e , 

ax 


dx 


2 J l + e x 

—1A/3 


1A/3 

21— — f ldx 

2 V 

-1A/3 

_ 1 1 ^ 2T 

~~ 2 IV3 + V3 J _ V3 


Hence 


Answer: (C) 

68 . The function 

X 

F(x)= f (4sinf + 3cos/) dt 

ir/6 

attains least value on [;r/4,3 tt/ 4] at x equals 
(A) f (B) | (C) ^ (D) ^ 

Solution: We have 


F\x) = 4sinx + 3cosx = 5sin| x + Tan ^ 


Now 


1 = 


n 

2^3 


1/2 

67. f e Y | Sin _1 x- 


(1-^) 


(A, *(f-£| + l 


2\3/2 


Answer: (D) 


dx = 


(B) ^(H |+i 


(C) 4~e 


f n 2 . 

6 V3 1 


(D ) *|£ + £ 


+ 1 


Solution: Let 

IQ . 

/ = J e x l Sin^x - 


0 

1/2 


(1 -x 2 f 2 ) 


dx 


= J e x \ Sin J x + 


0 

1/2 


a-x 2 ) 


3/2 


dx 


V2 


=J e x \ Sin~ 1 x+ , 1 \dx- f e x \ , 1 +- * 


0 




0 


.VhV (i-* 2 ) 


3/2 


<ix 


]/2 

10 


: ^e Y Sin 'xj 


-|l/2 


_V l—x' 

Ve 1 
6 [Vl-(l/4) 

2Tx/e 2\[e . 

-7^ + 1 

6 V3 


— < x < — 

4 4 

» — + Tan -1 — < x + Tan -1 — < — + Tan -1 — 
4 4 4 4 4 

n _i 3 

— < x + Tan — <;r 
2 4 


Hence 


F'( x ) = 5sin^x + Tan x ^j>0 

So Fis increasing in [kIA, 3^/4] and F is least at x = n!\. 

Answer: (D) 

n xsin2xsinl — cosx 1 
69. J--— 2<1 - ldx = 


0 


2x — K 


(A )4 (B)4 ( c ) — 

n n k 


<D)i 

n 


Solution: Let 


;rxsin2xsin —cosx 

'-J- U 


2T 


0 


2x — n 


dx 


Put x = (tt/2) + t so that c/x = dt. Therefore 

*/2 I — + t |sin(;r + 2/)sin 
/= j 

-id2 


( TC 

' n ^ 

— COS 

- 1 - M 

u 

2 )) 


21 


it !2 (-sin2f)sinl-ysinf 


tfH 


-nil 


21 


dt+— f sin2fsinf —sinf 

2 J U 

-tea 
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7u!2 


= — (0) + — x2j sin2fsinj — sinf \dt 


ic/2 


I si, 


= 2 | sin?cos?sin| ysinf 


^ . 


Now, put (n/2) sin t = z, so that cos tdt= (2tn)dz. 
Therefore 


Ktl 


I = 2 [ —(sin z)y~\ — \dz 
J 7i l n I 


8 ^ 

= zsinzdz 

* l 

= —y [z(— cos z) + sin z]^ /2 
/T 

=4(° +i -°) 

n 

_ 8 _ 

n 2 


Answer: (B) 


sfx 


70. If f(x) = J sin (t 2 )dt then /'(1) 


is 


to 


(A) — (B) sinl (C) —sinl (D) —sinl 


Solution: We have 


/'(x) = [sin(Vx) 2 ] 


f 1 b 


r _sm 

\2dx J 



(by Leibnitz Rule,Theorem 5.21). Therefore 


71. 


/'(!) = ^-sinl +sinl = ^sinl 


dx 


Answer: (D) 


(5 + 2x - 2x z )(1 + e 2 ~ 4x ) 


(A) vn log£ 


Vll + 2 

~w~ 


1 r vio+2 a 

( C ) ^77T l0 g 


yfl0 

Solution: Let 


v Vii 7 


1 rvn+i A 

( } vtt oge [ m , 

1 , (VTo + i^ 

( } vto M vn 


dx 


[5 + 2(l-x)-2(l-x z )](l + e 

' dx 

{5 + 2x-2x 2 ){\ + e~ (2 ~ Ax) ) 

e 2 ~ Ax 

(5 + 2x - 2x 2 )(e 2 ~ 4x +1 ) <iX 


2-4(1-jr) 


(By P 5 ) 


Therefore 


21 = 


1 + e 


2-4x 


J 0 (5 + 2x-2x z )(l+e 2 ~ 4x ) 


-dx 


dx 


0 


5 + 2x-2x~ 


This implies 


/A, 


dx 


4J ) (5/2) + x-x z 


dx 


4 q ~[x - (h / 2)] 2 + (5/2) + (1/4) 


dx 


4 q (11/4) -[x- (1/2)] 2 


1 

= — x 


4 2VH/2 


1 


4VH 

1 


log. 


log, 

vn 


vn 1 

- \- x — 

2 2 


VTI 1 

-X H- 

2 2 


+ 1 — 
2 2 


4 V 11 

1 

4Vn 

1 


log. 


2 2 


vn+i 


-log. 


vn 1 

2 2 


log, 


log 


VTT-i 

(Vn+i) 2 " 

(VTI-i ) 2 

vn+i 


-log. 


VTT 1 

-1- 

2 2 


Vn-i 

v s/ll + ly 


2 V 11 V 1 T -1 


1 


2 V 1 T 


log, 


(VII+i) 2 ' 


= Vu l08 ‘ 


11-1 

VTT+i 
VTo 


V “ * 

\ 


1 = 


dx 


(5 + 2x-2x z )(l+e 2 4a ) 


Answer: (B) 
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72. Let 


/(*) = 


J{5+| l-y \}dy if x > 2 
if x < 2 


o 

5x +1 


Then 


(A) /(x) is continuous but not differentiable at x = 2. 

(B) /(x) is not continuous at x = 2. 

(C) f (x) is differentiable everywhere. 

(D) The right derivative of/(x) at x = 2 does not exist. 

Solution: Forx>2, 

x lx 

J(5+|l-y|)fZy = J(5 + l-y)r/y + J(5 + y-l)f/y 


Therefore 


/(-*) = 


0 1 
1 x 

= j(6-y)dy+j(4 + y)dy 
o 1 

= 6 _i + 4 ( . r _l ) + i (x 2_ 1) 

1 2 A I 

— — x + Ax +1 

2 


5x +1 for x <2 

(l/2)x 2 + 4x + l for x > 2 


Now 


and 


lim f(x) = 5(2) +1 = 11 

a:—>2—0 


lim f(x) = — + 8 + 1 = 11 
x->2+o jk 2 


So / is continuous at x = 2. Again 

Lf\ 2) = 5 and Rf\ 2) = 2 + 4 = 6 
Therefore f is not differentiable at x = 2. 

Answer: (A) 


j 

73. f 


x " -4\dx = 


55 55 71 71 

(A)- (B)- (C)- (D) — 

6 3 3 6 

Solution: We have x 2 - 4 > 0 if either x < -2 or x > 2. 
Also 


x-4<0<=>-2<x<2 


Therefore 

3 


J \x 1 -4| dx= J (x 2 -4 )dx+ J (4-x 2 )dx + J(x 2 -4 )dx 


"3 

-2 

„3" 

2 

‘3 

A- i 

- 4x 

+ 

i 2C 

4x - 

+ 

^ i 

-4x 

3 

-4 

3 

-2 

3 


= |(-8 + 64) - 4(-2 + 4) + 4(2 + 2) -1 (8 + 8) 
+ 1(27 -8) -4(3 -2) 

- -(56-16 +19)-8+ 16-4 

59 . 71 

= —+4 = — 

3 3 


Answer: (C) 


74. If 


/(*) = 


|e cosx sinx for|x|<2 
2 otherwise 


'lx = 


then I f(x)dx 
-2 

(A) 0 (B) 1 


(C) 2 


(D) 3 


Solution: In [-2,2], the function e cosv sinx is an odd 
function. Therefore 

3 2 3 

J f(x)dx= J e cosx sin x dx + J 2 dx 
-2 -2 2 

= 0 + 2(3-1) = 2 

Answer: (C) 


7Tl 3 


75. If 


n + 4.r , 4^-^ i.,. , , 

dx = —^=Tan (A:), then Ac 


—tt/3 

equals 


2-cos[|x| + (^/3)] V3 


(A) 1 (B)- (C)V2 

Solution: We know that 

4x 3 


(D) V2 


2-cos 

f|x| + -l 

1 

l M 3 J 


is an odd function. Therefore, the given integral equals 


jcn 


2n 


dx 


2-cos 

hAl 

1 

l 3 J 


= 2 n 


2n!2 

J 

nil 

2x11 


dt , ;r 

- where t = x + — 

2-cos t 3 


1+tan 


21 t 


= 2n 


x/3 2\ l+tan 2 l)-( 1-tan 2 ? 


dt 
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= 4 71 


V3 

I 

1A/3 


dz 


1 + 3 z 2 


where z = tan — 


\k 

V3 


[Tan _1 zV3] 


V3 

VV3 


= ^(Tan X 3-Tan J l) 
■v 3 

4ff _! 1 
= -^Tan - 
V3 2 


So k = 1/2. 


;r/2 


Answer: (B) 


76. | sin8*log,(coU) A = 

J cos2x 


(A) 0 (B) 1 (Of 

Solution: We have 

7UH 


(D) f 


/ = 


o 


sin8xlog e (cotx) 
cos2x 


dx 


nil sin(4;r - 8x) log e ^cot — - x 


n 


o 

nil 


0 

7rH 


Jtt \ 

cos2- x 

v 2 ) 

-sin 8x log e (tan x) 


dx 


o 

= -/ 

Thus, 2/ = 0 or / = 0. 


-cos2x 

sin8xlog(l/cotx) 

cos2x 


-dx 


dx 


Answer: (A) 


JL 

7,} 


a 2 cos 2 x+b 2 sin 2 x 


dx = 


(A) — (B) — (C) — (D) — 
v ab v 2 2ab v 2 2 v 2 ab 


Solution: 


K 

,= 1; 

0 

K 


a 2 cos 2 x + h 2 sin 2 x 


-dx 


n -x 

a 2 cos 2 x + h 2 sin 2 x 


dx 


/t 


dx 


2 2 , ,2 ■ 2 

a cos x + o sin x 


-I 


So 


21 = ,] 

o 


dx 


2 2 , ,2 • 2 

a cos x + o sin x 


7112 

= ,x2 j 
o 


dx 


2 2 , , 2 • 2 

a cos x + o sin x 


Therefore 


nil 

l = nj 

0 

7t!2 


dx 


a 2 cos 2 x + h 2 sin 2 x 




sec 2 x 


a 2 + b 2 tan 2 x 


dx 


nil 


n 


b 2 | {alb) 2 + tan“ x 


sec x 


-dx 


^ r dt 

¥j Q (alb) 2 +t 2 


where t = tan x 


n 1 

= —v x - 

b 2 alb 

= -(--0 
ab\ 2 


n 

2 ab 


ry, -1 tb 

Tan — 


Answer: (D) 


78. If 


/w= J 


VF 


COS X cos 


1 + sin 2 V7 


dt 


n 1 /16 

then f'{,) is equal to 
(A) 0 (B) n (C) 2n 

Solution: We have 

.2 

cos Vf 


(D) - 
2 2 


/(x) = cosx J 


tt 2 /16 


1 + sin 2 Vf 


dt 


Then 


r-/ / , • V COSV? , 

j(x) = -smx -^—^d/ + cosx 


7T /16 


1 + sin 2 Vf 


cosx 
1 + sin 2 x 


(2x) 
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Hence 


/'(#■) = 0 + cos(;r) 


cos n 
l + sin 2 ;r 


(27t) = 27T 

Answer: (C) 


x 

79. JCot _1 (l-x + x 2 )dx = 


n 


(A) --log,2 
(C) ^-log e 2 

Solution: We have 


n 


(B) — + log, 2 
(D) 7T + log e 2 


7 = Jcot 1 (l-x + x 2 )dx 


0 

= f Tan 


1 — x + x 


if X — (x - 1) 


dx 


1 l^l + xfx-l) 

0 V V / 

1 

J [Tan _1 x -Tan^x -1 )\dx 
o 

l l 

j*Tan *x dx - jTan^fx -1) dj 
o o 

l l 

J Tan -1 *-j"Tan _1 (l-x-l)c/. 

o o 

l 

2 J Tan ~ x xdx 
0 

2 j[>Tan~ 1 *| ) -j XdX ^ 


= 2 


l+x z 


= 2| —-oj-2x^-[log,(l + x 2 )]^ 


= |-log c 2 


Answer: (A) 


80. Consider the function 

X 

f(x) = j[t\dt 
0 

where x > 0 and [f] is the integral part of I. Then 
(A) /(x) is not defined for x-1,2,3,... 


(B) /(x) is defined for all x > 0 but is not 
continuous at x = 1,2,3,... 

(C) / (x) is continuous for all x > 0 but is not 
differentiable for x= 1,2,3,... 

(D) /(x) is differentiable for all x > 0 

Solution: We have 

12 3 x 

f(x) = jodt + ^ldt + ^2dt+ --+ J ([x])dt 

0 1 2 [x] 

= 0+ (2-1) + 2(3-2) + 3(4-3) + ■•• + [x](x-[x]) 
= (1 + 2 + 3 + —t [x] -1) + x[x] - [xf 




+ x[x] — [x] 2 


Let n > 0 be an integer. Then 

/(n-0)=lim f(n-h) 

/ 2—>0 


(n-2)(n-l) ... ... 2 

-- + hm(n - h)(n -1) - (n - 1)" 

2 /i->o 

(«-2)(n-l) 


n-1 
~2~ 
(n-l)n 


+ 77 ( 77 -l)-(n-l) 
z 

[n — 2 + 2n — 2 (n — 1)] 


Now 


f{n + 0) = lim f(n + h) 
h->0 


(n-l)n 9 

= -- — + lim /1 + h)n - n~ 

2 h-> 0 2 

( n - l)n 2 2 

= --— + 77-77 

2 

(n — l)n 
~ 2 

Therefore / is continuous at all positive integers. We can 
see that 

/' 0-0) = n-1 

and f'(n + 0) = n 

So/is not differentiable at positive integers. 

Answer: (C) 


A 

J cost 2 dt 


81. lim 


0 


x->o xsmx 


(A) - (B) 1 (C) 0 (D) 2 
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Worked-Out Problems 


Solution: We have 


cosr dt 


lim —-[°|=lim (cOSJ )(2X) 

*->o xsinx J *->osinx + xcosx 

cos(x 2 )(2) 


= lim- 


(sin x/x) + cosx 

2 


1+1 
= 1 


Answer: (B) 


82. If 


c _ 1 1 1 
S„ — - T= H-;= H-1- 


" 1 + Jn 2 + >/2n 

then lim S n is equal to 


ri + dn 


(A) log, 2 (B) 2 + 21og, 2 

(C) 2 +log, 2 (D) 2 log, 2 

Solution: We have 

1 


71 = rth term = 


r + yjrn 


Put n = 1/h. Then 


T = 


\jh 


ryfh + yfr 
h 

rh + \frh 


Therefore 

lim S„ = 


dx 


X+yfx 

dx 


1 

I 

0 

1 

| Vx(Vx + 1) 

1 

= f-(2 t)dt where t = *Jx 

o v 7 

= 2[log,(f + l)]J 
= 2 log, 2 


Answer: (D) 

83. lim Y-= 

n ^-“ J 0 n r (r+ 3) 

(A) e — 1 (B) e (C) e-2 (D) e+1 


Solution: We know that 

l 


\x r+2 dx= - 

J r + 3 


Therefore 


lim S' 

n ^°°^ 0 nr ( r + 3) 


n n -i » 

^ C ’ = lim]T"C,4J 

00 “ n J 
r =0 0 

-Wlim t“C, 

J n - >00 


— I x r+2 dx 


V r =0 


c/x 


= \x z \ lim 1 + - 

72—>°° l ft 


o 

= }xV 


dx 


= ^x 2 e x - (2x)e Y + 2e Y 

= (e - 2e + 2e) - (0 - 0 + 2) 
= e-2 


Answer: (C) 


3/2 

84. J |xsin 2 rx|rfx = 

-l 

, . s 2T +1 3^ + 1 3^-1 

(A)^- (B)— 2 “ (C) — 2 - 


;r 


Solution: Let 


Put t = nx so that 

and 

Therefore 


;r 


3/2 

/ = J |xsin;rx|(7x 

-l 


x = -l=>t = -;r 

3 3n 

x= — => t = — 

2 2 


;r 


(d)4 

n 


-inti, 

/= I I—sint 


I 




1 . 
— dt 
n 


3n!2 


— j" |tsinf|<7f 

1 I J (tsint)r//+ J (-tsint)dt 


n 


7T 


3x12 


n 3 tt/2 

J fsinf dt — 

J tsintdt 

0 

71 
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= —^^[sinf-fcos/jg — [sinf —tcosf] 2;r/2 J 

= -=f[ 2 (-;rcos;r- 0 )-[-l- 0 -( 0 -;rcos 2 r)] 
n 

= ^y(2/t + 1 + /t) 
n 

3tt + 1 
n 2 

Answer: (B) 


1.5 

85. J [x 2 \dx ([x] is the integral part of x) is equal to 
o 

(A) 72 (B) 72-1 (C) 2 -V2 (D) V2+1 

Solution: We have 


area is shown as the shaded portion in Fig. 5.13. Math¬ 
ematically, it is given by 

Area required = Area of the triangle with vertices 

0 

(-l,l),(-2,0),(-l,0)+jVr£r 

-1 

AAio-h)] 

1 1 
“ 2 + 3 
_ 5 
~~ 6 

Answer: (D) 


3 •> 9 

0<x<-=>0<jr<- 
2 4 

so that [x 2 ] = 0,1 or 2. Therefore 

1.5 1 s/l 3/2 

J [x 2 ]tfx = j"[x 2 ]dx + J [x 2 ]t/x + J [x 2 ]dx 

0 0 1 V 2 

s/2 3/2 

= 0 + J 1 dx + J 2 dx 

1 s/2 

= 0 + (V2-l) + 2^|-V2 j 

= V2-1 + 3-2V2 
= 2-72 

Answer: (C) 


87. The area of the region in the first quadrant enclosed 
by the circle x 2 + y 2 = 4, the x-axis and the line 
y = x/73 is 

(A) f (B) | (C) ^ (D) 1 



86 . Area of 

r = * 2 .r = 


(A) f 


the region bounded by the curves 
x + 2 and the x-axis is 


(B) 


5 

3 





FIGURE 5.13 Single correct choice type question 86. 

Solution: The line y = x + 2 and the parabola y = x 2 
intersect in the two points (-1,1) and (2,4).The required 


FIGURE 5.14 Single correct choice type question 87. 
Solution: The line y = xA/3 meets the circle in the 
first quadrant at P(sJ 3,1). Therefore 

2 

Area required = A OPM + J 74-x 2 dx 

s/3 


= -x73xl + 
2 


t74-x 2 4 0 . 1 x 

-+-Sm — 


2 


-Is 73 -1 73 

2Sm 1-2Sm — 


s/3 73 n 

=- vn -2x — 

2 2 3 

_ n 


2 

s/3 


Answer: (B) 
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Worked-Out Problems 


88 . For which values of m, does the area of the region 
bounded by the curve y = x-x 2 and the line y = mx 
equals 9/2? 

(A) -4,1 (B) -2,1 

(C) 2,-1 (D) 4,-2 

Solution: We have 


y = x-x 2 


1 

4 



Therefore 



This equation represents downward parabola with vertex 
at (1/2, 1/4) and y < 1/4 (see Fig. 5.15). The parabola 
y = x-x 2 meets the x-axis in (0, 0) and (1,0). The line 
y = mx meets the curve in (0,0) and (1-m, m — m 2 ). 
Note that 1- m ^ 0. Therefore 

1 -m 

Required area = J (x-x 2 - mx)dx 
o 



= ^[(l-m) 2 -0]-|(l-m) 3 

(1-7 n) 3 
~ 6 


Now 


(1-77;) 3 9 

6 “ 2 


(Given) 


=>(l-777) 3 = 27 


=> 1 - m = 3 
=t> m = —2 


Also, if 1 - m < 0, then we have 



FIGURE 5.15 Single correct choice type question 88. 


(1 — m) 3 9 

6 “ 2 
=> 1 - m = -3 
=> m = 4 


Flence m = - 2,4. 


Answer: (D) 


89. The area of the figure bounded by the straight lines 
x = 0, x = 2 and the curves y = 2 x ,y = 2x-x 2 is 


... 4 3 

(A) - +- 

3 log e 2 


(B) log e 2 + — 


(C) 


3 4 

1 ^ 2 _ 3 


(D) 


3 2 

l°ge 2 + 3 


Solution: We have 


y = 2x-x 2 = 1 - (x -1 ) 2 ] 

=> (x — l) 2 = —(y — 1) 

This is the equation of a downward parabola with vertex 
at (1, 1) meeting the x-axis in (0, 0) and (2, 0). See Fig. 
5.16. Flence 


2 

Required area (shaded portion) = J[2 JC -(2 x-x 2 )\dx 

o 



4-1 

log^2 



3 _ 4 
log e 2 3 



FIGURE 5.16 Single correct choice type question 89. 

Answer: (C) 

90. The area bounded by the curve y=2x- x 2 and the 
straight line y = - x is 

(B) | (Q f 


(A) 3 


(D) 4 
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FIGURE 5.17 Single correct choice type question 90. 
Solution: We have 

y = 2x - x 2 = 1 - (x -1) 2 
^(x-l) 2 =-(y-l) 

This implies that the curve meets the x-axis in (0, 0) 
and (2, 0). The line y = —x meets the parabola 
y = 2x-x 2 in (0,0) and (3, - 3). See Fig. 5.17. Therefore 


Required area (shaded portion) = j*[(2x-x 2 )-(-x)]r/.\ 

o 

3 3 

= J 3x dx — J ; 


x 2 dx 



81-54 

~6 


27 

6 

9 

2 


Answer: (C) 


91. The area between the curve y = 2x 4 -x 2 , the x-axis 
and the ordinates of the two minima of the function 
y = 2x - x is 


(A) 


7 

120 




Solution: We have 

~ 4 2 

y = 2x —x 



which is symmetric about y-axis. The curve meets the 
x-axis in (—1A/2,0), (0,0) and (1/V2,0 ). Differentiating 
the equation of the curve w.r.t. x we get 


Now 


— = 8x 3 -2x 
dx 


^ = 0 
dx 

■ x(4x 2 -1) = 0 

• x = 0, + - 
2 


Differentiating again we get 


—= = 24x 2 —2— 2(12x 2 -1) 
dx z 


f 12 \ 
a y 

i dx 2 j . 

v / x=±— 


= 21 12 x — — 1 


=2x2>0 


So y is minimum at x = - 1/2 and 1/2, and y is maximum 
at x = 0. The required area is shown as the shaded por¬ 
tion in Fig. 5.18. 


1/2 

Required area = 2 J (—y) dx 
o 

1/2 

= 2 J x 2 - 2x 4 
o 



1 _ 1 
12 _ 40 
10-3 
120 
7 



FIGURE 5.18 Single correct choice type question 91. 

Answer: (A) 
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Worked-Out Problems 


92. The area of the bounded region enclosed between 
the curves y 3 = x 2 and y = 2-x 1 is 

1 2 4 14 

(A) 1— (B) 2— (C) 2— (D) 2 — 

1 ; 15 v 15 v ' 15 v 15 

Solution: The curve y 3 = x 2 is symmetric about y-axis. 
Also y > 0. Now 

y = 2-x 1 

=>x 2 = -(y- 2) 

This represents parabola with vertex (0,2) and y < 2 (see 
Fig. 5.19). Again 

3 2 o 

y =x =2 -y 
=>y 3 +y — 2 = 0 
=>(y-l)(y 2 + y+2) = 0 
This implies y=l,x = ±l. Therefore 


Required area (shaded portion) = 2j [(2 — x 2 )- x 2l3 ]dx 

o 

= 4[x]J -|[x 3 ]J - —y—[x 5/3 ]J 

=4-*-* 

3 5 

60-10-18 
~ 15 


32 

15 




FIGURE 5.19 Single correct choice type question 92. 

Answer: (B) 


93. The area of the region enclosed between the curve 
x 2 = 2y and the straight line y — 2 equals 





Solution: The line y = 2 meets the curve x 2 = 2y in 
the points (-2,2) and (2,2) (see Fig. 5.20). Therefore 


2 

( 2 ^ 

Area = 2 

4 | <N 
1 

<N 

0 

V J 


= 4Wo-|[x 3 | 


3 

16 

y 



FIGURE 5.20 Single correct choice type question 93. 

Answer: (C) 


94. The area enclosed between the curves y 2 = 4x and x 2 
= 4y inside the square formed by the lines x = l,y- 
1, x = 4,y = 4 is 


(A) 


8 

3 




(D) 


11 

y 


Solution: The two curves intersect at (4,4) which is a 
vertex of the given square (see Fig. 5.21). Therefore 


4 



-J —dx-( 2-l)xl 


= 2x-[* m ]J- — [x 3 t-l 
3 L J1 12 L 12 



FIGURE 5.21 Single correct choice type question 94. 
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= ^ x[8 - 1] -^ (64 - 8) -l 

_ 28_56_ 1 
~ 3 12 

112-56-12 
~ 12 
44 
”12 
_ 11 

Answer: (D) 


95. Let/(x) = Max{x 2 ,(l-x) 2 ,2x(l-x)j where 0 < x 
< l.Then the area of the region bounded by the curve 
y = f (x), the x-axis and the lines x = 0, x = 1 is 


(A) y 


(B) — 
27 


(C) — 
17 


(D) — 
27 


Solution: See. Fig. 5.22. The colored arcs represent 
the graph of y = f (x). Let C 1 : y = x 2 ; C 2 : y = (1 - x) 2 ; 
C 3 : y = 2x (1-x). Then C 2 and C 3 intersect in (1/3, 4/9) 
and Cj intersect C 3 in (2/3,4/9). Now 


/(*) = 


(1-x) 2 
2x(l —x) 


for 0 < x < 1/3 
for 1/3 < x < 2/3 
for 2/3 < x < 1 


Required area (shaded portion) 

1/3 2/3 1 

= J (1 — x) 2 dx + J 2x(l — x) dx + J 


x 1 dx 


1/3 


2/3 


r o ~| 1/3 r 9 ~|2/3 2 r 3 1^/3 1 r ^ ~il 

|(l-x) 3 l +|x 2 |-|x 3 | +-|x 3 | 

L v y Jo L Jl /3 3 L Jl /3 3 L J 2/3 


27 


4 1) 2(8 1 


+ 9 9 ) 31 27 27 J + 31 1 27 



_ 19 3 14 19 
” 81 + 9~81 + 81 
19 + 27-14 + 19 51 17 

81 “ 81 “ 27 

Answer: (B) 

96. The area of the bounded region enclosed between the 
lines x=l/2,x = 2 and the curves y = log ? x and y = 2 X 
is 


(A) 

(B) 

(C) 

(D) 


1 

log^ 

1 


log, 2 

1 

1^2 


(4 + V2)- 
(4-V2)- 
(4- y/2) 


1 

log, 2 


(4 + 72) 


5 

2 

5 

2 


log,2 + | 

log, 2 
flog,2 + 
hog,2 


3 

2 



FIGURE 5.23 Single correct choice type question 96. 

Solution: See Fig. 5.23. The shaded portion is the 
required area. Now 


Required area= J (2 X - log, x) dx 

; [2* ]y2 - l x log, x ~ x \m 


1/2 


log, 2 


(2 2 -2 V2 ) 


log, 2 



(i rn i^i 

(2 log, 2-2)- 

-log, - -- 


U \2J 2) 


21og,2 + ilog,2-2 + i 


4-72 
log, 2' 

4-72 5 3 

-log„ 2 + - 

log, 2 2 2 


FIGURE 5.22 Single correct choice type question 95. 


Answer: (C) 
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Worked-Out Problems 


97. The x-axis divides the region bounded by the parab- Now 
olas y = 4x - x 2 and y = x 2 -x in the ratio 






Solution: Let 


P 1 :y= 4x-x 2 = 4-(x-2) 2 

Therefore P 1 is a parabola with vertex at (2,4) and y < 4. 
Also 


Therefore 


A-B = 


125 1 

~24~6 
125-4 
24 


121 

"24" 


A-B 121 6 121 

B ~~24 X 1~ — 

Answer: (A) 


P 2 :y = X = 

It is a parabola with vertex at (1/2, - 1/4) and y > - 1/4. 
See Fig. 5.24. P 1 and P 2 intersect in (0,0) and (4/2,15/4). 
So 

A = Area shaded by vertical and horizontal lines 

5/2 

= J [(4x-x 2 )-(x 2 - x)\dx 
0 

5/2 


J (5x-2 x 2 )dx 


wr-lMf 


2 2(5 x3 


_ 5 f 5 

2 ( 2 ) 3(2, 

_ 125 _ 125 _ 125 
“~8 ~V2~lA 

B = Area (shaded by vertical lines) below the x-axis 


1 

= J— (x 2 -x)dx 


= —( 1 )-- = - 
2 W 3 6 



98. The area of the figure enclosed by the curve 
(y-Sin _1 x) 2 =x-x 2 is 

(A) | (B) ^ (C) | (D) ^ 



FIGURE 5.25 Single correct choice type question 98. 

Solution: Clearly 

x-x 2 >0<^>0 <x<l 

and y = Sin _1 x + v/x-x 2 

The equation represents curve consisting of two branches 
intersecting in (0, 0) and (1, 7 il2) (see Fig. 5.25). Hence 
the area is 
1 

J(Sin _1 x + -y/x-x 2 -Sin _1 x + v/x-x 2 ) dx 
0 



FIGURE 5.24 Single correct choice type question 97. 
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= 2 


0 + — [Sin -1 1 - Sin -1 (-1)] 
8 


_ 1 (n n 
~ 4{2 + 2 
n 


(A) ^ (B) (C) 


19 a 1 


Solution: See Fig. 5.26. We have 


Answer: (B) 


99 . The area bounded by the curve 

y“ = 4a(a- |jc — a|) (u>0) 
is 


(D) 


Via 1 


if x < a 


2 \4a[a-(a-x)] = 4ax 

[4a[a-(x— a)] = 4a(2a-x) if x>a 


Therefore 


Area = 4 J4ax dx 


o 


%4aY.-\x m J 

Jo 


16u“ 



FIGURE 5.26 Single correct choice type question 99. 
Note: 11 a = V3, then the area is 16. 


So 


32* 3 



(16-_y 2 ) (41x + 9x) 
16-y 2 


— x 2 +y 2 =16 
50 7 


X V 

— + = 1 (upper portion of the ellipse) 



FIGURE 5.27 Single correct choice type question 100. 
Case II: x < 0. We have 

32x 3 = (16-y 2 )(41x-9x) 
x 2 = 16-y 2 
So 

x 2 + y 2 = 16 (Portion of the circle below x-axis) 
Therefore 

Required area = (Area in the first and fourth quadrants 
of the ellipse) + (Area in the second and third quadrants 
of the circle) 

_;r(5x4) ^(4 2 ) 

“ 2 + 2 
= 10 ^- + &7T 

= 18 n 

Note: The area of the ellipse 



Answer: (B) 

100 . The area of the region bounded by the curve 
32x 3 = (16 - y 2 )[41x + 91 x |], xAO 
is 

(A) 18^- (B) 21tt (C) 36^t (D) 45^t 

Solution: See Fig. 5.27. 

Case I: x > 0. Now 


is 7tab (see Example 5.15). 

Answer: (A) 

101 . The area of the region bounded by the curves y = x 2, 
y = Vx and x = 1/2 is log^ 2 —p, where p equals 


(A) 

5 

24 

(B) 

(C) 

7 

24 

(D) 
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Worked-Out Problems 



FIGURE 5.28 Single correct choice type question 101. 

Solution: The two curves intersect in (-1, 1). See 
Fig. 5.28. Now 


i 

Required area (shaded portion) = J 


Therefore p = 7/24. 


1/2 


— — x | dx 
x 


= [log 


l 1 _i 

e X \y2 3 


[VI 1 

L Jl/2 


= 0 —(—log e 2) —— 1- — 


1 


8 


= log 2 - — 
24 


Answer: (C) 


102 . The area of the region bounded by the curve 
y = x 2 - 4x and the line y = -x is 


(A) - (B) 4 (C) - (D) 5 

Solution: The line y = -x meets the parabola 
(x-2) 2 =y + 4 

in (0,0) and (3, -3). See Fig. 5.29. Now 

3 

Required area = J[(-x) - ( x 2 - 4x )] dx 
o 

3 


= J (3 x — x 2 )dx 




= -(9)-9 



FIGURE 5.29 Single correct choice type question 102. 

Answer: (C) 

103 . The area enclosed by the curve y 2 = x 2 - x 4 is 

(a *j < Bi ! <c) ^ < D) f 



FIGURE 5.30 Single correct choice type question 103. 

Solution: Since x and y have even powers, the curve is 
symmetric about both axes (see Fig. 5.30). The curve cuts 
x-axis in (-1, 0), (0, 0) and (1, 0). Also -1 < x < 1. Flence 
the area enclosed by the curve equals four times the area 
in the first quadrant, that is 

t 

Area = 4j"x \l 1-x 2 dx 
o 

t 

= — 2 J (-2x) V1 —x 2 dx 
0 

[ (l-xW 

1 ® J 0 

_ 4 
~3 

Answer: (C) 

104 . The area of the region bounded by the parabola 
y 2 = x - 2 and the line y = x - 8 is 
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FIGURE 5.31 Single correct choice type question 104. 

Solution: See Fig. 5.31. The area is the shaded portion. 
Therefore 


Area = 


j 

J[(y + 8)-(y 2 +2)]tfy 


= | ( 9 - 4 ) -1 ( 2 y + S ) + 6(3 + 2 ) 

5 35 „„ 

=-+ 30 

2 3 

15-70 + 180 


6 


125 

~6~ 


Answer: (D) 


105. The area of the bounded region enclosed between 
the parabola y 2 = —x and the line y = x + 6 is 


(A) 


125 




(D) 


125 

~6~ 



FIGURE 5.32 Single correct choice type question 105. 

Solution: See Fig. 5.32. The area is the shaded portion. 
Therefore 


Area = J [-y 2 -(y- 6)] dy 

-3 

= y(8 + 27)-|(4-9) + 6(2 + 3) 

35 5 „„ 

=-+ - + 30 

3 2 

-70 + 15 + 180 

~~ 6 

_ 125 

~~ 6 ~ 

Answer: (D) 


106. The area of the figure (Fig. 5.33) bounded by the 
curves y = e x ,y = e~ x and the line x = 1 is 


(A) e + --2 
e 


(B) e + --l 


(C) - e+ — 2 


(D) e + - 
e 



FIGURE 5.33 Single correct choice type question 106. 

Solution: We have 

t 

Area = J (e x - e ~ x ) dx 

= (e-l) + (e-'-l) 

=e+——2 

e 

Answer: (A) 

107. The area of the region bounded between the para¬ 
bola 4 y = 3x 2 and the line 2y = 3x + 12 is 
(A) 9 (B) 18 (C) 27 (D) 36 
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Solution: The line 2y = 3x + 12 intersects the parabola 
4 y = 3x 2 in the points (-2, 3) and (4, 12). The required 
area is the shaded portion of Fig. 5.34. Therefore 

Area = J ^ 3 ' v + 12 - ^x 2 j dx 

= ^( 16 - 4 )+ 6 ( 4 + 2) -^-(64 + 8) 

= 9 + 36-18 
= 27 



FIGURE 5.34 Single correct choice type question 107 

Answer: (C) 


109 . The curve y = ay[x + bx passes through the point 
(1,2) and the area enclosed by the curve, the x-axis and 
the line x = 4 is 8. Then 

(A) a = 3,6 = 1 (B) a = 3,6 = -1 

(C) a = -3,6 = 1 (D) a = 1,6 = 3 

Solution: By hypothesis the curve passes through the 

points (0,0) and (1,2) and x > 0. Also 


4 

8 = J (ci\[x + bx)dx 
o 



3 


So 


2n + 36 = 3 (5.21) 

Since the curve passes through (1,2), we have 

a + b=2 (5.22) 

From Eqs. (5.21) and (5.22), a = 3 and 6 = —1. 

Answer: (B) 


108 . Area enclosed between y = ax 2 and x = ay 2 (a > 0) 
is 1. Then the value of a is 

(A) (B) | (C) 1 (D) 1 

(IIT-JEE 2004) 

Solution: The two curves are parabolas which intersect 
in (0,0) and (1/a, 1/a). Flence, 


So 



a 


2 


1 

— or 
3 



Answer: (A) 


110. The area of the region bounded by the curves y = x 2 
and y = 2/(1 + x 2 ) is 


(A) 

(C) 


3n + 2 

(B) 

3tt + 1 

3 

3 

3tt-1 

(D) 

3tt-2 

3 

3 


(IIT-JEE 1992) 



FIGURE 5.35 Single correct choice type question 110. 

Solution: y = x 2 is a parabola which we denote by P. 
Let C be the curve 

y = 2/(1 +x 2 ) 

Now 

(i) C is symmetric about y-axis. 
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(ii) C meets y-axis in (0,2) and cannot meet x-axis. 

(iii) x —> + oo=>y—>0 and y A 0. 

(iv) P and C intersect in the points (-1,1) and (1,1). 
Shape of C is as shown in Fig. 5.35. Therefore 


I 

Required area = J 


1 + x 


dx 



Answer: (D) 


111. The area bounded by the curve 
(A) 3 (B) | (C) 1 - 


y | = 1 - x 2 is 


(D) 2 



FIGURE 5.36 Single correct choice type question 111. 

Solution: |y| = 1 — x 2 represents two parabolas y = 
1 - x 2 and y = x 2 - 1 with vertices at (0,1) and (0, - 1), 
respectively. Both will intersect with x-axis on (-1,0) and 
(1,0) (see Fig. 5.36). Therefore 


112. The area of the plane region bounded by the curves 
x + 2 y 2 = 0 and x + 3y 2 = 1 is equal to 

(A) f (B) i (C) | (D) 1 



FIGURE 5.37 Single correct choice type question 112. 

Solution: See Fig. 5.37. The curve x + 2 y 2 = 0 represents 
parabola with vertex at (0,0) and x < 0. Now 

3y 2 = !-*=> y 2 = ~(x-l) 

This is a parabola with vertex at (1, 0) and x < 1. There¬ 
fore 


l l 

Required area = 2 J (2y 2 ) dy + 2J (1 - 3y 2 ) dy 
0 0 

=-+2-2 

3 

_ 4 
~ 3 

Note: For the parabola x +3 y 2 = 0, x < 0 so that in the first 
integral, we have taken —x = 2y 2 . 

Answer: (D) 


Area = 4 J (1 -x 2 )dx 
0 



3 


8 

3 


113. The parabolas y 2 = Ax and x 2 = Ay divide the square 
region bounded by the lines x = A, y = A and the 
coordinate axes. If S 15 S 2 , .S', are, respectively, the 
areas of these parts numbered from top to bottom, 
then : St : S 3 is 

(A) 1:2:1 (B) 1:2:3 

(C) 2:1:2 (D) 1:1:1 


Answer: (B) 
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FIGURE 5.38 Single correct choice type question 113. 
Solution: See Fig. 5.38. Now 



o 


Therefore 

S 1 :S 2 :S 3 = 1:1:1 

Answer: (D) 


114. The graph of y =f(x) meets the x-axis in the points 
(0, 0) and (2, 0) and encloses an area of 3/4 square 
units with the axes. Then 

2 

J x f'(x) dx = 

0 

(A) | (B) | (C) ± (D) 1 

Solution: By hypothesis f (0) =/(2) = 0 and 

f 3 

J f( x )dx = — 


J x f’{x) dx = [x f(x)]l - J f{x) dx 
0 0 


= 2 /( 2 )-! 



4 

3 

4 


Answer: (C) 


115. Let Cj and C 7 be the graphs of the functions y = 
x 2 and y = 2x, 0 < x < 1, respectively. Let C 3 be the 
graph of a function y =/(x),0 <x< l,/(0) =0. For a 
point P on C v let the lines through P. parallel to the 
axes, meet C, and C 3 at Q and R, respectively (see 
Fig. 5.39). If for every position of F on C r the ar¬ 
eas of the shaded regions OPQ and ORP are equal, 
then/(x) is equal to 

(A) x 2 -x(0<x<l) (B) x 3 -x 2 (0<x<l) 

(C) x 4 -x 3 (0<x<l) (D) x-x 2 (0<x<l) 

(IIT-JEE 1998) 



FIGURE 5.39 Single correct choice type question 115. 
Solution: We have 

C 1 : y = x 2 (0 < x < 1) 

C 2 : y = 2x (0 < x < 1) 

C 3 = y = f(x) (0 < x < 1) 

Let P = (f, t 2 ) so that ordinate of Q is f 2 and the abscissa 
of R is t. Therefore 


t 

Area of OPQ = J(x value of C 1 -x value of C 2 )dy 
o 

= ][p-ih 


0 

= -f 3 -- 
” 3 4 


(5.23) 


i 

Area of OPR =J (y value of C) - y value of C 3 ) dx 
o 

(-.- y of C 3 < 0) 
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= j[x 2 - f(x)\dx 
0 

= ^-jf(x)dx (5.24) 

o 

Now, by hypothesis, 

Area of OPQ = Area of OPR 
From Eqs. (5.23) and (5.24), 


2 3 t 4 1 3 ' 

-t - = -t - 

3 4 3 

3 4 


jf(x)dx 


i 

jf(x)dx 


o 

Differentiating both sides w.r.t. x, we get 
=>/(t) = t 3 -t 2 

Answer: (B) 

Problem 116 onwards are based on Differential Equation 


From Eqs. (5.25) and (5.26), we get 


2 0 dy 

y = 2 y~r 

dx 


dy 

x +J y ~r 

dx 


or 





Therefore, the highest order derivative in the equation is 
dy/dx and its power is 3. Hence, order is 1 and degree 
is 3. 


Answer: (B) 


118. The order and degree of the differential equation 

^m 1 ^- o 


dx 1 


dx 


are, respectively 

(A) 1,2 (B) 2,2 (C) 2,1 (D) 2,3 

Solution: The highest order derivative occurring in the 
given equation is 2 and its power is 1. Therefore order is 
2 and degree is 1. 

Answer: (C) 


116. The order of the differential equation whose gen¬ 
eral solution is given by 

y = (Cj + C 2 ) cos (x + C 3 )-C 4 e x+c5 

where C v C 2 , C 3 , C 4 , and C 5 are arbitrary constants, 
is 

(A) 5 (B) 4 (C) 3 (D) 2 

Solution: The given solution can be written as 
y = a cos(x + C 3 ) - C 4 e 5 ■ e x 
where a = C x + C 2 . That is 

y = a cos(x + C 3 ) - be x 

where a = C 1 + C 1 and b = C 4 e 5 . Since there are only 3 arbi¬ 
trary constants, the order of the differential equation is 3. 

Answer: (C) 

117 . The differential equation representing the family 
of curves y 2 = 2c(x + Vc), where c is a positive pa¬ 
rameter, is of 

(A) Order 1, degree 2 (B) Order 1, degree 3 

(C) Order 2, degree 2 (D) Order 2, degree 3 

Solution: We have 

_y 2 = 2c(x +Vc) (5.25) 

Therefore 


119. The order and degree of the differential equation 


x + 


3/2 


= a 


d 2 y 

dx 2 


are, respectively 

(A) 2,2 (B) 2,3 (C) 2,1 (D) 2,4 

Solution: The given equation can be written as 


x + 


= a 


( ,2 \ 2 

d y 

y dx j 


Therefore order is 2 and degree is 2. 


Answer: (A) 


120 . The order and degree of the differential equation 
of all straight lines in the xy-plane which are at con¬ 
stant distance p from the origin are, respectively, 

(A) 1,1 (B) 2,1 (C) 2,2 (D) 1,2 

Solution: The equation of a straight line which is at a 
constant distance p from the origin is 

x cos#+y sin# = p (5.27) 

Differentiating both sides w.r.t. x we get 

cos0+sin0| — | = 0 
\dx) 
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This implies 


sin0 = ■ 


1 


and 


cosec 9 
1 

Vl+cot 2 9 
1 

yjl+ ( dy/dx ) 2 

cos 9= (sin 0) cot 0 
—dyldx 


yjl+(dy/dx) 2 

Substituting the values of cos 9 and sin 0 in Eq. (5.27), we 
have 


—dyldx 


yjl + (dyldx) 2 


+ 


y]l + (dyldx) 


= P 


dy | 2 

y - x irJ = p 


1 + |- 
dx 


2 A 


Order is 1 and degree is 2. 


Answer: (D) 


121. The differential equation of the family of curves 
represented by the equation y — Ae 3x + Be 5x is 


d y s dy 
—‘ 

dx dx 
d 2 y , R dy 
dx dx 

dx dx 


(A) —Ar - 8 — + 15y = 0 


(B) -Z + 8^ + 15y = 0 


(C) —Ar + 8 — - 15y = 0 


(D) ^-8^-15y = 0 
c/x ax 

Solution: We denote dy/dx,d 2 y/dx 2 , etc. by y 1 ,y 1 ,y 3 ,... 
Given equation is 


Therefore 


y = Ae 3x + Be 5x 

(5.28) 

yq = 3Ae 3x + 5Be 5x 

(5.29) 

y 2 = 9 Ae 3x + 25 Be 5x 

(5.30) 


Again 


If we multiply Eq. (5.29) with 5 and subtract it from Eq. 
(5.30) we get 


-6 Ae 3x = y 2 ~ 5jq 


Ae3x =-p(y2- 5 yi) 

6 


(5.31) 


Similarly, if we multiple Eq. (5.29) with 3 and subtract it 
from Eq. (5.30) we get 


y 2 - 3y 1 = 10 Be Sx 
10 


(5.32) 


Substituting the values of Ae 3x and Be Sx as in Eqs. (5.31) 
and (5.32) in Eq. (5.28), we have 

y = --(y 2 -5yi)+ y2 ~ 3yi 

X 6 W2 712 10 

=> 30y + 5(y 2 - 5y a ) - 3(y 2 - 3>q) = 0 
=> 30y + 2y 2 — 16y 1 = 0 
=> y 2 - + 15y = 0 

Hence 

^X-S — + I5y = 0 

dx- dx 

Answer: (A) 

122. The differential equation for which Ax 2 + By 2 = 1 
(A and B are arbitrary constants) is the general 
solution, is 


(A) 

(B) x 

(C) x 

(D) y 


dry ( dy 32 
y dx 2 l dx 


dry (dy 
y dx 2 V dx 


= y 


= y 


dy_ 

dx 

dy 

dx 


d 2 y dy 
dx 2 dx 


d z y (dv 

X - yr + ' 


~l2 


= y 


dy 

dx 


dx~ 


dx 


dy 

dx 


Solution: Given equation is 
Ax 2 + By 2 = 1 


(5.33) 


Differentiating both sides of Eq. (5.33) w.r.t. x we get 

(5.34) 

Again differentiating Eq. (5.34) w.r.t. x we get 


Ax+(By)^ = 0 
dx 


From Eqs. (5.34) and (5.35), we have 

y(dy/dx) —A ( r/yV d 2 y 
x B \dx) y dx 2 


(5.35) 
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Therefore 


dy 

y d^ = X 


d 1 y (dy' 2 
y dx 2 + 


dx 


Answer: (B) 


Try it out The differential equation for which 


2 2 

fL_ 2 L = i 

n 2 b 2 


is the general solution, is 

(A) 


d 2 y (dy' 2 
y dx 2 \dx 


2 dy 
x =y Tx 


(B) x 

(C) x 

(D) x 


dry (dy 
y dx 1 + U* 


d 2 y (dy'~ 

y dx 2+ hbc 


d 2 y (dy' 2 


= y 


= y 


dx 


2+y \Tx 


dy 

dx 

dy 

dx 

dy 

dx 


Hint: In Problem 122, take 


1 


A = -A and B = -\ 
a 2 b 2 

Therefore (C) is the correct answer. The student is 
advised to proceed as in Problem 122. 


123 . If the substitution x = tan z is used, then the trans¬ 
formed form of the equation 

(1 + x 2 ) 2 —^ + 2x(l + x 2 ) — + y = 0 
dx dx 

is 

(A) ^y + 2y = 0 (B) ^l + 2^-y = 0 

dz dz dz 

(C) ^|-2^ + y = 0 (D) ^ + y = 0 

dz dz dz 

Solution: Given that x = tan z. Therefore 

dy dy dz 
dx dz dx 
dy 1 


dz 1 + x 2 


So 

dx dz 

Again differentiating both sides w.r.t. x, we get 

(1 + .v 2 )^-T + 2.v— = — i— 
dx 2 dx dx v dz, , 

d ( dy\dz 

dz\dz) dx 


( a 2 \ 

d y 

\dz 2 j 


1 


1 + x 


Therefore 


d 2 y 


2 dy _ dry 


(l + x 2 ) 2 AA + 2x(l + x 2 )^ = AA 
dx dx dz 

Hence the given equation will be transformed to 

dry _ 
dz 2 +y ~ 

Answer: (D) 

124 . The differential equation of all circles in the xy- 
plane is 

(A) y 3 (l+yi) = 3 yiy2 (B) y 3 0 + yi 2 ) = 3y 1 2 y2 
(C) y 3 (l + y 2 2 ) = 3y iy 2 (D) y 3 (l + y 2 ) = 3 yi 2 y 2 

where y v y 7 ,y 3 are the first-, second- and third-order 
derivatives of y, respectively. 

Solution: Equation of a circle in the xy-plane is 

x 2 + y 2 + 2gx + 2fy + c = 0 (5.36) 

where g,f, c are arbitrary constants. Differentiating w.r.t. 
x, we get 

x + yy^ + g+fy^O 

Again differentiating Eq. (5.37) w.r.t. x, we get 


Again 


Therefore 


l+y x 2 +yy 2 + fy 2 = 0 

2yiy 2 + >'i>'2 + >'>' 3 + ^'3 = 0 

3yiy 2 + yy 3 


(5.37) 

(5.38) 




= ~f 


(5.39) 


Substituting the value of / [obtained in Eq. (5.39)] in Eq. 
(5.38) we have 

i+ y\ + yyi -—(3 y x y 2 + yy?,) = o 
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■ y3(i+yi) = 3yiy2 


Answer: (A) 


125 . The differential equation whose general solution 
is 

y = A sin x + B cos x + x sin x 


y = A sin x + B cos x + x sin x (5.40) 

Differentiating w.r.t. x, we get 

y 1 = A cos x - B sin x + sin x + x cos x (5-41) 
Again, differentiating w.r.t. x, we get 

y 2 = -Asinx-5cosx + cosx + cosx-xsinx 
y 2 =-(Asinx + i?cosx + xsinx) + 2cosx 
= —y + 2cosx 

Therefore 

y 2 + y = 2 cos x 

Answer: (B) 

126. Ify=y(jt)and 

2 + sinxf dy\ 

1 — = -cosx, y(0) = 1 


y+1 \dx 
then y(zr/2) equals 


(A) | (B) | (C) (D) 1 


Solution: Given equation is 
2 +sin xf dy 


y + 1 \ dx 

Therefore 

dy -cos* 


= -cosx 


y + 1 2 + sin x 
Integrating we get 

dy r cos x 


dx (Variables Separable) 


f^+f 

J v+i J: 


dx = i 


y + 1 J 2 + sin.r 
log(y + 1)(2 + sin x) = c 
• (y + 1)(2 + sin x) = k 


Now 


Therefore 


IS 




/an d 2 y 

(A) —-+y = cosx 
dx 2 

(B) 

d 2 y 

— -+ y = 2cosx 
dx 2 

Hence 

(C) — ^-y = 2sinx 
dx 1 

(D) 

d 2 y 9 

—r- - y = 2 cos x 
dx 2 


Solution: We have 





y(0) = 1 => (1 + 1)(2 + 0) = k 
=> k-4 

(y + 1)(2 + sin x) = 4 
4 


•y = 


2 + sin x 


— 1 


ri 5 ) =—-i ' 1 

1 2 J 2 + 1 3 


127 . Solution of the equation 

dy . . , 

— = sm(x + y) 
dx 


is 


(A) . [x + y 

v ; 1 + tan 1 7 


= x + c 


(B) 1 + tan 

(C) tan 


x + y\ -2 


2 J x + c 
x + yl -2 


2 J x + c 


(D) tan(x + y) =-1 

x + c 


Solution: We have 


dy 

— = sin(x + y) 
dx 


Put x+y = z. Therefore 


This implies 


Answer: (A) 


dy _ dz .j 
dx dx 


dz 

-1 = sm(x + y) = sin z 

dx 

dz . 

> — = 1 + sin z 
dx 


dz 


1+sinz 

Integrating we get 


= dx 


' dz 
1 + sin z 


■ = x + c 
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dz 


[sin(z/2) + cos(z/2)] 2 
sec 2 (z/2) 


= x + c 


[l+tan(z/2)]“ 
-2 


dz = x + c 


■ = x + c 


l + tan(z/2) 

-2 . [ x + y , , . 

-= l + tan-- (vz=x + y) 

x + c 


Answer: (B) 


128. The differential equation 


dy _ yjl- 


y 


dx y 

determines family of circles with 

(A) Variable radii and fixed centre at (0,1) 

(B) Variable radii and fixed centre at (0, -1) 

(C) Fixed radius 1 and variable centres along x-axis 

(D) Fixed radius 1 and variable centres along y-axis 

Solution: Given equation can be written as 

y 


v/i 1 


- dy = dx (Variables Separable) 


y 


Integrating we get 


f , : dy = \dx + c 

] ^7 ] 

if -2y 

"2-1VT^ 

• —■^x2^jl — y 2 =x + c 


7= X + C 


y 


Therefore 


1 — y 2 = x + 2cx + c 2 

■ x + y + 2 cx + c^ — 1 
■(x + c) 2 +y 2 = 1 


Answer: (C) 


129. The equation of the curve passing through the 
point (1,1) and satisfying the differential equation 

^= e x - y +x 2 e -y 

dx 

is given by 

(A) e y -e x +—+— (B) e y =e x + -~- 

2 2 32 

(C) (D) e’ = e‘-l + \ 


Solution: We have 

— = e x ~ y +x 2 e~ y 
dx 

=+ e y dy =(e x + x 2 ) dx (Variables Separable) 
Integrating we get 

J e y dy = J (e x + x 2 ) dx + c 

=>e y =e x + -x 3 + c 
3 

The curve passes through (1,1) implies 


e = e-\ -he 

3 

1 

> c = — 

3 


Therefore the curve equation is 


e y =e x + - 

3 3 

Answer: (C) 

130. Equation of the curve passing through the point (1,1) 
and which is a solution of the equation 

^ = Xx>0,y>0 

dx x 


x 3 1 


is 

(A) y 2 = x 
(C) x 2 = y 3 

Solution: We have 

dy 2 y 
dx x 


(B) y 2 = * 3 
(D) x 2 = y 


— =—dx (Variables Separable) 

y x 


Integrating we get 




+ c 


y J x 
logy = 2 log x + c 
■ y = kx 2 

Curve passes through (1,1) => k = 1. Therefore the curve 

Answer: (D) 


is y = x 2 


131. Solution of the equation 


4=( iV)* 2 

ax 


is 
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(A) y 2 =ce 2x3 ' 3 - 1 (B) y 2 =ce x3 ' 3 - 1 

(C) y 3 = cc z * S/3 -l (D) y 3 = ce 2 ^ 13 + 1 

Solution: Given that 

^(i+r )* 2 

ax 

Therefore 

y 9 

- jdy = x dx (Variables Separable) 

i +y 

Integrating we get 

f — dy= \ x 2 dx + c 
J 1+y 2 J 

=>hog(l + y 2 ) = ^x 3 +c 

=5>l°g(l+y 2 ) = |-r 3 +2c 

=>1 +y 2 =e 2xil3+2c 

Hence 

y 2 =k e 2x 13 - 1 where /: = e 2c 

Answer: (A) 


So 


y = sin (Sin l x + c ) 

= sin (Sin -1 x) cos c + cos(Sin _1 x) sin c 
= xcosc+\ll-x 2 sine 

Answer: (B) 


133. The equation of the curve passing through the 
point (1, 3) and whose slope at any point (x, y) is 
-[1 + (y/x)] is given by 

(A) xy + 4x 2 = 7 (B) 2xy + x 2 = 7 

(C) 3xy -2x 2 = 7 (D) Vxy + 4x 2 = 7 

Solution: By hypothesis 

dy = _i_Z 

dx x 

dy y 

=>- + - = -1 
r/x x 


Put z = ylx. Therefore 


dz 

z + x— + z = 

dx 


-1 


=> x 


kz 

dx 


-(2z + l) 


132 . Solution of the equation 

EZ 

dx \l-x 2 

is given by 

(A) y = jr + Vl-* 2 sine 


(B) y-xcosc + 'Jl-x 2 sine 

(C) xy = \ll — x 2 + c 


(D) 

y = xy + 7( 1-x 2 

)(!-/) + 

Solution: 

We have 



dy 

I 1 -/ 


dx 

U-x 2 

Therefore 

dy 

dx 




Integrating we get 

dy r dx 
=> Sin _1 y = Sin _1 x + c 


Therefore, 


dz dx 

-1- 

2z +1 x 


(Variables Separable) 


Integrating we get 



=>-log|2z + l| + log|x| = c 

=> log |2z +1| + log(x 2 ) = c 

=> \2z +1| = e 2c_lo s(- t2 ) = A- 
x 

_ . k 

=> 2z+1 = — 
x 



The curve passes through (1, 3) => k = 7. Therefore 2xy 
+ x 2 = 7 is the curve equation. 


Answer: (B) 


134 . Solution of the equation 

ax 


is 
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(A) y = tan(x + c) - x (B) y = tan(x + c) + x 

(C) y = cot(x + c) + x (D) y = tanx + cx 

Solution: The given equation is not directly variable 
separable, but it will be variable separable if we put z = 
x + y. Now 


or 


ax 


dz 

z 2 +1 


dx 

x 


Therefore the solution is 

Tan _1 z = x + c 
or z — tan(x + c) 

Hence 

y = tan(x + c) - x 


Answer: (A) 


135 . A curve y = /(x) passes through the point P( 1,1). 
The equation of the normal at P( 1,1) to the curve 

y = f{x) is 

(x — 1) + a(y - 1) = 0 


and the slope of the tangent at any point on the 
curve is proportional to the ordinate of the point. 
Then the equation of the curve is 

(A) x 2 + y 2 = l (B) y 2 = x 

(C) (_y - l) 2 = n(x -1) (D) y = e «b-1) 


Solution: By hypothesis, 
dy 
dx 


ky 


where 0. Therefore the slope of the normal at (1,1) is 


— = — (By hypothesis) 
k a 


Therefore k = a. Now 
dy 


— = adx (Variables Separable) 

y 

Integrating we get 

J — = a J dx + c 

=> log y = ax + c 
=> y = e ax+c 

The curve passes through the point (1, l).This implies 
1 = e a+c 


So 


a + c = 0orc = -fl 
Hence the curve equation is 

y — e ax - a _ gfl(x-l) 

Answer: (D) 


136 . A and B are locations and the distance AB is 8 m. 
O is the midpoint of AB. At the point ‘O’, a 2 m 
long object is fired vertically upwards. The speed of 
the object after t seconds is given by 

— = (2f +1) m/s 

J* x ' 


Let crand /?be the angles subtended by the object 
at A and B, respectively, after Is and 2 s. Then 
cos(a- J3) is 




(D) 


5 

V26 


Solution: See Fig. 5.40. Let OM x = 2 be the starting 
position of the object. Let M 1 N 1 and M 2 N 2 be the positions 
of the object after Is and 2s, respectively. Since ‘O’ is the 
midpoint of AB and ON 1 is perpendicular to AB. the 
object subtends equal angles at A and B. 

Let ZOAM t = 9 X and ZOAM 2 = 6 r By hypothesis 

ds 

— = 2 1 + 1 
dt 

=> ds = (21+ 1) dt 
=> s = t 2 + t + c 


So 


t=0,s = 0=>c = 0 

Now s = t 2 + t is the distance travelled by the object in 
t seconds. When t = 1, we have s = 2. 

n 2 1 
tan 0, = — = — 

4 2 



FIGURE 5.40 Single correct choice type question 136. 
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Worked-Out Problems 


and 

Therefore 


tan(a + 0 1 ) = — = 1 


tana = tan(a + 0 1 -(?,) 

tan(a+ 0 1 )-tan0 1 


Again 

and 

Therefore 


1 + tan(a + 9 l ) tan d 1 

1 - ( 1 / 2 ) 1 

1 + 1(172)” 3 


„ 6 3 

tand, = — = — 

- 4 2 

tan03 + &) = ^- = - = 2 
OA 4 


tan p = tan(/J + 0 2 - 0 2 ) 
2-(3/2) 1 

” 1+2(3/2) ” 8 

Now, tan a = 1/3 and tan [i =1/8 implies 

(1/3)-(1/8) 


tan (a- p) = 


l + (l/3)(l/8) 
5__1 
25” 5 


Hence 


cos (a- p) = 


-y/l + tan 2 (a~P) 
1 5 


y]l + (V25) V26 

Answer: (D) 

137. A normal is drawn at a point P (x,y) of a curve. It 
meets v-axis in Q. If PQ is of constant length k and if 
the curve passes through (0, k ), then its equation is 

(A) xy = k 2 (B) x 2 + y 2 = k 2 

(C )y 2 = kx ( Y))x 2 = Aky 



FIGURE 5.41 Single correct choice type question 137 


Solution: See Fig. 5.41. The length of the normal at 
P (x, y) = PQ which equals 




Therefore 


= k (By hypothesis) 


— Y = —-1 


dx) y 2 


d y ,. ± ^ k2 -y 2 

dx y 


Now 


/F 7 


r dy = ± dx (Variables Separable) 


y 


Integrating we get 


1 


r dy = ± x + c 


or 


~\jk 2 -y 2 =±x + i 


The curve passes through (0, k) => c = 1. Therefore the 

Answer: (B) 


curve is x 2 + y 2 = k 2 . 


138. A solution of the differential equation 


dy\ dy 

— -x — + y = 0 
dx) dx 


is 


(A) y = 2 (B) y = 2x 

(C) y = 2x-4 (D) y = 2x 2 - 4 

Solution: We have 

dy _ x ± yjx 2 -4y 
dx 2 


Put x 2 - 4y = z■ So 


dx ^ 


2x-4 — = — 
dx dx 


(5.42) 


(5.43) 


From Eqs. (5.42) and (5.43) 


=+2 dx 

pz 
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Integrating we get 


J 4~ z ~ +2 \ dx+ ' 


=> 2sfz = +2 x + c 
=> = + x + c' 

=> z = x 2 ±2c'x + c' 2 
=>x 2 - 4y = x 2 ± 2c'x + c' 2 
=> -4 y = ± 2c'x + c' 2 
=> 4 y = + 2c'x — c' 2 

If 4y = 2c'x - c' 1 and c' = 4, then y = 2x - 4 is a solution and 
if 4y = -2cbt - c' 2 and c' = -4 then also y = 2x - 4 is a solu¬ 
tion. 

Answer: (C) 

139. If the length of the tangent at any point on the curve 
y = f (x) intercepted between the point of contact 
and this x-axis is 1, then the equation of the curve is 


(A) log 

(B) log 



i-y 2 

l + \ 

1-V 

ll + y 2 

i-y 2 

i+V 

i-y 2 


= ± x + c 


= X +c 


(C) fi^y 2 log 


(D) ^y 2 - log 


i-v 

i-y 2 

i+v 

i-y 2 


= ± x + c 



i-v 

i-y 2 


l + V 

i-y 2 


= ±x + c 


Solution: The length on the tangent is 1. This implies 


y^\ + {dx!dy) 2 


= 1 


1 + 


^ dx 

Jy, 


v 2 i-y 2 


y 


dx 

dy j 

d l = + _; 

dx 


Vi-y 2 

y 


dy = ± dx (Variables Separable) 


Integrating we get 


■Vi- 


- dy = + x + c 


Put 1 - y 1 = r so that y dy = -t dt. Therefore 


Vi- 


1 

n-t 2 - 
J l -t 

J 


-ydy=±x + c 


= ±x + c 


dt = ±x + c 


1-r 


dt = ±x + c 


1 , 

t + — log 


1 -t 


1 + t 


= ±x 


So 


Vi-y 2 + — !°g 


i-Vi-— 


i+Vi- 


= + X + C 

Answer: (C) 


140 . Let 


dy 6 


dx x + y 

where y(0) = 0. If x + y = 6, then the value of y is 
equal to 

(A) log,. 4 (B) 21og e 3 

(C) 61og g 2 (D)41o ge 2 

(IIT-JEE 2006) 

Solution: Put z = x + y in the given equation. We get 

dz _ dy _ 6 
dx dx z 

z 


6 + z 

Integrating we get 


dz = dx (Variables Separable) 


f - dz = x + c 
J 6 + z 


Now 


Therefore 


6 + z 

1{ 1 -7) dz = x+c 

• z-61og e \6 + z\= x + c 
■ y-6log e \6 + x + y\ = c (vx + y = z) 


y(0) = 0 => c = -6 log e 6 


' - 6 log e 16 + x + y | = -6 log e 6 
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When x + y = 6, then 

y -6 log e 12 = -6 log c 6 
=> y = 6 log e 2 + 6 log e 6-6 log e 6 

=> y = 6 log e 2 

Answer: (C) 


and 

Therefore 


Ft = 


3(yi ~ mx x ) 

4 


3x 1 + ^- = 0 
m 


141. Tangent is drawn at any point P of a curve which 
passes through (1,1) cutting x- and y-axes in A and 
B, respectively. If AP : PB = 3:1, then 


(A) differential equation of the curve is 

3.v — + y 2 — 0 
dx 

(B) differential equation of the curve is 

3x—~y = 0 
dx 

(c) the curve passes through the point (1/8,2) 

(d) the normal at (1,1) is x + 3y = 2 

(IIT-JEE 2006) 



FIGURE 5.42 Single correct choice type question 141. 

Solution: See Fig. 5.42. Equation of the tangent at 

(W’l't) is 

y-y 1 = m(x-x i) 

where 

»■=(-] 

Now 

y = 0=>x = x 1 - — 
m 

so that A = (x 1 - y^m, 0) and 

x = 0 => y = —m x 1 + y± 

so that B = (0,y x - mx^). Now AP : PB = 3:1 implies 
x 1 -(y 1 /m) 


and y { + 3mx 1 = 0 

So the differential equation is 

3x^1+ y = 0 (5.44) 

dx 

3 dx 

=> — dy + — = 0 (Variables Separable) 

y x 

Integrating we get 


f 3 , r dx 
— dy+ — = c 

J y J x 

=> 31ogy + logx = c 
=> xy 3 = k 


Curve passes through (1,1) => k = 1. Therefore 
xy 3 = 1 

Also (1/8,2) lies on xy 3 = 1. 


Answer: (C) 


142. Let/be a real-valued differentiable function on E 
such that / (1) = 1. If the y-intercept of the tangent 
at any point P(x,y ) on the curve is equal to the cube 
of the abscissa of P, then the value of /(2) is 

(A) 1 (B) 2 (C) -1 (D) -2 

(IIT-JEE 2010) 

Solution: Equation of the tangent at (x v y t ) is 
y-y 1 = m(x-x l ) 

where 

ra =f-) 

Now 


x = 0=>y=y 1 - mx x 


By hypothesis, 


y 1 - mx 1 = x 1 

Therefore the differential equation is 

dy 3 
y — x — = x 
dx 

dx x 


(Linear equation) 
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The integrating factor is 


I.F. 



1 

x 


Therefore the solution is 



Now 


Therefore 


/(l) =1 

=> 1= — —+ c 
2 


3 

=>c= — 
2 


x 3 3 

y =-1 —x 

2 2 


„ , x* 3 

/w =- t + T 


So 


/(2) = -f + f(2) 

= -4 + 3 = -1 

Answer: (C) 

143 . A spherical raindrop evaporates at a rate propor¬ 
tional to its surface area at any instant t. The dif¬ 
ferential equation giving the rate of change of the 
radius of the raindrop is 

(A) — + k = 0 (k> 0) (B) 2 — + k 2 = 0 

y ’ dt V dt 

(C) rdr + tdt = k (D) r 2 dr-tdt = 0 

Solution: Let r be the radius of the raindrop at any 
instant and V its volume. Then 



By hypothesis, V is proportional to the surface area S 
(= 4nr 2 ). Then 

where k is the constant of proportionality. So 


2 dr 


4nr — = k(4nr ) 
dt 

dr 

=> — = k 
dt 


Since r is decreasing (because V is decreasing) we have 


dr 

dt 


= -k or 


dr , n 

-h k — 0 

dt 


Answer: (A) 


144. Solution of the differential equation 

(y 3 -2x 2 y)dx+ (2xy 2 -x 3 )dy = 0 
is 

(A) xy(x 2 -y 2 ) = c (B) xyjy 2 -x 2 =c 

(C) xy{x 2 +y 2 ) = c (D) x 2 +y 2 =cxy 

Solution: We have 


dy 2x~y-y 3 


dx 2xy 2 - x 3 

which is a homogeneous equation. Put y = vx. Then 
xdv 2v-v 3 


v(l-v 2 ) 

Integrating we get 

'-1 1 


v + - - 

dx 2v“ -1 

dv 2v-v 3 

X dx 2v 2 -1 V 

2y _1 dv = -dx 
x 


3v-3v 3 
2v 2 -1 


1 


log(w/v 2 -1) + log X 3 = I 


V 2(v-l) 2(1+ v) 


dv= — dx + c 

J x 


x 3 U J4-1=c 


TV 


7y 2 -x 2 =c 


Answer: (B) 


145. The normal at any point P(x, y) of a curve meets 
x- and y-axes in A and B , respectively. If O is the 
origin and OA and OB are the algebraic intercepts 
of the normal at P such that 

—+ —= 1 
OA OB 

then the equation of the curve is [given that (5, 4) 
is a point on the curve] 

(A) x 2 — y 2 = 9 

(B) xy = 20 
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(C) (x + l) 2 + (y + l) 2 = 61 

(D) (x - l) 2 + (y - l) 2 = 25 
Solution: Normal at (xj.yj) is 

y-yi = —( X -x 1 ) 

m 


where 


Now 


dy 

dx 


Omri) 


y = 0=»x = x 1 + my 1 

n x 1 

x = 0=>y = y 1 + — 
m 


By hypothesis 


1 


1 


x 1 + my l y j + (X]/m) 
1+ m 

- — 1 


- = 1 


+ mV] 

1 + m = Xj^ + my 1 


i + i^ 

dx 


(*i.yi) 


dy 

=x ' + ^Tx 


(*i.yi) 


Therefore, the differential equation is 

. dy dy 

1 + — = x + y — 
dx dx 

=>(l-y)^ = x-l 
dx 

=> (1 -y)dy = (x- 1) dx (Variables Separable) 
Integrating we get 

c + J (1 - y) dy = J (x -1) dx 

=> c - (y - l) 2 = (x - l) 2 
=> (x - l) 2 + (y - l) 2 = c 

The curve passes through (5,4) => c = 25. Therefore 
(x - l) 2 + (y - l) 2 = 25 

Answer: (D) 


146. If the algebraic sub-tangent at any point of a curve 
is equal to half of the sum of the coordinates of the 
point, then the equation of the curve is 

(A) x 2 +y 2 = cy (B) ( x-y) 2 = cy 
(C) (x-y) 2 = cx (D) x 2 -y 2 = c 2 

Solution: By hypothesis 


y 


x + y 


Put y = vx. Then 


dy / dx 2 
dy 2 y 

dx x + y 


dv 2v 
v + x — = ■ 


(Homogeneous) 


dx 1+ v 

dv 2v v-v 2 

x — =-v = ■ 


dx 1 + v 1 + v 

1 + v dx 

-dv = — 


v(l-v) 


Integrating we get 


[ [ 

J vd—v) J 


v(l-v) 

1 2 
- + - 


, i dx 

dv =-l-c 


V 1 —V 


, f dx 
dv = - he 


log | v| — 2 log |1 — v| = log|x| + c 
■ (1 — v) 2 x = cv 
(x-y) 2 =cy 


Answer: (B) 


147 . By a suitable substitution, the equation 

3 dy 2 n 

y — + x + y = 0 
dx 

can be transformed to 

(A) Variables separable (B) Homogeneous 
(C) Linear (D) Bernoulli's equation 

Solution: Putting z=x + y 2 in the given equation, we 
get 

— = 1 + (2v) — 
dx dx 

=> (z-x)^^-lj + 2z = 0 

=> (z-x)^ L -(z-x) + 2z = 0 
dx 

, x dz „ 

=> (z - x) — + z + x = 0 
dx 

dz z + x 

=> — +-= 0 

dx z—x 


which is a homogeneous equation. 


Answer: (B) 
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148 . Solution of the equation 
dy 


i-^ 


IS 


(A) 2 yjy-x + 2logj^y - x -1| = x + c 

(B) 2 yjy-x + log— jc — i| = jl: + c 

(C) 2 yjy -x + log|y-x-l| = x + c 

(D) log|y-x-l| = y-x + c 

Solution: Putting y - x = z 2 in the given equation, we 


get 


^ = 1 + 2 ;* 
dx dx 

i o dz 
=> l+2z— = z 
dx 

2 % 

=>- dz = dx (Variables Separable) 

z -1 

=> J ~~j dz = j dx + c 


Integrating we get 


1 


2 + - 


dz = x + c 


Z~ ly 

=> 2z + 2 log |z -1| = x + c 
=> 2^/y-x + 2 log | y]y-x —1| = x + c 

Answer: (A) 

149 . Solution of the differential equation 


dy _ y 3 + y 2 \ly 2 -< 

dx x 3 


IS 


(A) y + yj y 2 - x 2 =kxy (B) yj y 2 -x 2 = kxy 

(C) y 2 +x 2 =kxy (D) y 2 -x 2 = kx 2 y 2 

Solution: Substituting y = vx in the given equation, we 
get 

dv 3 2 r 2 7 

V+ X — = V +V“VV -1 

dx 

^ x ^ =v(v 2_ 1)+v 2 

dx 

= vVv 2 — l(v + Vv 2 —1) 

1 


v\lv 2 — l(v + Vv 2 — 1) 


. dx 
dv - — 


Integrating we get 

I 


dv j* dx 

,a/v 2 -1(v + Vv 2 -1) J * 
r v-a/v 2 -1 

- ! ^ CIV = lOg X + C 


+ c 


•I 


v\lv 2 — 1 
1 1 
V 


dv = logx + c 


=> log( V + Vv 2 -1) - log V = log x + c 
=> v+\lv 2 -1 = ky 
=> y + \ly 2 — x 2 = kxy 

Answer: (A) 

150 . The equation of the curve passing through the point 
(1, #/4) and tangent at any point of which makes 


angle Tan 1 —-cos 2 — with thex-axis,is 


(A) y = Tan M log — 


(B) y = xTan -1 j +1 

(C) y = xTan _1 (l-logx) 

(D) y-x = Tan _1 (l-logx) 
Solution: By hypothesis 


dy 

— = tan 
dx 


Tan q —-cos 2 — 


y 2 k 
= — - cos — 


Put y = vx. Then 


dv i 

v + x — = v - cos“ v 
dx 

> (sec 2 v)dv + — = 0 
x 


Integrating we get 


J (sec 2 v) dv + J— = i 

> tan v + log x = c 


■ tan | — | + logx = c 

, x. 


The curve passes through (1, #/4) => 1 = c. Therefore 
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tan v + log x = 1 

y 

=> tan —= 1-logx 
x 

=> — = Tan 1 (1-logx) 
x 

=> y = x Tan -1 (1 - log x) 

Answer: (C) 


151 . Solution of the differential equation 

y 2 dx + (x 2 — xy + y 2 ) dy = 0 
is 


(A) y = ke T ™ 1{y,x) 

(C) y = fceTan _1 (;y/x) 

Solution: We have 
y 2 dx + (x 2 — xy + y 2 ) dy = 0 
dy 


-y 


dx x 2 - xy + y 2 


(B) y = kxe T ™ 1{y,x) 
(D) x = kye Tan ' (xly) 


(Homogeneous) 


Put y = vx. Then 


dv —v 
v + x — = 


dx 1 - v + v 2 


dv -v 2 
■ x — = 


dx 1 - v + v 2 

1-v + v 2 dx „ 

- y-dv+ -= 0 

v(l+V ) X 


(v+v 3 ) 

1-v + v 2 


Integrating we get 


1 1 


v 1 +v" 


dv+ log x = c 


=> log v+ log x-Tan x v = c 
=> log(v x)-Tan -1 v = c 

——^ y — gC+Tan 1 (ylx) _ ^ g Tan _1 (y/x) 

= >y = ke r™\yix) 

Answer: (A) 


152 . Solution of 


x(dyldx) — y 

rr 2 


= mx 2 


, A , Sh-(Z) 
,e, 


mx 

-h c 

2 

mx 2 

+ c 


(C) sin — \ = xy + c 


(D) y = mx + sin| — | + c 


Solution: We have 


dy 

x -y = mx 

dx 




Put y = vx. Then 


dv r ~2 

v + x -v = mx\jx~ - 

dx 


2 2 

V X 


dv 2 f, 2 
■ x — = mx v 1 — v 
dx 


dv 




Integrating we get 


= ( mx) dx 


f dv r 

\jrxj =m y 


v/l^v 2 


dx + c 


-i mr , 
Sm v =-+ c 


-i y mx 
Sm — =-+ c 


Answer: (B) 


153 . Solution of the equation 


dy 

/ 2 . 2 

ll 

l 

■|3 

lx + y 

is 


(A) y + a/x 2 + y 2 = kx 2 


(B) y-yjx 2 +y 2 =kx 


(C) yjx 2 + y 2 =kx 2 


(D) x + a Jx 2 + y 2 =ky 2 


Solution: We have 


dy 

/ 2 . 2 

II 

>. 

I 

■13 


dy y _ 

^/?v 

dx x 


Put y = vx. Then 



dv k. 2 

v + x-v = V1 + v 

dx 

dv dx 


V1 +v 2 


2 


x 
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Integrating we get 


f dv f dx 


+ c 


VT 

=> log(v + \j\ + v 2 ) = log x+c 
=> v + V 1+v 2 = kx 
=> y+\lx 2 + y 2 =kx 2 

154 . Solution of the equation 

Ysin — \dy = (ysin — -x)dx 
\x) x 


Answer: (A) 


is 


(A) sinj — ) = log|/e 


(C) cos^ —j = log|/c. 

Solution: We have 


(B) y = x\og\kx\ 

(D) tan( — ) = log|Ar. 


jcsin — ]dy = ysin — — x \dx 


x J v x 
dy ysin(y/v)-v 
dx v si n ( ylx) 


Put y = vx. Then 


dv vsinv-1 

v + x — =- 

dx sin v 

dv vsinv-1 


-1 


> x — = 


dx sin v 


— v — 


smv 


> (sin v) dv + — = 0 
x 


Integrating we get 


J(sinv)tfv +J—= i 

> -cosv + log|x| = c 

> cos I — 1 = log | A: 


155 . The general solution of the equation 

( y\dy f y ^ 

x cos — — = ycos — \ + x 
V x ) dx \x J 


Answer: (C) 


is 


(A) Cos — j = log|cY 


(B) sinf—j = log|cY| 


(C) Sin J = log|cx| 

(D) cosf — ] = Sin'^loglcxj) 


Solution: We have 

dy ycos(y/.r) + y 
dx ycos {ylx) 


Put v = ylx. Then 


dv vcosv + 1 

V +Y =- 

dx cos v 
dv vcosv + 1 1 

• Y-=-V = - 

dx cos v cos v 

, dx 
■ cosvriv = — 

Y 


The solution is 


sin v = log |y| + c 

y 

■ sin — = log cy 

Y 


Answer: (B) 


156. The general solution of the differential equation 
2yex ly dx + (y - 2xe xly ) dy = 0 
is 

(A) 2e xjy + log |y = c (B) +2ylog|Y| = c 

(C) Ye v/y + log|y| = c (D) 2e x,y + log|y| = c 

Solution: We have 

2ye xly dx + (y - 2xe xly ) dy = 0 

Therefore 

dx _ y — 2xe xly 


x/y 


dy 2 ye 

= -- e - x/y +- 
2 y 


So 


Put y = vy.Then 


dx x 1 
dy y 2 


x/y 


(5.45) 


dv dx 
v + y— = — 
dy dy 

dv 1 
^ dy 2 

> 2e v dv + — = 0 


[By Eq. (5.45)] 
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Integrating we get 


j2e v dv+j— 


= c 


> 2e v + log|y| = c 

> 2e xly + log|y| = c 


Answer: (D) 


157. General solution of the differential equation 


ydx - xdy 


is 

(A) xy = c 
(C) y 2 = cx 

Solution: We have 


= 0 


(B) x 2 = cy 
(D) y = cx 


dy dx 
y x 

' log log M = c 

> y = kx 


Answer: (D) 


158. A curve is passing through the point (0,1). If the slope 
of the curve at any point ( x , y) is equal to x + xy, then 
the equation of the curve is 


_0„* 2 /2 


(A) y—2e 
(C) y-l = e 


(B) y +1 = 2e 


y/2 


x 2 I2 


(D) x + l = 2e 


,x 2 I2 


Solution: By hypothesis, 
dy 

— = x + xy 
dx 

=> — + (-x) v = x (Linear equation) 
dx 

Now P = - x , Q = x. The integrating factor is 

l.F. = e iPdx =e -* 112 

Therefore, the solution is 

_ 2 (• -x 2 I2 

ye x = \xe dx + c 


- J e‘(-l)dt 


= —e + c 


+ c where t - 


-x~ 


= -e~ xl2 + c 


That is 


y = —1 + ce 


x 2 a 


The curve passes through the point (0,1) implies that 
1=-1 + corc = 2 
Therefore the curve equation is 


y = -l + 2e 


x 2 I2 


y + l = 2e 


x 12 


Answer: (B) 


159. General solution of the differential equation 

(cos 2 *) — + y = tanx fo<x< — 

K ’ dx y l 2 


is 

(A) y + 1 = tan x + ce~ tan x 

(B) y + 1 = tan x e~ tanx +c 

(C) ( y + l)e tan;c = tanx +c 

(D) (y + 1) tan x = c + e^ tan v 

Solution: We have 

/ 2 * dy 

(cos“ x) — +y = tanx 
V ’ dx y 

=> — + (sec 2 x) v = sec 2 x tan x (Linear) 
dx 

So P = sec 2 x and Q = sec 2 tan x. The integrating factor is 

l.F. = e lpdx =e lanx 

Therefore, the solution is 

ye tanx = J(sec 2 xtan x)e tanx dx + c 
= jte ( dt where f = tanx 
So 

ye tanx =e‘(t-l) + c 

— e lanx (tan x — 1) + c 

Hence 

y + 1 = tan x + c e~ tanx 


Answer: (A) 


160. The general solution of the equation 
dx x 


is 

(A) xy = y + c (B) xy = y + c 

(C) xy = ^-+c (D) xy=y + c 
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Solution: We have 


± + i =x 2 

dx x 


(Linear) 


Therefore P = IIx and Q = x 2 . The integrating factor is 

I.F. = J pdx = e logx = x 

Therefore, the solution is 

y(x) = Jx 2 ( x ) dx + c 


This implies 


x 

= — + c 
4 


xy =- he 

7 4 


Answer: (C) 


161. General solution of the differential equation 

(xlogx)^- + y=-logx 
ax x 


is 

(A) x_ylogx = cx-2(l + |log(x)|) 

(B) ylogx = cx-2(l + log|x|) 

(C) xlogx = cx + y-2(l+log|x|) 

(D) xylogx = cx-2(l+log|x|) 
Solution: Given equation is 

(Linear) 

ax xlogx x 
The integrating factor is 

dx 


j- 


I.F. = e xlogx = e log(logx ^ = log x 
Therefore, the solution is 
2 


ylogx = J — log xdx + i 


= 2| — logx-j" 


-1 1 
X X 


+ c 


Therefore 


= —(logx + l) + c 


xy log x = cx - 2 (log |x| + 1) 


is 

c 

(A) xy = -+ l-xcotx 

sinx 

(B) xy = c sin x +x cot x 

(C) xy sin x = c — cot x 

(D) y sin x = cx — x cot x 

Solution: We have 
dy 


Flere 


x — + (1 + xcot x)y = x 
dx V 

dy (1 + xcotx) . . 

> — + -- y = 1 (Linear) 

dx x 


p= i +jrc °i j , Q =i 


The integrating factor is 

r _ , f | —+COt JC I i/jc , . . 

J p - e J Pdx = e J \x J _ ^log(xsinx) 

Therefore, the solution is 

y{x sin x) = J* 1(jc sin x) dx + c 


= xsinx 


= smx-xcosx + c 


So 


xy = 1- xcotx + - 


smx 


Answer: (A) 

163 . If v = 0 when x = 1, then a particular solution of the 
equation 

(1 + x~) ~A~ + 2 xy = 7- 2 

dx 1 + x 

is 

(A) y(l + x 2 ) = Tan _1 x + ^- 

(B) y(l + x 2 ) = Cot~ 1 x + ^- 

(C) y(l + x 2 ) = j-Cot -1 x 

(D) y(l + x 2 ) = Tan _1 x+^- 
Solution: Given equation is 


dy f 2x 


Answer: (D) 


y = - 


l 


.2+2 


dx \l + x z J (1+x 2 ) 


(Linear) 


162. Solution of 

x —+ y-x + xycotx = 0 (xaO) 
dx 


The integrating factor is 
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I.F. = e 


I-^rdx 

— a 1+X 


_ g log(l+.V 2 ) 


= 1 + X“ 


Therefore, the solution is 


y(l + x 2 ) = \ 


1 


, - (1 + x )dx + c 

(1 + * 2 ) 2 


= Tan l x + c 


Now x = 1 => y = 0 so that 


0 = Tan 1 + c or c = — 
4 

Hence the solution is 

y(l + x 2 ) = Tan~ J x - — 


■ TC ~ _i \ 71 

= | — — Cot L x | - — 


So 


y(l+x 2 ) = ^-Cot l x 


Answer: (C) 


164. General solution of the equation 

(x cos x) — + v( x sin x + cos x) = 1 
dx 


is 

(A) ysecx = tanx +c (B) xy sec x = tan x +c 
(C) xy = secx tanx +c (D) ysecx = xtanx +c 

Solution: Given equation is 

dy (xsinx + cosx) 1 

— + y-- = —secx 

dx x cos x x 


So 


dy 


1 


1 


^ + \tanx + — |y = — secx (Linear) 


The integrating factor is 


I.F. = e 


Jjtan x+ ^ jdx 


— glog(jcsecjr) 


= xsecx 


Hence the solution is 

y(x sec x) = Jf — sec x j (x sec x) dx + c 


Therefore 


= J sec~ x dx + c 
= tan x + c 

xy sec x = tan x + c 


Answer: (B) 


165. General solution of the equation 

Ay 


(1 + x)——xy = 1 —x 
dx 


is 


(A) y(l + x) = ce x (B) y(l +x)=x + c e* 

(C) x(y + 1) = x + c e x (D) x(y + 1) = c e x 

Solution: Given equation is 


dy 


dx \1 + x)' 1 + x 

The integrating factor is 

f —dx 

I.F. = e 1+ * 


y = ^—— (Linear) 


_ g -Ar+log(l+.v) 

= e~ x (l + x) 


Hence the solution is 


y[e v (l + x)] = J^^ ——je X (l + x)dx 
= je~ x (l — x)d. 


x + c 

= -e~ x - [-xe~ x -\-e~ x (l)dx\ + c 


= xe + c 


Therefore 


y (1 +x) = x +ce x 


Answer: (B) 


166. General solution of the equation 

(1 + x 2)^ + TanA 
V ’ dx * 
is 

(A) y = g Tan_1 -* + c 

(B) ye Tan ljc = ce 2Tan 1]c 

(C) 2y = e Tan ljc + ce~ Tan l x 
2 Tan_1 *+ C 


(D) 2y = e 
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Solution: The given equation is 

2 Tan ljC 

1 - y (Linear) 


Now 


dy + y 


dx 1 + x 2 1 + x 2 

The integrating factor is 

r dx 

J TT72 


I.F. = e = e Tanx 


Therefore the solution is 


ye 


Tan 


M 


Tan 1 x 

- - 7T- ■ e Tan X dx + c 

1+x 2 


Hence 


Take 2c as c. 


= -(e Tdn ' x ) 2 + c 
2 v ’ 

1 2Tan ] x 

= —e + c 

2 


2y = e Tanx + 2ce- Tanx 


Answer: (C) 


167 . If y(t) is a solution of 

( 1 + of-ry = l 

and y(0) = 1, then _y(l) is equal to 


(A) -1 


(B) 1 


(C) 1 (D) -1 

(IIT-JEE 2003) 


Solution: Given equation is 


dy t 1 

-y =- (Linear) 

dt 1 +1 1 +1 


The integrating factor is 


f —dt 

I.F. = e 1+r 


-J 


l+r-i 

i+i 


dt 


- g-t+log(l+0 


The solution is 


= (l + f)e - ' 

y( 1 + t)e~ l = Y77) e ~‘ C 1 + f ) dt 


+ c 


= —e + c 


Therefore 


y( 1 + 1) = -1 + ce‘ 


Hence 


Therefore 


k(0) = —i 

-1=-1 + c 
■c = 0 


y(l+ 1) — —1 or y ~—— 
v ^ 1+t 


>+)=- 2 


Answer: (A) 


168 . If y = y(x) is a function of x and y(0) = 0, then a solu¬ 
tion of the equation 

dy 

-vtanic = secx 

dx 

is 

(A) y=xsecx (B) y = xcosecx 

(C) x = ycosecx (D) x = ysecx 

Solution: The given equation is 
dy 

-ytanic = secx 

dx 

The integrating factor is 

I.F. = e ~l tandx = e log(cosjc) = cosx 
Therefore the general solution is 

y(cosx) = Jsecx cosjt dx + c= x+c 

Now 

y(0) = 0 => c = 0 

So the solution is y cos x = x or y = x sec*. 

Answer: (A) 

169 . If y = y(x) is a function of x and y(l) = 0, then the 
solution of the equation 

dy y 

x— --— = x 

dx x + l 

is 

(A) y= ^ i ( * +log i*i) 

(B) y = ~\ ( < x ~ 1+1 °gW) 
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(C) y — ~~-(x — 1 + log|x|) 

(D) y = j^( x ~ 1+l °z\ x b 

Solution: Given equation is 


Now 


dy y 


dx x(x + 1) 
The integrating factor is 


= 1 


"I 


dx 


I.F. = e J x(x+1) 


= e 


log| 
= e 

x +1 


m 


The solution is 


x + l'i fx + 1 


n ^rpS : ir dx+c 

= X + log | jc | + c 

y(l) = 0=>0 = l +0 +C 
=> c = -1 


Now 


Therefore 


y\ ) = Jc + log|jr| —1 


'y=—[ (^-i+iogW) 


Answer: (D) 


170. Tangent at any point P(x, y) of a curve y = f(x) 
meets the v-axis in B. If the algebraic value of OB 
is equal to x + 2, then the equation of the curve is 

(A) y +2 = c x-x log |x| 

(B) y = c x — x log \x\ 

(C) y — 2 = c x — x log |x| 

(D) x + 2 = c y - x log |x| 

Solution: Tangent at (x v y 1 ) is 

y - y 1 = m (x -x,) 

where 

f dy ' 


m = 


dx 


(*i.yi) 


x = 0 =t> y = —r, 


Therefore 

OB = y 1 — mx x =x 1 -2 (By hypothesis) 
Therefore differential equation is 


d y 0 

y — x — = x — 2 
dx 

dy y 2 — x 


dx x x 
The integrating factor is 

I F. = gHi !x)dx _ 1 


(Linear) 


The solution is 


2-xU . 

— dx + c 


Therefore 


= S(~2-~\ dx + C 


= -log Ixl + c 

X 


y = —2 — xlog |x| + cx 
■ y + 2 = cx — xlog |x| 


Answer: (A) 


171. The tangent at any point P on the curve y = / (x) 
meets the y-axis in B. N is the foot of the perpendic¬ 
ular drawn from P onto the x-axis. If the rectangle 
with OB and ON (O is the origin) as adjacent sides 
is of constant area and equals a 2 , then the equation 
of the curve is 


(A) y = cx± — 


(C) y = cx± — 


(B) y = cx 2 ± — 

X 


(D) y = cx± — 
2x 


Solution: Tangent at (x v y 1 ) is 

y-y 1 = m(x-x 1 ) 

where 

dy' 


m = 


dx 


Gi.ri) 


B = (0, y 1 - mxj), N = ( x v 0). The differential equation is 
Now 

dy 
dx 


x y — x 
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2 dy 2 
■ xy-x — = ±a 
dx 

dy y _a~ 
dx x x 


(i) — (Linear) 


dx x x L 


Therefore 


(ii) If 


then 


}—,U 1 

I.F. = e x =- 

X 


n ra z 1 


y ! ri 2 

X J J X X 


— + c 


-a 

2x 2 


- + c 


This implies 


y = cx- 


2x 


dy y a 2 
dx x x 2 



FIGURE 5.43 Single correct choice question 172. 
The co-ordinates of A are (Xj - Qq/m), 0). Now 


Area of A OAP = 
Differential equation is 


y l *i 


y i 


= 2a 


(i) We have 


2 dx 2 
xy- y — — ±2a 
dy 


2 dx _ 9 
xy-y z — = 2 a 2 
dy 


dx x 2 a 1 

dy y y 2 

The integrating factor is 

I.F. = e y = e~ logy = — 


y = cx + 


Therefore the solution is 


2x 


y=cx± — 
2x 


Answer: (D) 


172. Tangent at a point P on the curve meets the x-axis 
in A and O is the origin. If the area of the triangle 
OAP is constant (= a 2 ), then the equation of the 
curve is 


(A) x = cy ± — 

y 


(B) y = cx± — 
x 


(C) xy = c(x + y) (D) cxy = a 2 

Solution: See Fig. 5.43. The equation of the tangent at 

(Wi) is 

y-y l = m{x-x i) 

where 

dy ' 


dx 


(-n.yi) 


The solution is 


Therefore 


(ii) If 


then 


x| - | = 

J. 


’-2 a 1 1 J 
—=- dy + c 

y y 

..- 3+1 


= -2a 1 

2 


2 y 


-3 + 1 


+ c 


a 

7 


~~j +c 


x = — + cy 

y 


7 dx „ i 
xy- y — = —2a" 
dy 


dx x 2 a 2 
dy y y 2 
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In this case 


a 

x = cy - 

y 

Therefore the solution is 


x = cy ± — 

y 

Answer: (A) 


173. If y(0) = 1, then the solution of the differential 
equation 

3 dy 2 4 

x — — x y = —y cosx 
dx 


— + 2ytanx = y 2 
dx 


is 


(A) cos~x + y| — + sin2x \ = cy 


(B) 2cos“x + y|^x + — sin2x \ = cy 

(C) cos 2 x + y^ + -^-sin2x | = cy 

2 y 

(D) cos x + sin 2x = cy 


Solution: The given equation is 


is given by 

(A) x 3 = y 3 sin x (B) x 3 = 3y 3 sin x 

(C) 3x 3 = y 3 sin x (D) y 3 = 3x 3 sin x 

Solution: Dividing the given equation with x 3 y 4 , we 
have 

-4 dy y~ J -cosx 

dx x x 3 

Put y -3 = z so that 

_ 3 y -4 dy _ dz 
dx dx 

1 dz z cosx 

3 dx x x 3 

dz 3 z 3 cos x 

=>-1-= -5- 

dx x x 
The integrating factor is 

I.F. = J (3 / ^=x 3 

Therefore the solution is 

3 f3cosx. 3 . 
zx = - 5 —(x )dx + c 

J X 

= 3sinx + c 

This implies 

—t = 3sinx + c 

r 

Now y(0) = 1 => c = 0. Therefore 

x 3 = 3y 3 sin x 

Answer: (B) 


174. General solution of the equation 


—+2vtanx = y 2 (Bernoulli) 
dx 

_2 dy 2 

=> y —tanx = l 

dx y 

Put 1/y = z. Therefore 

1 dy _ dz 
y 1 dx dx 

dz ^ . 

=>- \-2z tan x = 1 

dx 

dz 

=>-(2tanx)z = -1 (Linear) 

dx 

The integrating factor is 

—2 tan x dx 

I.F. = c 

— gl°g( cos2 x) 

= cos 2 X 

Therefore the solution is 


zcos 2 x = J-cos 2 x dx + c 
-J(l+cos2x)d. 


x + c 


X + - 


sin2x 


2 

x sin 2x 
2 4 


+ c 


+ c 


But z = 1/y- Therefore 


x sin 2x 


cos x = -y —+ - 

’ 1 2 4 


x sin2x 


• cos x+y\ - + - 

. 2 4 


+ cy 


= cy 


Answer: (C) 
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175 . The curve passing through the point (0, nt\) satis¬ 
fying the differential equation 

dy • 0 32 

—+ xsm 2 y = 3 c cos y 
dx 


IS 



(A) 

1/2 -i\ 3 -x 2 /2 

tan y = -(x 2 -l) + —e ' 


(B) 

tany = ^-(jt 2 + l) + ^e~ x 12 

is 

(C) 

tan y = —(x 2 -1) + —e 

(A) 

(D) 

1 , 2 . . 3 

tan y = —(x + 1 ) + — e ' 

(B) 

Solution: 

The given equation is 

(C) 


2 dy , .3 

sec“ y— + x( 2 tany) = x 
dx 

(D) 

Put tan y - 

= z. Therefore 



dz . , 3 , t •_• X 

Solution: 


dx 


The integrating factor is 

I.F. = J 

Therefore 


2x dx v 2 

= e 


ze x = jx 3 e x dx + c 
= \ x 2 e x x dx + c 


fx 2 e x2 ( 2x) 

\ te ‘ 


dx + c 


dt + c where t = x 2 


So 


= |^(t-l) + c 
= | eXl (x 2 -l) + c 


tany = ^-(jc 2 — l) + ce 


The curve passes through (0, ;r/4). This implies 

1 


1 = — + c 
2 

3 

• c = — 

2 


1 , 2 \ 3 _ x 2 

tany=-(x--l)+-e ' 


176 . General solution of the equation 

(1 + x 2 ) — + xy = x 3 y 3 
dx 


Answer: (C) 


1(1 1 
- + - 


x +l(y 2x 


= -|log(l + x 2 ) + c 


f 


x 2 +l 


4 +i 

vl j 


= -llog(l+x 2 ) + c 


—;- \ -= --log(l + X 2 ) + C 

y 2 (x 2 + 1) 2 2 


1 


1 


y 2 (x 2 +l) 2 (x 2 + 1 ) 

The given equation is 

1 dy 


+ c 


y 3 dx ll + x-)y 1 + x 


1 2x x 


Put lly 2 = z so that 

—2 dy dz 


y 3 dx 

dx 

-1 dz 

[ x 

T" 

2 dx 

U + * 2 

dz ( 

2x 

dx ll + x 2 r 


z = - 


1 + x z 

„3 


z — 


1+X 


(Linear) 


The integrating factor is 

ip _ -j[2x/(l+x 2 )\dx 


_ e -log(l+x ) 


1 +JC 


Therefore 


1 + x 2 


-2x 3 1 


1+x 2 1+x 2 


dx + c 


2x 3 


(1 + x 2 ) 2 
t-1 


dx + c 


-19 


I dt+ C 


dt + c where t = 1 + x 


t 2 t 


Therefore 
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= -\- + \ogt | + c 


1 + X 


^ T + log(l + X 2 ) 


+ c 


So 


y 2 (l + x 2 ) (1 + x 2 ) 


= - llog(l + x 2 ) + c 


X 2 + 1 


'1 ' 
— +1 

vL 7 


= -llog(l + x 2 ) + c 


177 . Solution of the equation 


^- = e x ~ y ( e x -e y ) 
dx 


is 


(A) e y = (e x - 1) + ce x 

(B) e y = (e x -l) + c(e eX )~ 1 

(C) e x+y = (e x -l) + ce~ eX 

(D) e x+y = e x -e eX +c 

Solution: The given equation is 

e y ^l + e x . e y =e 2x 
dx 

=> — + e x z = e 2x where z = e y 
dx 

The integrating factor is 

I.F. = J e 

Therefore 


dx 


= e 


ze e = J e lx ■ e e dx + c 
= J e x ■ e e e x dx + c 


= J te‘ dt + c where t = e x 
= e'(t-l) + c 
= e e \e x -l ) + c 


This implies 


e y =(e x -l) + c(e e )' 


Answer: (B) 


178 . General solution of the equation 

dy 1 e y 

— + — =^r 

dx x x 


is 


(A) 2x = e y (2cx 2 +l) (B) 2y = -e x (2cx 2 -1) 

(C) 2x = e y (cx 2 -1) (D) 2y = e x (cx 2 -1) 


Answer: (B) Solution: We have 


dy 1 e y 

— + — =— T 
dx x x 


dy e y 1 


e —— + 


dx x x 2 


Put e y = z so that 


—e 


_ y dy _ dz 
dx dx 

- — 
dx x x 2 

dz z 1 

=>-= —j 

dx x x 

The integrating factor is 

I.F. = e ^ 


(Linear) 


dx 


= e~ logx 
1 
X 


Therefore 


e~ y 1 


j: 2x 


- + c 


■ 2x = e y (2 cx 2 +1) 


Answer: (A) 


Multiple Correct Choice Type Questions 

i. If 


V 6 x 1/4 

—— j=dx = a + b Tan 
J 1+V* 


then 


<A) “ = 3 


(B) b = 2 


(C) k = 2 

Solution: Let 


(D) b = 4 


16 


.1/4 


1 = 


1 + sfx 


dx 


Put t = x 1/4 so that dx = Addt. Also 
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and 

Therefore 


x = 0 => t = 0 
x = 16 => t = 2 


1 = 


J ( 4 ' 3 ) 

J 1+r 


dt 


Therefore 


*72 


2T 


2/= J ldx = /r => / = — 

-x!2 


So (A) is true. 
(B) We have 


= 4 


f 4 -l + l 

" 1 + 7 “ 


dt 


= 411 t 2 -l+-^r\dt 


‘J 


1 + r 


4 I( 8 -0)-(2-0) + [Tan- 1 f] 


= 4|^-2j + 4Tan _1 2 

= — + 4 Tan -1 2 
3 


Therefore a = 8/3, h = 4 and k = 2. 


Answers: (A), (C), (D) 


2 . Which of the following statements are true? 

nil 


(A) J 


_sinx _ 

K , K 

-—ax = — 


(B) j 


-7ul 1 

71 


l+7T SmX 2 
dx n 


1 + 2 


-nil 


-lull 


(C) f [(x + 7iy + cos 2 (3;r + x)]dx = — 

* 2 

,ec 2 jc 

J /(0* 


(D) lim 


x^>n/4 x 2 - (/T 2 /16) 2T 

Solution (A) We have 


= -/( 2 ) 


nil 


i = 


n 


1 i ^- s: 

1 + 7T 


■ dx 


-nil 

sin(n/l-nll-x) 

J i , sin(nll-nll-x) 
-nil 

—-sin* 

f —- dx 

J 1+z 

-nil 
nil 


dx 


dx 


-nil 


1 i S! 

1 + n 


= / 


/ = 


1+2 


dx 

tan* 


dx 


dx 




dx 


1+2" 


^ 2tan* 


0 

= / 


1 + 2 


dx 


Therefore 


2/ = J ldx = n =s> / = y 


So (B) is true. 
(C) We have 


-nil 

1= J [(x + ^) 3 + COS 2 (3 7T + x)]dx 

-3x12 

Put t = x + n so that 

3 n n 

x =-=> t =- 

2 2 


-n n 

x = — => t = — 
2 2 


and 
Therefore 

nil 

I = (f 3 + cos 2 t)dt (y ?>7l + X = 2k + 71 + x) 

-nil 

x/2 

_ f l+cos2f , . ,. ,, , . . 

= 0 + - dt (v r is an odd function) 

-nil 
nil ^ 

_ f l + cos2t , 

= 2 I - dt 

o 

- /r/2 


K 

—-h 

2 


sin 2/ 


= ^ + 0=- 
2 2 
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Therefore (C) is true. 
(D) We have 


ec x 

J /«) 


dt 


lim —- 

71 n 
x ^~7 

4 X — 


n 2 10 
16 


= lim 

n 


/(sec 2 x) 2 sec 2 xtanx 


2x 


_ /( 2 ) 2 ( 2 )( 1 ) 

2(n / 4) 

= -/( 2 ) 

n 


7tI 2 /r/2 

= J 3rfx-2j (l-cos 2 x)r/x 


o 


0 


= 3 (fj _ 2 (l) + 2 i [sin2jr) »" 2 

3^- . n 

=- x + 0 = — 

2 2 


So (B) is true. 
Also 


(2012)7,, = ( 2012 )|-| = (606)^- 


n 


Therefore (D) is true. 


Answers: (A), (B), (D) 


So (D) is not true. 


Answers: (A), (B), (C) 


/r/2 


_ T , T f sin( 2 n+ l)x . 

3 . If / = ——-— dx, then 


o 


smx 


;r 


(A) 444 ... are in AP (B) 4=2 
(C) (2012)/= (20124 (D) (2012)/ n = (6064 

Solution: We have 

TCtl 


^ n+] I n 


sin(2 n + 3) - sin(2n +1) 


dx 


0 

Till 


sinx 


2cos2(/7 + l)xsinx 


dx 


sin x 


2 (n + l) 


[sin2(n + l)x]Q =0 


Therefore 


I =/ 

n +1 n 


^h=h=h=- 


4 . Let 


and 


, . . 2 

J n =\(“\dx 
J 1 sin x 

0 


/r/2 . 

T f sm( 2 n + l) 

4 - --- -x dx 


sinx 


Then 

(A) / - / = I 

s ' n +1 n n 

, s , UK 

(C) J n=^ 

Solution: We have 

7Ul 2 

•Ah-1 ~ 3 n ~ J 
0 

/r/2 


( B )/ = 1,-1 

s ' n n+1 n 

(D )/ B =f 


sin 2 (n + l)x - sin 2 n x 


sin 2 x 


dx 


sin ( 2 n + l)xsinx 


sin 2 x 


dx 


[ v sin (A + 5) sin (/I - B) = sin 2 /l - sin 2 /!] 


/r/2 


sin ( 2 n + l)x 


dx = /„ 


sinx 


So (A) is true. 
Now 


In = h 
/r/2 


sin3x 


f sn™, dx 

J sinx 

0 

/r/2 


3sinx-4sin 3 x ' 


sinx 


dx 


Therefore (A) is true. So 


n 


■4+i - 4 = In = 4 (See Problem 3) 

Hence J V J 2 ,4 ■ ■ • are i n AP with common difference nl 2. 
So 

4 = / 1 + (n-l)| 

=—+(« - 1 ) — 

2 2 
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_ rut 

“IT 

Answers: (A), (C) 

5. f(x) is a differentiable function such that 

X 

f(x) = x 2 + je~‘f(x-t)dt 
o 

Then 

(A) f(x) = ^ + x (B) /(x) = ^- + x 2 

6 2 6 
(C) f'(x) = x 2 + 2x (D) J (/(x) - x 2 ) dx = 0 

-2 

Solution: We have 

X 

f(x) = x 2 + J e~’ f(x - t)dt 
o 

X 

= x 2 + J /(x — (x — t)) dt 
o 

= x 2 + e~ x je‘f(t) dt 
o 

Therefore 


e x f(x) = x 2 e x + J e‘f(t) dt 
o 

Differentiating both sides w.r.t. x we get 

e x /(x) + e x f'(x) = x 2 e x + 2x e x + e x f{x) 
So 


Then which of the following statement(s) is(are) true? 

(A) f"(x) exists for all j: g (0, °°) 

(B) f'(x) exists for all x e (0, °°) and f is continuous 
on (0, oo) ; but not differentiable on (0, <») 

(C) There exists a > 1 such that | f'(x) |<| f(x) \ for 
all x g (0, °°) 

(D) There exists (3 > 0 such that | f(x) \ + \ f'(x) \ < /J 
for all x g (0, °°) 

(IIT-JEE 2010) 


Solution: We have 

X 

f(x) = J Vl + sin tdt + log e x 

o 

By Leibnitz Theorem, 

/ , (x)=Vl + sinx + — 


and 


rw 


cosx 1 
2-\/l+sinx x 2 


When sin x + 1 = 0,f"(x) does not exist. Therefore (A) is 
not true. Hence,/'(x) exists for all x > 0, is continuous but 
not differentiable when sin x = -1 and hence (B) is cor¬ 
rect. 

Since lim f(x) = °° , f '(x) is bounded and both f(x) 

X —>°° 

and f\x) are positive in (1, °°), there exists a> 1 such 
that 


f'(x) < f(x) V x > 0 


Hence (C) is correct. 


Answers: (B), (C) 


7. Let 


f'(x) = x 2 +2x 
=> /(x) = J (x 2 + 2x) dx 

X 3 2 

= — + x“ +c 
3 


Also,/(0) = 0 => c= 0. So 

/(x) = y + x 2 

Hence (B), (C), (D) are true. 

Answers: (B), (C), (D) 




k =1 
n-1 


n 2 + kn + k 2 


and T n = ^ 

k= 0 

n 

n 2 +kn + k 

for n — 1,2,3,.... Then 


(A) < 3V3 

(B) S n > : 


(D) T n < 


n 

3^3 

K 

3V3 


6 . Let/be a real-valued function defined on the interval 
(0, oo) by 


x 

/w = JVT+sin7 dt + log e x 


o 


Solution: We can see that {.S’J is an increasing 
sequence and {T ) is a decreasing sequence. Also 

lim S n = f -——r- = lim T 

Jl+X + X 2 
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Worked-Out Problems 


• S„ < 


dx 


1 + x + x 
dx 


°(H 


2 T _! 
= —=Tan 

73 


n 2 

X + ~ 

2)S 


Tan’ 1 1 -x-^r 
2 73. 


2 

73 

2 (n n 
73U _ "6 
2 n 

—j=x — 

73 6 

n 


tfl 2 


-Tan ~x—j= 
2 73 


373 


Also {T } is decreasing. This implies 


T„> 


dx 




1 + x + x 7 373 


Answers: (A), (C) 


So only (A) is correct. 


Answer: (A) 


T f sinnx , „ . „ 

3. If I n — --- dx,n — 0,1,2,... then 

J (l + ;r*)sinx 

-*• 

10 

(A) I n = I n+2 (B) £/ 2m+1 = 10;r 


m =1 


10 


(C) X 7 2- =0 (°) / «= / i 


W + l 


m =1 


Solution: We have 


(IIT-JEE 2009) 


0 71 . 

_ f sin/ix , r sinax . 

l n = ----ax + -ax 

(1 + ) sin x J (1 + 7T X ) sin x 

71 ■ i \ x . 

r sinn -r , f sin nx 

= -—— -dx + - dx 

•> (l+x ')sin(-x) J (l + ;r v )sinx 

71 x • X . 

f ^ sinax , f sinax . 

= - dx + - dx 

J (n x +l)sinx -f (l + ;r*)sinx 


1 

The value(s) of J 


* (1 ~f dr is (are) 
1+x 2 


‘sinnx(;r*+l) 
( n x +l)sinx 


dx 


22 

(A) — -a 
(C) 0 


Solution: Let 


(B) — 

v 105 

71 3 n 

( ' D ' ) 15 2 


(IIT-JEE 2010) 


Now 


f sin nx , 

= —:- dx 


sinx 


T T _ fsin(/z + 2)x-sinax ^ 

*n +2 ~ l n~\ • “ X 

J sinx 


(5.46) 


I=\ X ^ dx 


1 + x 
1 


iiTd 


— 4x' + 6x° - 4x 5 + x 4 1 dx 


.6 a .,5 , c.,4 „„2 , „ 4 


X - 4x + 5x - 4x + 4 - - 


l + x z 


x 7 4x 6 5 4x 3 _i 

--t-x-h4x-4Tan x 


-q 


6 


14 4 1 

=-+ 1 — + 4-4 Tan’ 1 1 

7 6 3 

22 

=- n 

7 


Jo 


‘ 2cos(n + l)x sinx 


dx 


sinx 


2 [sin(n + l)x]g 


n +1 
2 

n + 1 


( 0 ) = 0 


Therefore/ = / .So (A) is true. 

n n+2 

Now, from Eq. (5.46) 


/ 1= [^l dx = [l dx = n 
J sin x J 

0 0 


and 


r rsin2x , , 

7, = -dx = 2 cos xdx 

J sinx J 
0 0 
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= 2 [sin*]* 

= 2(sin;r-sin0) = 0 

Therefore 


This implies 


Also 


This implies 


/ l= / 3 = / 5 = / 7= - =/ 21=^ 


10 

X 7 2m-H = 10 ^ 

m =1 


h=h=h= -= 4 ,=° 


10 


^2m - 0 


m=l 


Answers: (A), (B), (C) 


9 . Let 


/(*) = 


2-e 

x-e. 


x-1 


0<*<1 
1<*<2 
2 < * < 3 


and g(x) = J f(t)dt for 1 < * < 3 
o 

Then g (*) has 

(A) local maximum at * = 1 + log 2 

(B) local maximum at * = 1 and local minimum at * = 2 

(C) no local maxima 

(D) local minima at * = e 

(IIT-JEE 2005) 

Solution: 

(i) For 0 < * < 1, 


Therefore 

g(x) = 2*- e x ~ l + e-2 for 1 <* < 2 
(iii) For 2 < * < 3, 


(5.48) 


LAX 

g(x) = J /(f) dt + j f{t) dt + J fit) dt 


o 1 

2 


: (e —1) + j"(2-e r 1 )dt + j it - e)dt 


= e —1 + 2 — (e-l) + ^ (* 2 - 4) - e(* - 2) 


= - ex + 2e 

2 


Therefore 


g(x) = — -ex + 2e for 2 < * < 3 (5-49) 

From Eqs. (5.47), (5.48) and (5.49), we have 


g(x) 


e x -1 for 0 < * < 1 

• 2x-e x ~ l +e-2 for 1<*<2 
* 2 

- ex + 2e for 2 < * < 3 

2 


Clearly g is continuous at * = 1, 2. Also g' (*) = / (*) 
(by Leibnitz rule) and / is not differentiable at * = 1, 
because / is discontinuous at * = 1. Even though / is 
continuous at * = 2, it is not differentiable at * = 2. 

Further g' (*) = 0 only when * = 1 + log e 2 or * = e. 
Also 

g"ix)=-e x ~ 1 for 1 <* < 2 => g"(l + log e 2) < 0 
and g" (*) = 1 for 2 < * < 3 =>g" (e) > 0 
Therefore, g has local maximum at * = 1 + log e 2 and local 
minimum at * = e. 

Answers: (A), (D) 


g(*) = j fit)dt = je'dt = e x -1 (5.47) 

o o 

(ii) For 1 < * < 2, 

1 X 

g(x) = jfit)dt + jfit)dt 
0 1 

1 x 

= J e‘dt + J(2-e r_1 )df 

o t 

= e -1 + (2* - 2) - (e* -1 -1) 

= 2x — e x ~ l +e — 2 


Note: Actually computation of g(*) is not necessary 
because we know that g'(*) = /(*) by Leibnitz Rule. 
Finding g(x) is only for academic interest. 

10 . The function 

X 

fix) = J tie ‘ - l)(f - l)(f - 2) 3 it - 3) 5 dt 
-1 

has a local minima at x equals 
(A) 0 (B) 1 (C) 2 (D) 3 


(IIT-JEE 1999) 
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Worked-Out Problems 


Solution: By Leibnitz Rule, 

f'(x) = x(e x -l)(x-l)(x-2) 3 (x-3) 5 
Therefore 

fix) = 0 » x = 0,1,2 and 3 
The critical points of /are 0,1,2 and 3. 

(i) Clearly /'(x) does not change its sign at x = 0; so / 
has no local extrema at x = 0. 

(ii) x < 1 => / '(x) < 0 and x > 1 => / '(x) > 0. Hence / 
has local minima at x = 1. Also / has local minima at 
x = 3. 

(iii) x < 2 => /' (x) > 0 and x >2 => f '(x) < 0. So / has 
maxima at x = 2. 

Answers: (B), (D) 


• iog e (0(1+0 

t{ 1+ 1) 


dt 


log e t 


H 


dt 


Hence 


11. For x > 0, let 




dt 


Then 


(A) /(x) + /^j4(l°gex) 2 

(B) /W + /(i )4 

(C) /(x) + /(i) = (log e x) 2 

(D) /(1) = 0 

Solution: We have 


/w=j 


log e * 

1 + t 


OH 


Put t = IIu so that 


i \ 1/jc i 

10 f log, t 
1 + t 


dt — —r - du 
u 


dt 


So 


10 f log, (1/m) f-1 


J 


x/ J 1 + (1 hi) (u 


log,* 


+H“=L ( i«) 


dx 


Now 


log *' 


f(l + 0y 


fit 


= -0og, *) 


/(«)+/! and /(i)=o 


So (A), (B) and (D) are true. 


12 . Let 


1 = 


H' 1 


1 — x + x 


Answers: (A), (B), (D) 


dx 


and 

Then 


/ = j*Tan 1 (1 — x + x 2 ) dx 


1 1 
(A) 7 = J Tan x dx (B) 7 = 2jTan 1 


x dx 


(C) 7 = log 2 


Solution: We have 


n 


1 = 


jxan' 


1-x + x 


(D) I + J = ~ 


dx 


= Tan 


-if x — (x — 1) 


dx 


J" (1 + x(x — 1) 

0 V V / 

1 

J (Tan x - Tan _1 (x -1 ))dx 
o 

l l 

J Tan _1 x 7x- J Tan“ 1 (x-1) dx 
o o 

l l 

J Tan _1 x-jTan -1 (l-x-1) dx 
o o 

7 a a 

v J f{x)dx = J f(a — x)dx 
Vo o 

l 

J Tan _1 x dx 


= 2 
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Now 


Therefore 


Also 


1 

.7 = J Tan~ 2 (l -x + x 2 )dx 
o 

= J ^-Cot _1 (l -x + x 2 )^dx 


n 

2 


o 


1-x + x 


= —-7 
2 


J + 1=71 12 


(5.50) 


7 = 2 Tan 1 x dx 


= 2 


= 2 


i 

[xTan-'x]'-}: 


-dx 


1 + x' 
0-^[log(l + x 2 )J 


*-o-± 

4 2 


=<H los - 2 
= |-108,2 
From Eq. (5.50), we have 


7 = f-7 

= § 2 -(f-,08,2 

=log ,2 


Answers: (B), (C), (D) 


f'(x ) = 2(x -1)(x-2) 3 + 3(x - 1) 2 (x - 2) 2 
= (x-l)(x- 2) 2 [2(x - 2) + 3 (jc -1)] 

= (x - 1) (x - 2) 2 (5x - 7) 

Therefore 

f\x) = 0 <t=> x = 1, 2, | 

Again 

/"(x) = (x - 2) 2 {5x - 7) + 2(x - 1) (x - 2) (5x - 7) 
+ (x-1)(x-2) 2 (5) 

Now /" (1) = -2 < 0 => /has maximum at x = 1. Also 

f" (2) = 0 



Therefore/is minima atx = 7/5.FIence (A),(B),(C) and 
(D) all are true. 

Answers: (A), (B), (C), (D) 

14. Area of the region bounded by the curve y = e* and 
the lines x = 0 and y = e is 


(A) e — 1 

l 

(C) e-je x dx 
o 


(B) J log, (e + l-y) dy 

i 

e 

(D) Jlog e ydy 

l 


(IIT-JEE 2009) 

Solution: The line y = e meets the curve y = e x in 7 5 (1, e) 
and the y-axis in (0,1). See Fig. 5.44. Then 

l 

Area (shaded part) = J (e-e x ) dx 
o 

= e(l)-(e-l) = l 


13. The function 


So (C) is true. Also, 


/(x) = J[2(f - l)(t - 2) 3 + 3 (t -1) 2 (t - 2) 2 ] dt 

l 

(A) has three critical points 

(B) has maxima at x = 1 

7 

(C) has minima at x = — 

(D) /"(2) is equal to zero 
Solution: By Leibnitz Rule, 


Area = J log e y dy (v y = e x => x = log^ y) 


Jlog (e + l-y) dy 

( b b 

: J /(x) dx = J f(a + b — x)dx 


Flence (B), (D) are also correct. 











563 


Worked-Out Problems 



Let C 2 represent 

y = -x 2 + Ax - 3 
= -(pc - 2) 2 + 1 
=> ( x ~ 2) z = ~(y - 1) 

Therefore C 2 is also a downward parabola with vertex at 
(2,1) and meeting the x-axis in A(l, 0) and 5(3,0). The 
line y = 3x - 15 intersects the curve C 2 in (4, -3) and the 
curve Cj in (5,0). The area bounded by the curves C v C 2 
and the line y = 3x - 15 is A 2 + A 2 + A y Now 


FIGURE 5.44 Multiple correct choice type question 14. 

Answers: (B), (C), (D) 

15. The area bounded by the curves y = -x 1 + 6x - 5, 
y = -x 2 + Ax - 3 and the line y = 3x — 15 is divided into 
three regions A V A 2 and A 3 (see Fig. 5.45).Then 

5 3 

(A) Al=J (-x 2 + 6x - 5) dx - J (— x 2 + Ax + 3) dx 

l l 

4 

(B) A 2 =J(x 2 -4jc-3) dx 

3 

5 

(C) A 3 = —J (3jc —15) dx 

4 

(D) A 1 + A 2+ A 3 = ^ 

Solution: Let 

: -x 2 +6x-5 = y 
=>(x-3) 2 =-(y-A) 

Therefore C) represents a parabola (downward) with 
vertex at (3,4) meeting the x-axis in A(l, 0) and D( 5,0). 



J D 

A 1 = J (— x 2 + 6x - 5) dx - J (— x 2 + Ax - 3) dx 

l l 

= "rb 3 I +3 b 2 I" 5 MJ 




= —[125 -1] + 3[25 -1] - 5(5 -1) 


_ ~ (27 -1) + 2(9 -1) - 3(3 -1) 

124 26 

-172 — 20 H-16 + 6 

3 3 

124 ^ 26 

-+42 + — 

3 3 

-124 + 152 


Now 


Finally 


28 

y 


A 2 = J (x 2 - 4x + 3) dx 

3 


= — (64 - 27) - 2[16 - 9] + 3 (4 - 3) 

37 4 

= — -14 + 3=- 
3 3 


A,=- 


j 

J(3x-15) 


dx 


= -f [x 2 ]I+15[x]t 

= -|(25-16) + 15(5-4) 

3 3 

= — x9 + 15 = - 
2 2 
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or A- i = ^(ED)(EC) = ^x lx3 = | 
Therefore 


Area = A 1 + A 2 + A 3 

28 4 3 

—- 1 - 1 - 

3 3 2 

_ 32 3 

” 3 + 2 

_ 64 + 9 

6 

_ 73 
~~ 6 


So (A), (B), (C), (D) all are correct. 

Answers: (A), (B), (C), (D) 

16. Function f(x) satisfies the relation 

l 

f(x) = e x +je x f(t)dt 
o 

Then 

(A) /(0) < 0 (B) f(x) is increasing 

l 

(C) f(x) is decreasing (D) J f(x) dx> 0 

o 

Solution: We have 

l 

f(x) = e x +je x f{t) dt 
o 

t 

= e x + e Y J fit) dt 
o 

t 

= e x +Xe x where A = J/(0 dt (5.51) 
o 

Now 


^ = J/(0 dt 
0 
1 

= j(e , + Xe t )dt [fromEq. (5.51)] 
o 

= e-l + A(e-l) 

Therefore 

A(2-e) = e-1 


2-e 


Flence 


f(x) = e x + 


e-1 


= e I 1+ 


2-e 

e-1 


2 —e 


So 


2-e 


/( 0 ) = —<0 

2 —e 


Flence (A) is true. Now 


/'(*) =-<0 VxeR 

2-e 

Thus / (jt) is decreasing and so (C) is true. Again 


l i 

j f(x) dx = J 


2-e 


dx 


2-e 

< 0 (••■ 2 < e) 


So (D) is not true. 


Answers: (A), (C) 


X f 

17 . f(x) = xj -dt-e x forx>l.Then 
t 

(A) /is increasing in [1, °o) 

(B) lim f{x) = °o 

(C) /is decreasing in [1, °o) 

(D) /' has maximum at x = e 

Solution: We have 


x t 

f\x) = J — dt + x 
e ‘ 

— dt>0 
t 
l 

Therefore/is increasing in [1, oo). So (A) is true. Now 




fix) = — > 0 for jc > 1 
x 

So/' is strictly increasing. Since/is increasing, 
lim f{x) = °° 


Flence (B) is true. 


Answers: (A), (B) 
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Worked-Out Problems 


18 . Consider the equation 
dy 


So (D) is true. 


(sin y) — = cos y (1 - x cos y ) 
dx 


Then 


(A) the equation can be reduced to linear equation 

(B) the equation can be reduced to homogeneous 
using the substitution cos y = z 

(C) the equation can be reduced to variable sepa¬ 
rable, using the substitution cos y = z 

(D) the general solution of the equation is given by 
secy = (l + x) + ce* 

Solution: We have 

(sin y) — = cos y( 1 — x cos y) 
dx 


Put cos y = z- Therefore 


dy dz 
- sin y — = — 
dx dx 


So the given equation is 


Put IIz = v, so that 


d ^ = -z,(\-xz) 
dx 

dz 9 

• — + Z = Z~x 
dx 

l dz 1 
z dx z 


-1 dz dv 
z 2 dx dx 


Therefore 

— — v = —x (Linear) 
dx 

So (A) is true. The integrating factor is 

IR = J~ dx = e -x 

So the solution is 

v(e ~ x ) = J —xe~ x dx + c 


So 


v = (x +1) + ce x 


■ — — (x + 1) + CG 

z 


■ secy = x + l+ce* (v z = cosy) 


Answers: (A), (D) 


19. Consider the differential equation 

— +1 + x(x + y) = x 3 (x + y ) 3 
dx 

Then the given equation 

(A) can be reduced to Bernoulli's (extended form) 
linear equation 

(B) can be reduced to homogeneous form using the 
substitution x + y = u 

(C) can be reduced to variable separable using the 

substitution -= v 

x + y 

1 2 2 

(D) has solution -— = ce x + x +1 


(■ x+yY 


Solution: We have 
dy 


— + l + x(x + y) = x (x + y) 
dx 


Put x + y = u.Then 


dy . du 
—+ 1 = — 
dx dx 


Therefore, given equation is 


— + ux = x 3 » 3 (Bernoulli) (5.52) 

dx 


So (A) is true. Also from Eq. (5.52) 

dll _9 3 

It -t- U X = X 

dx 

Put ic 2 = z so that 

_ 3 du —1 dz 
dx 2 dx 

Therefore, Eq. (5.53) transforms into 

dz o 

-(2x)z = -2x (Linear) 

dx 

Now the integrating factor is 

_ f-2 xdx _ y 2 

I.F. = e' =e 

so that the general solution is 

ze~ x = J -2x 3 e~ x dx + c 
— ( x 2 + l)e x + c 


So 


(5.53) 


Z = x z +1 + ce x 
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=> u 2 = x 2 +l + ce x (\'z = u 2 ) 

1 9 2 

=>-= x +1 + ce x u = x + y) 

(x+y) 


So (D) is true. 


Answers: (A), (D) 


20 . The family of curves for which the length of the nor¬ 
mal at any point equals the length of the radius vec¬ 
tor joining the point with the origin is (are) 

(A) circles with centre at origin 

(B) ellipses with centre at origin 

(C) rectangular hyperbolas 

(D) all lines passing through origin 

Solution: Let y =f(x) be the curve. Length of the 
normal at P ( x, y ) is OP. That is 



dx 


2 2 
= x+y 


■ y 


= X 


dy 

=>y-T = +x 
dx 

Case I: y—= x.Then 
dx 

y dy = x dx (Variables Separable) 

1 2 1 2 
=> - y = -x +c 
2 2 

=> y 2 — x~ =2 c 

which is a rectangular hyperbola. 

Case II: y— = —x. Then 
dx 


ydy + xdx = 0 
> y 2 + x 2 = c 


which is a circle. 


Answers: (A), (C) 


Matrix-Match Type Questions 

1. Match the items of Column I to those of Column II. 


Column I 


Column II 


Till 

(A) J; 


dx 


o 

nil 


(B) j 

c 

71 

(C) J 


1+tan x 

dx 

1 + -Jcoix 


smx 


1 + cos x 


- dx = 


71 

(D) J 


f(x) 


f(x) + f(n - x) 


dx = 


(p) f 

(q) f 

(r) n 

w I 

of 


Solution: 

(A) We have 

r 71:12 dx 


•7rl 2 


cos 3 x 


_r 

lo 1 +tan 3 x Jo cos J x + sin 3 x 


dx 


(B) We have 

Till kI2 i —:- 

dx f vsinx 


c dx r 

J 1 4- Jen t x J 


1+ \/cot x J Vsinx + Vcosx 

o o 


dx 


n 

~4 


Answer: (B) (P) 


(C) We have 


/ = j_j mx^ dx 


0 


1 + COS X 


7u! 2 


smx 


= 2 | — . — dx [(/(2u — x) = f(x) where a = tt/2] 

1 + ms" r 

0 
1 


= 2 


1 + COS JC 
dt 


1 + t z 


where t = cos x 


= 2Tan+=- 


Answer: (C) —> (q) 


n 

~4 


Answer: (A) (P) 































Worked-Out Problems 


(D) We have 


1 = 


/w 


f(x) + f(x-x) 

' /O'-*) 

f(7l-x) + f(x) 


- dx 


- dx 


Therefore 


21 = J ldx = n 
o 

2 

Answer: (D) -» (q) 

2. Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) j 


dt 

IT? 


dt 


,b, !vc 

(C) J rf ' v 


l-x z 


(D) j 


dx 


j X\Jx 2 — 1 


(p) § 


(q) 2 log,I - 


(r) I log 'ff 


< s > f 


Solution: 

(A) We have 

„ C dt 


f ——y = 2 j* —- 2T an _1 l = — 

J 1 + t 2 J 1 + r 2 

-1 0 


Answer: (A) —> (s) 


(B) We have 


f dx ,. f dx 

u 


= lim (Sin ^-Sin 1 0) 

r->l-0 

= ShT 1 ! = — 


(C) We have 


3 3 

f dx _1|” 


1 1 
- + - 


l — x z 2J ll + x 1 — x 


dx 


log 


1 + x 


1 — x 


log|f)-logf 


= Ilog2 
2 3 


Answer: (C) (r) 


(D) We have 


x xyjx -1 


= Sec -1 2-Sec -1 1 

= --0 = - 
3 3 

Answer: (D) —> (P) 

3. Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) lim—£ 

n —±oo n * ■ 


lr 1 n + r 


n-> °° n " \ n-r 

r -1 


»->”(n + r)jr(2n + r) 
1 


(B) limY 

M_>0 ° r=l 
n 

(C) lim£ -- 

“ r =i \2rn — r 

n 

(D) lim 

n—±oo * • 


(P) */3 
(q) ;r/2 
;r + 2 


C=1 


2 , 2 

n+r 


(s) 


;r 


Solution: 

(A) We have 


P = rth term = —, + r 


n \ n-r 


Put n = 1/h so that 


' T r = h 


1 + rh 
1 - rh 


Since there are n terms in the sum, the required limit is 




] ~ x iVIT? 


dx 


Answer: (B) -+ (s) 
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k!2 


J (1 + sin 0) dO where a: = sin# 

7T/2 


= ^--[cos0} 


= |-(0-l) 

=^+1 

2 


Answer: (A) —> (r) 


(B) We have 

T r = rth term = 

Put n = llh so that 
T. = 


(n + r)Jr(2n + r) 

4h 


(1 + rh)^r(2 + rh) 

h 


(1+ rh)^Jrh( 2 + rh) 
Therefore the required sum is 

i , t 

r dx r 

J n + rV / r( 9 4- r) J 


dx 


(l + x)Jx(2 + x) J (i + x ^(i + x f-i 

= [Sec _1 (l + *)J 


= Sec 1 2-Sec l l 


= — — 0 
3 

_ n 
~ 3 


Answer: (B) —> (P) 


(C) We have 


T, = rth term : 


\l2rn-i 


4h u , 1 

= where h = — 

\]2r — r 2 h n 

h 

\l2rh - r 2 h 2 

Therefore the required limit is 

r dx r dx 
{ \I2X-X 2 I yll-(l-xf 
= -[Sin -1 (l-*)f 


= -Sin“ 1 0 + Sin^l 


-U 


n 

2 " 


Answer: (C) —» (q) 


(D) We have 


r„ = rth term = 


1 2 

n + r 


Put n = llh so that 

T = 


1 + (rh) 2 


Therefore the required limit is 
dx 


r = r T an - 1 JC 1 =Tan -i 1 

J 1 + r 2 L Jo 




1 + x 
u 

Answer: (D) -> (s) 

4. Match the items of Column I with those of Column II. 


Column I 

Column II 

(a> J— £-r- 

0 x + da -x 

(P) 

2 n 
~3 

(B) f--- y- dx = 

J(l + x)(l + .r 2 ) 

(q) 

n 2 

2V2 

n 


n 

2V2 

(C) Jxsin 3 x#x = 

( r ) 

0 


71 



(D) \-J^-dx = 

* 1 + COS X 

(S) 

n! 4 


Solution: 

(A) We have 


'-I 

0 


dx 


x + \la 2 - x 2 


Put x = a sin 0. Therefore 

nil 


1 = 


cos# n 

■dd- 


0 


(B) We have 


1 = 


sin# + cos# 4 

Answer: (A) —> (s) 

r v 

dx 


(l + x)(l + x ) 


Put x = tan 6 so that x —> 00 => > /r/2.Therefore 







































(C) We have 

7 


Therefore 


So 

(D) We have 


Worked-Out Problems 


569 


7r! 2 


i = 


o 

nil 


0 

n 

~4 


l + tan0 

si n0 
cos 9 + sin 0 


dO 


Answer: (B) —> (s) 


71 

J xsm 3 xdx 
o 


JL 

- j(77 - x)sin 3 (n - x)dx 




= n sin' xdx -1 


o 


21 = 77 j sin 3 xdx 


o 

nil 

= 2n J sin 3 xdx 
o 

.( 3 - 1 ) 


= 2 77- 


4 7t 

7 ” 


I _2 77 


Answer: (C) —> (P) 


K 

'-J 

o 

n 


1+COS X 


dx 


C 71 

J 1 + COS 


— X 


l+cos 2 (?r-x) 


dx 


= 7T\ 


dx 


l+cos"x 


-7 


71 

1 ‘=*\ 
o 


dx 

1 + cos 2 X 


nil 

= 77X2 j 
0 


dx 

l+cos 2 x 


So 


7r! 2 


I-K 


dx 


0 

7rH 


1 + COS" X 


= 77 


0 

7 r! 2 


sec 2 x 
sec 2 x + 1 


dx 


= 77 


sec 2 x 
2 + tan 2 x 


dx 


= 77\ 


' dt 
2 + t 2 


where t= tan x 


77 

72 




77 


V2 L 


lim Tan 



77 77 

~j=X — 

42 2 


2V2 

Answer: (D) -h> (q) 


5. Match the items of Column I with those of Column II. 


Column I Column II 


4 


(A) J{|x —1 + x —3 }rfx is 

0 

(P) 5 

e 2 | 

(B) The value of f °^ e X dx is 

(q) 1 

1/e 1 

9 


(C) JjVxjr/x where {f} denotes the 

(r) 5/2 

fractional part of t is 


2 

(D) J 1-x dx equals 

(s) 10 


0 


Solution: 

(A) We have 
4 

7 = j*{|x —1| + |x — 3|} dx 



Therefore 
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= 4 - (1 - 0) + 2 (3 - 1) + (16 - 9) - 4 (4 - 3) 6 . Match the items of Column I with those of Column II. 

= 4 + 4 + 7- 5 = 10 _____ = ___ = _ = _ = 

Answer: (A) —> (s) 

(B) We have 


Column I 


Column II 


/= J 

lie 

1 


log e x 


dx 


J - l08 -^ +J l0e -* 


dx 


lie 

1 

~2 

1 

~2 


[( io -) 2 L+,[( io - )2 ]; 

[(log e e 2 ) 2 


0-|log e - 


1 

H— 
2 


-0 


= H ( 2 2 -°> 

= —+ 2 
2 

= 5/2 


Answer: (B) (r) 


(C) We have 


/ = 


J|V*1 dx ({f} is the fractional part of t) 
o 

9 

J (yfx, -[Vx]) dx ([f] is the integer part of t) 
o 

9 (l 4 9 A 

J ~Jxdx - J [ Jx]dx + J [ Jx]dx + J [\[x]dx 



r 4 f 

9 N 

1 

^ c 

(N 

CO 

H 

i_ 

0+ ldx + 

J 2dx 


{ i 

4 > 


_ 2 
~3 

= |(3 3 )-(3 + 2x5) 
= 18-13 = 5 


(D) We have 


Answer: (C) (P) 


z. i z, 

J |1 — x\ dx = J (1 — x) dx + J (x — 1) dx 


= 1-|;+|(2 2 -l)-(2-l) 

=l_i+3_l 
2 2 

= 1 


Answer: (D) —» (q) 


7rl 2 

(A) j. 


dx 


l+sin* 


(B) lim 


n! 2 

(C) J- 


1 2 
- + - 


1-n 2 1-n 2 

3 n 

+-=+■•• + - 


1-iC 

f(x) 


1 -n 


is 


o f{x)+fy--x 
where k is 


n 


dx = - 
k 


(D) The area common to the 
curves y 2 = x and x 2 = y i s 


(P) - j 


(q) 1 

(r) 4 

(s) 1/3 

(t) 2/3 


Solution: 

(A) We have 


7r! 2 


/ = 


dx 


o 

7r!2 


1 + sin x 
dx 


0 | sin—+ cos — 
2 2 


7r/2 


sec 


2 X 


dx 


0 l+tan : 


= 2 J 

o 

= -2 


= -2 
= 1 


dt 


( 1 + 0 " 

-ll 


1 


1+f 

i-1 

2 


o 


(B) We have 


1 2 
- + - 


i 2 -i 2-i 2 

1 -n 1 — n l — n 


3 n 

+ ■•• + - 


l-n z 


Answer: (A) — > (q) 


1 + 2 + 3h- vn 

n (n +1) 

2(1- n 2 ) 
n 

2(1 -n) 
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Worked-Out Problems 



So 


lim 


12 3 n \ 

1 -n 2 1-n 2 1 -n 2 1 -n 2 ) 



1 

2 


(C) We have 


Answer: (B) —> (P) 


1 = 


nil .. 

f /(*) 

0 /00 + /^ _ *) 


*72 




(§-*)+/« 


dx 


Column I Column II 

(A) The area bounded by the curves (p) 9 
y = (x-l) 2 ,y = (xc + l) 2 and the 

line y = — is 
7 4 

(B) The area bounded by the curves (q) 5/6 
y = yfx, 2y+3 = x and x'-axis in the 

first quadrant is 

(C) The slope of the tangent to a curve (r) 4 
y=f(x) at (x.f (x )) is 2x + 1. If the 
curve passes through the point (1, 

2), then the area bounded by the 
curve, the x-axis and the line x = 1 
is 

(D) The area bounded by the curve (s) 1/3 
y = cos x between x = 0 and x = 2n 

is 

(t) 2/3 


Solution: 


Now 


k12 

27= J 1 dx = y 
o 


so that I = n!A. Hence k = 4. 

Answer: (C) —> (r) 

(D) The required area (see Fig. 5.46) is given by 


J(Vx--xr) 

o 


dx = --~ 
3 3 


1 

3 


Answer: (D) —»(s) 


(A) See Fig. 5.47. The two curves y = (x - l) 2 and 
y = (x + l) 2 intersect on y-axis at (0,1). 

The line y = 1/4 cuts y = (x - l) 2 in (1/2, 1/4) and 
(3/2,1/4).’ 

The curve y = {x + l) 2 in (-3/2,1/4) and (-1/2,1/4). 
Therefore the required area is 




FIGURE 5.46 Matrix-match type question 6. 



FIGURE 5.47 Matrix-match type question 7, part (A). 

Answer: (A) -» (s) 

(B) The line x = 2y + 3 meets the curve in (9,3) (see Fig. 
5.48).Then the required area (shaded portion) is 

3 9 


dx + JI -Jx 


x — 3 


dx 


7. Match the items of Column I with those of Column II. 
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= | • 3 3/2 +1 (27 - 3 3/2 ) - ^ (81 ■- 9) +| (6) 
= 18-18 + 9 = 9 



FIGURE 5.48 Matrix-match type question 7 part (B). 

Answer: (B) (P) 

(C) We have j 

— = 2x +1 
dx 

=>y = x 2 +x + c 

The curve passes through the point (1,2). This implies 
2 = l + l + c=>c = 0 
Therefore the curve is 

lY 2 1 


y = x+x-\x + -\ — 
1 2 4 


IV 1 

x + -\ = y + - 
2 4 


(See Fig. 5.49.) Therefore 


Area = f (x 2 +x) dx = — 

J v 2 3 2 6 



FIGURE 5.49 Matrix-match type question 7, part (C). 

Answer: (C) —» (q) 


(D) See the graph of y = cos x in [0,2;r] shown in Fig. 
5.50. Then the required area (shaded part) is 

7T/2 3n!2 2 71 

J cos xdx + J (-cos x)dx + J cos xdx 


7r! 2 


r • -\7uI2 r • -\37r/2 r • 

= [stnxj 0 -[sinxJ^ /2 +[sinv 

= (1 - 0 )- [- 1 - 1 ] + [0 -(-!)] 
=l+2+l=4 


3^/2 
i2 n 
\3 k!2 



( 2 ^, 1 ) 


FIGURE 5.50 Matrix-match type question 7 part (D). 

Answer: (D) -+ (r) 

8. Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) The area bounded by the 
curves y=x 2 ,y = -x 2 and y 2 - 
4x - 3 is 

(B) The area bounded by the 
curve y=x(x — l) 2 , the y-axis 
and the line y = 2 where 0 < x 
< 2, is 

(C) The area of the region 

bounded by the curves 
n n 

y = tanx,-< x <—, 

3 3 

y = cot x,— <x< — and the 

. . 6 2 
v-axis is 


(P) log £ 

(q) log, 


(r) - 
3 


log, 3 


1 i 


dx (where [■] 


( S) — 
v 2 3 


denotes the integer part) is 


Solution: 

(A) The curves y = x 2 , y = -x 2 are touched by y 2 = 4x - 3 
at the points (1,1) and (1,-1), respectively (see Fig. 
5.51). The curve y 2 = 4.v - 3 cuts the v-axis at (3/4,0). 
The required area (shaded portion ) is given by 


A 
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Worked-Out Problems 


3/4 


J x 2 dx-j -v/4.v —3 dx =-x— [(4 jc — 3) 3/2 J 3/4 


2 1 1 

= —--( 1 - 0 ) = - 
3 3 3 



FIGURE 5.51 Matrix-match type question 8, part (A). 

Answer: (A) —> (r) 

(B) The curve y = x(x - l) 2 meets x-axis at (0,0) and 
(1,0) and y-> + »asi-3 + “. Also y —> - «asr-> 
- oo. Therefore the required area (dotted portion, 
Fig. 5.52) is equal to 

2 

(2 x 2) (= area of the square) -J (x - 1 ) 2 xdx 

o 


= 4- 

= 4- 

= 4- 


4 o / 

X 2 4 X 

- x + — 

4 3 2 


16 _ 16 

T“T + y 

48-64 + 24 
12 


2 

0 




3 

10 

y 


Answer: (B) -> (s) 

(C) y = tan x and y = cot x intersect in A(;r/4, 1). The 
required area (shaded part. Fig. 5.53) is 


tt/ 4 7Cl 3 

J tan xdx+ J cot;e£/x=[log, sec/e]^ + [log e sinx]*^ 

&/6 #74 


= (log„/2-log,-|} + 

= 21og e V2 + 21og c y^ 
= log e 2 + log e ^ = log| 


f 

log, 

V 


A 

2 


log. 


V2 y 



FIGURE 5.53 Matrix-match type question 8, part (C). 

Answer: (C) -h> (P) 

(D) We have 

(i) 3e~ x = 3 if x = 0 

(ii) 3er x = 2 if x = log e ^ 

(iii) 3e 1 = 1 if x = log c 3 

(iv) [3e _x ] = 0 if x > log f , 3 

Therefore 


log, 3 


log, 3/2 


log, 3 


J [3e X ]dx= J 2 dx+ J 


1 dx 


log c 3/2 


= 2 logfo + l°ge 3 - log, — 
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= log e - + log e 2 

= io 4 

Answer: (D) —> (q) 

9 . In Column I, differential equations are given and in 
Column II their solutions are given. Match them. 


dz z (\ogx\ 1 

-+ — = - where z = — 

dx x \ x ) y 

dz z _ -log* 

dx x x 


The integrating factor is 

f —dx log— 1 

X = e X -. 


I.F. = e J 


Column I 

Column II 

(A) — = e x ~ y + x 2 e~ y 
dx 

(P) 

x 3 

e y=e x +—+ c 

3 

(B) — = e x+y 
dx 

(q) 

y{cx + log e ex) = 1 

(C) (ylog e x-l)ydx = xdy 

( r ) 

xe y = tany + c 

(D) — + x = e~ y sec 2 y 
dy 

(s) 

e x +e- y =c 


The solution is 


Solution 

(A) We have 


— = e x ~ y + x 2 e~ y 
dx 


• e y dy = (e x + x 2 ) dx (Variables Separable) 

• J e y dy = J ( e x +x 2 ) dx + c 


, e y = e - v + _ + c 
3 


Answer: (A) —» (P) 


(B) We have 


dy _ gX+y 

dx 

■ e~ y dy = e x dx 


The solution is 


-e~ y = e* + c 
=> e x + e~ y = c 

(C) We have 

{y log x-1 )ydx = xdy 

=>^ = (>' lo g^- 1 )- 
ax x 


Answer: (B) —»(s) 


^ + Z = (Bernoulli) 

dx x l * 


1 dy 1 (log * 

y 2 dx xy \ x 


floex T 

= - —logx- \— —dx 
lx J x x 

1 , 1 

= — logx + — + c 

X X 


+ c 


Therefore 


z = log x +1 + cx = log (ex) + ex 


— = log (ex) + cx 

y 

1 — y [log (ex) + cx] 


Answer: (C) —> (q) 


(D) We have 


+ x = e y sec 2 y 


dx 
dy 

dx 

■ e J -i-xe-' = sec" y 

dy 

=> — (xe^) = sec 2 y 
dy 

=> xe y = tan y + c 

Answer: (D) -» (r) 

10. Match the items of Column I with those of Column II. 


Column I 

Column II 

(A) A normal PG to a curve 

(p) hyperbola 

meets the x-axis in G. If the 
distance OG (‘O’ is origin) is 
twice the abscissa of P , then 
the curve is a 


(B) A normal is drawn at a point 

(q) parabola 

P(x, y) of a curve. It meets 
the x-axis in G. If PG is of 
constant length k and the 
curve passes through 
(0, k), then the curve is a 



{Continued) 
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Worked-Out Problems 


Column I 

Column II 

(C) The normal at every point 

(r) rectangular 

of a curve passes through a 
fixed point. Then the curve 

hyperbola 

is a 


(D) The curve in which the sub- 

(s) circle 

tangent at every point is 
bisected at the origin is 

(t) ellipse 


Solution 

(A) See Fig. 5.54. Normal at (x ,y ) is 


y-yi = — (x-x i) 

m 

where m = ( dyldx ) ^ y ^. ThereforeG = (xj + my ] ,0). 
By hypothesis 


x 1 + my 1 = 2x 1 

■y. 


= x 1 


(wi) 


The differential equation is 


y — = x => yd v = xdx 
dx 


The solution is 



=>y 2 -x 2 =2c 

which is a rectangular hyperbola. 



FIGURE 5.54 Matrix-match type question 10, part (A). 

Answer: (A) (p), (r) 


(B) In Fig. 5.54, PG = k (constant). This implies 


i+i* 

dx 


2\ 


1/2 


= k 


i+i* 

dx 


= k z 


dy , [Tt. 2 
■y— = +^k -y 
dx 


y 


2 2 
y 


dy = ±dx (Variables Separable) 


s[k 

*Jjp^r* =± J* +c 

=> *Jk 2 -y 2 = ±x + c 

So the curve passes through (0, k) => c = 0. There¬ 
fore the curve is 

k 2 -y 2 = x 2 or x 2 + y 2 = k 2 

Answer: (B) —> (s) 

(C) Equation of the normal at (x v y^ is 

y-yi =—(*-*i) 

m 


where m = (dyldx) ^ y ^. This passes through a fixed 
point (a, j3). This implies 

P-yi=—(oi-x 1 ) 

m 

Therefore, the differential equation is 
(P - y)dy + (a - x)dx = 0 
The solution is 

J (P - y)dy + J (a - x)dx = c 

y-P ) 2 , {x-af _ c 

2 2 

=> (x - a) 2 + (y - p) 2 = 2c 
which is a circle and (a, jB) is its centre. 

Answer: (C) -» (s) 

(D) In Fig. 5.55, PG is drawn perpendicular to x-axis 
and T is the point on the x-axis where the tangent 
at P meets x-axis. By definition, TG is the sub¬ 
tangent. The equation of the tangent at P (x p _y : ) is 

y-y 1 = m(x-xp 


where m = (dy/dx)^ y j . Therefore 


T = ^x 1 -^-,oj and G = (x 1; 0) 

Since (0,0) is the mid-point of TG, we have 

x 1 - — + x 1 =0 
m 
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Therefore the differential equation 

2x — ~y = 0 
dx 


2 dx 

— dy = — (Variables Separable) 

y x 

f 2 , f dx 
j -dy = j —+ c 


2 

y J x 

=> 2logy = log x + c 
=> y 2 = kx 
which is a parabola. 



FIGURE 5.55 Matrix-match type question 10, part (D). 

Answer: (D) — > (q) 


Comprehension-Type Questions 

1. Passage: /is continuous for all x > 0. Then answer the 
following questions. 

(i) If g : [0, a] is continuous and f(x) = f(a-x), 
g(x)+g(a-x)= 2, then 


u 

J f(x)g(x)d. 
0 

a 

(A) J g(x) dx 
0 

a 

(C) 2 jf(x)dx 


(B) ]f(x)dx 
o 

(D) 0 


(**) \ l 


Jcos*| 


('“» j 


o 

(A) n 


(C) %. 


3^/4 


2sin| —cosx | dx 


(B) f 


(D) 0 


1 + sinx 


-dx = 


7T/4 

(A) *(>/2-l) (B) + 

(C) 2^-72 (D) W 2 

Solution: 

(i) Since / and g are continuous for x > 0 it follows that 

a a a 

J f(x) dx, ^g(x)dx and jf(x)g(x)dx exist. Now 


u u 

J f(x) g(x)dx = J f(a - x) g(a - x)dx 

0 0 

a 

= jf(x)[2-g(x)]dx 
0 

[••■ f( a -x) = f(x) and g(x) + g(a -x) = 2\ 
Therefore 

a a 

2 J f(x)g(x)dx= 2j f(x)dx 

0 0 

a a 

=> J f{x) g(x)dx = J f(x) dx 


Answer: (B) 


(ii) Let f{x) = e l 


COS* O • | J - 

2sin| —cosx 

2 


Since / is continuous for all real x, it follows that 

a 

J f{x) dx exists. Also 

2 sin I — cos(^-x) 


0 I , m / ( 1 

f{7T-x) = e \ ms{7C - x) \ " ' ' 


( 


2sin| — — cosx 


= -e' 


2sin| —cosx 


= -Kx) 


Therefore 


n Ji 

J f(x) dx = J f(n - x) dx 
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Worked-Out Problems 


Now 


/t 

-\f(x)dx 


J/W 


dx = 0 


Answer: (D) 


(iii) Let 


3/r/4 


/ = 


*74 


1 + sinx 


- dx 


It exists because x/( 1 + sin x) is continuous on [;r/4. 
3/r/4], Now 


3;r/4 


/ = 


*74 

in!4 


1 + sinx 


- r/x 


^ 3tt 
— +-x 

4 4 


J . . In ?>n 

*/ 4 1 + sm — +- x 

U 4 

f b 


dx 


J f(x)dx =J f(a + b — x)dx 


'in IA 


n — x 


n/4 

in/4 

= n 


1 + sinx 
dx 


dx 


7c!4 


1 + sinx 


-I 


So 


3*/4 


2 I = n 


dx 


nl4 
in 14 


1 + sin x 
dx 


•/ = - f 

2 J 1 + sin x 

7r/4 
3k!4 ^ 

n r 1 - sin x 


i 


2 4 cos 2 x 

7T/4 
3tt/4 


dx 


— J (sec 2 x-secx tanx)dx 

7T/4 

7t Ir -.3^/4 r -i3^/4l 
2 |[ tan U*/4 -t secx l/4 I 


= 2iL tan *fiT 

= f [(-1 -1) - (-V2 - V2)] 


= — (-2 + 2V2) 

2 

= *(72-1) 

Answer: (A) 


2. Passage: If /:[a,b] —> R, g: [a,b] -+> ffi. are continuous 
and 0 < /(x) < g(x) V x e [ a,b\ , then the area of the 


region bounded by the curves y = /(x), y = g(x) and 

b 

the lines x = a,x = b is given by J [g(x) - f(x)\dx. Us- 

a 

ing this information, answer the following questions. 


(i) The area of the region between the curves y = 


x 2 and y = x 3 is 



< A >) 

(B) 

1 

4 

(C) 5 

(D) 

1 

12 


(ii) The area of the region bounded between the 
parabola y = x 2 - x - 6 and the line y = -4 is 


7 9 

(A) - (B) - 

(C) | (D) 4 


(iii) The area of the region bounded by the curves 

1 t log. x . 

y- ex \og e x and y =- £ — is 

ex 


(A) 

e 2 —5 

(B) 

4e 

(C) 

e 2 + 1 

(D) 

3e 


e 2 +1 
2e 

e 2 + l 


e 


Solution: 

(i) The curves y = x 2 and y = x 3 intersect in (0,0) and 
(1,1) only. Also 0 < x < 1 => x 3 < x 2 . Hence the 
required area is 



1_1_ 1 
3 4 _ 12 


Answer: (D) 

(H) We have 
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The line y = — 4 intersects the parabola in (-1,-4) and 
(2, -4) (see Fig. 5.56). Flence the required area is 


£ Z, 

J* [-4 - (x 2 - x - 6)] dx = J (2 - x 2 + x) 

-l -l 

= 2(2 + l)-i(8 + l)+|(4-l) 

3 9 

=6-3+-=- 


dx 



FIGURE 5.56 Comprehension-type question 2, part (ii). 

Answer: (B) 

(«i) The two curves intersect in (1,0) and (1/e, -1). 

Since 

lim — = + oo 
x->0+ X 

lim log. x = -oo 

x—>0+ 


and 


k x 
II x 


elog.x f —oo 
lim exlog„x= lim — 7 —f— — 

x—>0+ 5c x—>0+ ( 1 X 1 


= e lim 


x^0+ -l/x 
= e lim (-x) 

x^0+ 

= 0 


Now see Fig. 5.57 

j. f log x 

Required area = - £ -exlog B x | dx 


j_r 

2e 

1 


0°e.x) 2 ]C 


ex 


ylog* 


ni l , 

- f — ~dx 
J 2 x 

l/e lie 


= -(0-l)-e 
2e 




_-l_J_ e_J_ 
2e 2e 4 4e 
e 5 
~4~4e 
e 2 -5 
4e 



y=- 


logx 


FIGURE 5.57 Comprehension-type question 2, part (iii). 

Answer: (A) 

3. Passage: General solution of the differential equa¬ 
tion f(x)dx + g(y)dy = 0 is j f(x)dx + j g(y)dy = c. 
Answer the following questions. 

(i) General solution of the equation 

— = sin(x + y) + cos(x + y) is 
dx 

(A) tan(x + y) = x + c 

(B) 1 + tan I — + ' V | = ce" 


(C) tan(x + y) = ke x 

(D) tan I x + y | = ce x+y 


r dy x(21ogx + l) . 

(u) Solution of — = —---- - is 

dx siny + ycosy 

(A) siny = x 2 logx + c 

(B) y = x 2 logx + c 

(C) ysiny = xlogx + c 

(D) ysiny = x 2 logx + c 

(iii) Solution of — + — = 1 


dx x (1 + log x +logy) 


is 


(A) xy[l + (logxy) 2 ] 


X 

= -he 

2 


(B) l + (logxy) 2 = y + y + c 
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(C) xy[l + \og(xy)] = — + c 

X 

(D) xy(l + logx + logy) = — + c 

Solution 

(i) The given equation is 

— = sin(x + y) + cos(x + y) 
dx 


Put x + y = u. Then 


du 

— - 1 + smw + cosir 
dx 

_ j u _ . u u 
= 2cos —+ 2sm —cos — 


Therefore 


_ 2 U . . U U 

2cos“ —+ 2sin —cos — 


du = dx 


1 ili 

-sec - 

2 2 

. M 

1+tan — 


du = dx 


Integrating we get 

I 


1 0 ll 

sec — 

2 2 


1 + tan 


u 


du = x+c 


log | 1+ tan — | = x + c 


■ 1 + tan 


x + y 


- ce 


Answer: (B) 


(ii) The given equation is 

dy x(21ogx + l) 
dx si n v + y cos y 

=> (sin y + y cos y)dy = (2x log x + x)dx 
Integrating we get 

J (sin y + y cos y)dy - J (2x log x + x)dx + c 


-cos y + cosy+ ysmy = x 


log x - J x 2 ■ — dx + J xdx + c 


Therefore 


= ;T log x + c 


y sin y = x 2 log x + c 


Answer: (D) 


(iii) We have 


dy _ + y = 


1 


1 


dx x (1 + log x + logy) 2 (l+log;cy) 2 
Put xy = u so that 

du x 

dx (1 + logi/) 2 

Therefore 

(1 + log u) 1 du — xdx 

=> J (1 + log u) 2 du = J xdx + c 

J u 


■ u du = 1 —t c 
2 


rr(l+logi<) 2 -2 m-2 


i log u - J 1 du J 


x 

= - 1 c 

2 


u(l + log u) -2m-2m log u + 2m = — + c 

r 2 1 x 2 

m |^1 + 2 log ii + (log ll) J — 2m log M = : —t ( 


m[1 + (log m) 2 ] = ~ t c 
.xy[l + (log(xy)) 2 ]=y+c 


Answer: (A) 


4. Passage: The differential equation 

dy _ f(x,y) 
dx g(x,y) 

where / and g are homogeneous functions of same 
degree can be solved by using the substitution y = vx. 
Answer the following questions. 

(i) Solution of the differential equation 

Tan " , @“ 

is 



(A) V* 2 + y 2 = ke xT ™ iy * 

(B) (x 2 +y 2 )y = kxe x 


(C) 


—Tan 

xy = ke x 


-i y 

X 


y 


(D) xy(x 2 + y 2 ) = ke x 

(ii) Solution of the equation (x 3 - 2y 3 ) dx + 3xy 2 dy 
= 0 is 

(A) x 3 +y 3 = cx 2 (B) x 2 +y 2 = cx 
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(c) *y= c 


1 1 

— + — 
x y 


1 1 , 
x y 


..... ^ • r , dy y-x . 

(m) Solution oi the equation — =- is 

dx y + x 

(A) x 2 + y 2 + 2Tan _1 f —1 = c 


(B) logy + j> 2 ) + 2Tan~ i y | = c 


t y 


(C) tan(y 2 + x 2 ) = log— J + c 

(D) x 2 + y 2 = x 2 y 2 Tan -1 f—1 + c 


Solution: 

(i) Put y = vx so that 


dv dy 
v + x — = — 
dx dx 


Therefore 


dv 

x\ v + x — | - vx 
dx 


dv 


Tan 3 v = x 


v + x -v I Tan 3 v = l 

dx 


■ (Tan l v)dv = — 
x 


Integrating we get 


J(Tan “Vh/v = J — + c 

r v 

v Tan v- -y dv = \ogx + c 

J 1+v" 


1 +v 
, 1 2 

vTan v — — log (1 + v) = log x + c 

— Tan -1 (— —log(x 2 +y 2 )+ logx = logx + c 

x \x J 2 

■^log(x 2 +y 2 ) = ^-Tan~ 1 (^\-c 
2 x \x) 

V Ta n y 


■ Vx 2 +y 2 = ke 


‘(f) 


Answer: (A) 


(H) We have 


(x 3 - 2y 3 )dx + 3xy 2 dy = 0 
■> — = —— j — (Homogeneous) 


dx 3 xy 

Put y = vx. Then 

dv 2 v 3 -l 

V+X— = -r— 

dx 3v z 


dv 2 v 3 -1 -(1 + v 3 ) 

■ — = -^-v = —-- 

dx 3v 


3v 


( 3v 2 ^ 


1 + v 


, dx 
dv-\ -= 0 


1 K 


The solution is 


f 3v 2 , f dx 

- 5 - dv+ — = c 

J 1 +v 3 J x 

log(l + v 3 ) + log x-c 

log(l +v 3 )x = c 

■ ( 1 + v 3 )x = c 

3 3 2 

■ x + y = cx 


Answer: (A) 


(iii) We have 


dy y — x 
dx y + x 


Put y = vx. Then 

dv v — 1 

v + x — =- 

dx v +1 

dv v — 1 -( 1 +v 2 ) 

x — =-v = —-- 

dx v +1 v +1 

1 +v), dx _ 

\dv+ — = 0 


1 + v 2 


JSM 


dv + — = c 


1+v 

, 1 , 

=>Tan v+—log(l + v") + logx = c 

=> Tan -1 j + bog(x 2 + y 2 )-logx + logx = c 

=> 2 Tan -1 j + log(x 2 + y 2 ) = c 

Answer: (B) 

6. Passage: The general solution of the differential 
equation 

d -f + Py = Q 

dx 


where P and Q are functions of x alone is given by 

f Pdx jP f Pdx 

y e J = \Q e J dx + c 


Answer the following questions. 

(i) Solution of the differential equation 

*(fH =(1+ * v 
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Worked-Out Problems 


is 


(A) ye * = log|x| + y + c 

(B) ye x = log|x| + y + c 


(C) y = e x 


.2 \ 


log|x| + — 


+ ce 


(D) ye * =log|jf| + y + c 

(H) Solution of the equation x(l + x 2 )dy = (y + yx 2 
- x T )dx is 

(A) y = xtan x + c (B) y = xTan -1 x + c 

(C) y = -xTan^ 1 x + cx (D) xy = Tan^x + — 

x 

(iii) General solution of the differential equation 

(x +1) — - ny = e* (x +1)" +1 
dx 

is 


(A) y = e x (x + \) n +c 

(B) y(l + x)" = e x + c 

(C) y = (c + e x )(l + x) n 

(D) y(c + e x ) = (l + x) n 

Solution 

(i) We have 


dy 

x 

dy 




(l+x 2 )e x 


-y = 


-1 dx 


dx x 

The integrating factor is 

I.F. =J 

The solution is 

ye-.r q+xV 


(Linear) 


= e 


■e X dx + c 


1 + x^ 


dx + < 


= log|x|+ — + c 


Answer: (A) 


(H) We have 


x(l + x 2 )dy = (y + yx 2 —x 2 )dx 
dy y(l + x 2 )-x 2 


dx x(l + x 2 ) 

dy y _ -x 
dx x 1 +x 2 


(Linear) 


The integrating factor is 


I.F. = e 


f —dx 

X 


= e _logJC = 


The solution is 

1 

y 


—x 1 

— dx + c = -Tan _1 x + c 


1 + X x 


=>y = -xTan x x + cx 
(iii) We have 


Answer: (C) 


i dy 

dx 
dy f n 


(x + 1 ) — - ny = e x (x + 1)' !+1 
dx 


y = e x (x + l) n (Linear) 


dx v x +1 
The integrating factor is 

IF. = = e “ nl °g(- t+1 ) = . * 


The solution is 


1 


r e v (x + l) n 

,(x+i y) J (x+iy 

■ y = (e x +c)(l + x)” 


(x+ir 


dx = e x + ( 


Answer: (C) 


Integer Answer Type Questions 

i 

1 . The value of J xe x dx is_. 

o 

Solution: We have 

l 

J xe x dx = [e x (x - 1 ) 
o 


= 0 - e° (0 - 1 ) 
= 1 

ff /2 

2 . 3 J sin 3 x dx equals_. 

o 


Answer: 1 
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Solution: We have 

nil nil 


J sin 3 xc/x = J 


3sinx- sin3x 


dx 


o 
1 
4 
1 
4 

= 1|3 - ±h l2 = 3 


-3[cosx]g / 2 +|[cos3x]o /2 


-3(0-l) + |(0-l) 


Therefore 


7Tl 2 

3 J sin 3 xdx = 2 


o 


Answer: 2 


Try it out If we use Walli's formula, then 


nil 


■ 3 , (3-1) 

sin xdx = - 


3(3-2) 3 


J- 


3. | Tan 1 1 —^^ I dx is equal to 
1 + x-x 2 1 


Solution: We have 


U oo 

J log e (x + e) dx + je~ x dx= [xlog e (x + e)]^ e 

L-e 0 

- [ — dx-\e~ x T 
J x + e L J o 


l-e 


U 

J 

l-e 


i-- 


x + e 


dx-( lim e x - 1 ) 


nO 


= - Mi_ e + e [log(x + e)] l e - (0 -1) 
= -[0-(l-e)] + e[l-0] + l 
= 1-e+e+l 
= 2 



FIGURE 5.58 Integer answer type question 4. 

Answer: 2 


|Ta„-' 

0 


2x-1 
1 + x-x 2 


dx - 


} T an- 


x + x — 1 
l — x(x — l); 


dx 


jTan 1 xdx + ^ r T&r\ J (x -1 )dx 

0 0 

1 1 

J Tan -1 xrfx + j"Tan -1 (1 - x - l)dx 


^Tan 1 xdx-j Tan 1 


xdx 


o 

= 0 


Answer: 0 


4. The area bounded by the curves y — log, (x + e), y = e~ x 
and the x-axis is_. 

Solution: The two given curves intersect in (0,1) (see 
Fig. 5.58). So 

log e (x + e) —> +oo asx —» +°° 

and y = e~ x —¥ 0 as x -» 

Now y = log e (x + e) meets x-axis in (1 - e, 0). Therefore 
the required area (shaded part) is 


5. If A is the area bounded between the curves y = xe x ,y 
= xe~ x and the line x = 1, then the integer part of A is 



FIGURE 5.59 Integer answer type question 5. 


Solution: The two curves meet at (0,0) and are 
intersected by the line x = 1 in ( 1 , e) and ( 1 , 1 /e), 
respectively. Hence the required area is 


l 

J (xe* -xe~ x )dx 
o 


l 

J xe x dx 


l 

J xe~ x dx 


0 0 

[e^ (x - 1 )]!, - |[x(-e-)| - j-e-rfx j 



























Worked-Out Problems 


{-1 

[“- 1 ; 

) + l 

f 1 - 1 ! 

1 1 

U J 


Therefore 


1_ 
e 

=1+Z_l 

e 

_ 2 
e 


Therefore, yf = 2/e, which implies that the integer part of 
A is zero. 

Answer: 0 

6 . If [jcJ denotes the greatest integer not exceeding x, 
then 


J 

J (|x-2| + [x])£/x 


Solution: Let 


1 = 


j 

J (| jc — 2| + [jc]) e/.r 


-l 
3 

/ x = J* \x- 2\dx 


-l 

3 


h = 


J [xj dx 


Now 


f 1 = J (2 - x) dx + J (x - 2)dx 


-l 




7 . Let /(x) = ■ 


/=/ 1 + / 2 = 5 + 2 = 7 


x~ for 0 < x < 1 
7 x for 1 < x < 2 


Answer: 7 


If K = J f(x)dx, then [K + 1 ] (where [f] denotes the inte¬ 


o 


ger part of t) is. 


Solution: We have 

2 1 2 


= 2(2 + l)-|(4-l) + |(9-4)-(6-4) 

^ 3 5 „ 

= 6--+—2 
2 2 

= iZ_Z = 5 

2 2 


I 2 = J [x] dx 

-l 


= J (—1) dx + J Odx + J 1 dx + J 2 dx 
-1 0 12 
= -(0 +1) + 0 + (2 -1) + 2(3 - 2) 

= -l+ 1 + 2 = 2 


J f(x)dx = jx 2 dx + J Vxi 


xdx 


o 


0 1 

-\Aur2-D 

472-1 


Therefore 


K + l = 


4^2+2 


=>[K + 1] = 2 

Answer: 2 

8 . If / = J Vcosx - cos 3 xdx , then the value of 31 is 


*/2 


—7t/2 


Solution: We have 


7Vl 2 


/ = f 7 cos x - cos 3 xdx 

-nil 

tt/2 

= 2 J 7cosx-cos 3 x (•.■ cos x - cos J x is an even function) 
0 

;r/2 

= 2 j Tcosx |sinx|dx 


0 

k! 2 


= 2 J 7 cosxsinx in^ 0 ,^-j,sinx > 0 

=<-§)[,““ nr 

4 4 

= --[ 0 - 1 ] = - 
3 3 


This implies 31 = 4. 


Answer: 4 
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9. If [f] denotes the integer part of t, then 
‘1 

J Sin l xdx = 

_o 

Solution: We have 


I i 1 

J Sin ~ l xdx = ^xSin _1 xJ o - J 




dx 


= Sin 


Ji 


= | + (0-l) 

="—l 

2 


Therefore 


‘1 

J Sin l xdx 

o 


= 0 


Answer: 0 


l 

10. If K= J 5x 4 >/x 5 + l dx, then the integral part of K 

-l 

is_. 

Solution: We have 


Therefore 


K = J 5 x 4 \jx 5 +1 dx 
-1 

= |[2V2-0] 

4^2 



Answer: 1 


and for x > 1, x + 1 < x 2 + 1. Therefore 


So 


f(x) = 


x" +1 for 0 < jc < 1 
x + 1 for 1 < a: < 2 


A = Required area (shaded portion) 


1 z 

J (x 2 + Y)dx + J (x +1 )dx 
0 1 

\[ x3 t + [4 + l[ x2 t + [4 


= ^ + 1 +^ (4 - 1) + (2 -l ) 

_ 23 

~~6 



Answer: 3 


12. The cut off from the parabola 4 y = 3x 2 by the straight 
line 2y = 3x + 12 is_. 


Solution: The line intersects the parabola 4 y = 3x 2 in 
the points (-2,3) and (4,12) (see Fig. 5.61). Therefore 


Required area = 


^ (16 - 4) + 6(4 + 2) — i (64 + 8) 


11. Let f(x) = Min{x 2 + 1, x + 1} for 0 < x < 2. If A is the 
area bounded by y = f(x), the x-axis in the interval 
[0,2], then the integral part of A is_. 

Solution: The line y = x + 1 and the curve y = x 2 + 1 
cut each other in the points (0,1) and (1,2) (see Fig. 
5.60). Now 



0<x<l=>x 2 + l<x + l 


FIGURE 5.61 Integer answer type question 12. 
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Worked-Out Problems 


= 9 + 36-18 
= 27 

Answer: 27 


13. The area bounded by the curves y = Vx, x = 2y + 3 
in the first quadrant is_. 

(IIT-JEE 2003) 

Solution: 

The line and the curve intersect at (9,3) in the first quad¬ 
rant (see Fig. 5.62). Therefore 


Required area 


= \yfxdx - Area of the triangle with ver- 
o tices (3,0), (9,0) and (9,3) 


_ 2 
“ 3 
_ 2 
~ 3 
= 9 


b"]I 

(3 3 )-9 


1 ^ „ 
— x6x3 
2 



FIGURE 5.62 Integer answer type question 13. 

Answer: 9 

14. The area bounded by the curve 3y 2 = x 2 (3 - x 2 ) is 


= -^x-[(3-x 2 
V3 3 

= ^±(0-373, 
= 4 




Answer: 4 


15. If A is the area bounded by the curves y 
y = 2x - 2x 2 , then 12A is_. 

Solution: We have 


y 


2x —2x 2 




Then 



4 2 2 V 2) 


x log e x, 


which is a downward parabola with vertex at (1/2, 1/2) 
meeting x-axis in (0,0) and (1, 0). The curve y = x log e x 
meets the x-axis in (1,0). Further 

lim x log e x = +°° 

X —>+°o 

and lim x log x = 0 


Now the required area is (see Fig. 5.64) 


Solution: We know that 


(i) The curve is symmetric about both axes. 

(ii) It passes through origin. 

(iii) It meets x-axis in (-V3,0), (0,0) and (V3,0). 

(iv) —\/3 < x < V3 


Therefore shape of the curve is as shown in Fig. 5.63. 
Therefore 


V3 

Required area=4j 


x 2 dx 



t t 

A = J (2x - 2x 2 ) dx + J -x log^ xdx (v 0 < x < 1 => log e x < 0) 
o o 



FIGURE 5.64 Integer answer type question 15. 
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[-mh; 


i i 

— —I— 

3 4 

_ J7_ 

~~ 12 


Y l0geX 


0 L 


>-|l 


X 

T 


Therefore 12 A = 1. 

16. The value of 

7Cl 2 


Answer: 7 


J (sin x) COSY [cos x cot x - log(sin xf mx ]dx 


o 


IS 


(IIT-JEE 2006) 


Solution: Let/(x) = (sinx) COSY , 0<x<;r/2 so that 
f'(x) = (sin x) COSY [cos x cot x - sin x log sin x] (check it) 
Therefore 


7Tl 2 


J f’(x)dx = [f(x)tf 2 = l°-0 l =l 


Answer: 1 


j(l-x 50 ) 100 dx 


17. The value of (5050) -y 


1S 


J(l-x 50 ) 101 Jx 


Solution: Let 


J(l-x 50 ) 100 


dx 


I = (5050) y- 


J (1 —x 50 ) 101 rfx 


Let 


U = 


( i=J(l-x 50 ) 
0 
1 


too 


dx 


h = 


J(l-x 50 ) 101 


dx 


Therefore 


h = 


J (l-x 50 )(l —x 50 ) 100 r/x 
o 

i _j x so ( 1 _ x so ) ioo rfx 

0 

! + j* x(l — x 50 ) 100 (-x 49 )dx 


= /, - 


- h + 


50 \ 101 


101x50 


-|1 1 


■J 


50 n 101 


0 0 


(1~* 3U ) 

101x50 


-dx [ 


= / 1 + 0 -- 


5050 


Hence 


So 


5051 

5050 


h=h 


/= 505^A = 5051 


Answer: 5051 


18. Let 


J 


COS X cos 




7T l l 16 


1 + sin 2 4d 


de 


then 


d -l\ =K* 

dx ->x=n 


where the value of K is 


Solution: By Leibnitz Rule, 

dy 


= -sinx , h- 

dx J 1 + siir yd 

;r 2 /16 


COS y/d ( cosx 

dG + cosx -=—x2x 


1+sin'x 


Therefore 


So K = 2. 


—) = 0+(—l)f — x2 jt I = 2^r 

dx) x =„ V 1 


Answer: 2 


A 

19. Let /(x) = J yjl — t^dt. Then, the number of real 

1 , 

roots of the equation x - f'(x) = 0 is_. 


(IIT-JEE 2002) 
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Solution: We have 

f'(x) = \J2-x 1 (By Leibnitz Rule) 

Now 

x 2 - f'(x) = 0 

=> x 4 - 2-x 1 

=>x 4 +x 2 -2 = 0 

=> (x 2 + 2)(x 2 -1) = 0 

=> x = +1 are the real values of x 

Therefore the number of real roots of the equation 
x 1 - f'(x) = 0 is 2. 

Answer: 2 


Therefore 


21 = 


* COS 7CX , —COSJtX J. 

r dx= dx=l 


0 


0 


So 


/ = - 
2 


From Eq. (5.54), we get 


2012 


J f(x)dx = 2012 1 ^ | = 1006 


Answer: 1006 


20. Let [x] denote the largest integer not exceeding x 
and {x} = x - [jc]. Then the value of 


2012 


cos(^{jr|) 


e cos(^{j:j) +e -cos(^{jr]) 


dx 


is 


Solution: Let 


/(*) = 


cos(x{x}) 


e cos(n[x}) + e ~ms(7[{x}) 


Since the period of [x] is 1, we have that the period of /(x) 
is also 1. Therefore 


2012 


J f (x)dx = (2012) j f(x)dx (See P 4 ) (5.54) 


Now, let 


1 = 


1 

J f(x)dx 


COS (7T(x-[x}) 


.cos^jt-fjc]) ^-cos(x-[*]);r 


dx 


dx 


cos;r(l-*) 


^cos^(l-x) ^-cos^(l-x) 


dx 


dx 


21. If/is differentiable on [0, l],/(0) = 0 and /(1) = 1, 

l 

then the minimum value of j[f'(x)] 2 dx is equal to 
_ • o 

Solution: We have 

[/'(*)- 1] 2 >0 
1 

=>0<\[f'(x)-lfdx 

0 

1 

= j[{f'(x)} 2 -2f'(x) + l]dx 
0 

1 1 1 

= J [f'(x)] 2 dx - 2 J f'(x)dx + J 1 dx 

o oo 

l 

= J [f'( x )] 2 dx - 2[/(l) - / (0)] +1 

o 

l 

= \[f'(x)fdx- 2(l-0) + l 
o 

Therefore 

l 

\[f'(x)fdx> 1 
0 

1 

Hence the minimum value of J [f'(x)] 2 dx is 1 and the 

o 

minimum value will be attained when f(x) = iVre [0,1] 

Answer: 1 
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EXERCISES 


1. Evaluate |sinx|-|cosx |\dx . 


Hint: Draw the graphs of both sin x and cos x in [0, n\. 

2 . / is a real-valued function defined for all x > 1 such 
that 


/(1) = 1 and /'(x) = 


1 


x 2 + [f(x)] 2 

Show that lim /(x) exists and is less than 1 + tt/4. 


Hint: Observe that / is strictly increasing on [1, °°) 

t 

J-. 


, f dx f dx 

and -< 

[x 2 +[f(x)f \l + x A 


3. Let/be differentiable function such that 

2 

f'(x) = f(x) + jf(x)dx 


and 


/( 0 ) = 


4-e 2 


Determine/(x). 

4. Prove that 

sin x + sin 3x + sin 5x + • • • + sin(27£ - l)x = 


sin 2 Kx 


smx 


where K is a positive integer and hence show that 

1 


7T/2 9 

sin" Kx .11 

- dx = 1 + - + - + ■■■ +- 

sinx 3 5 2K-1 


I 


0 


nil 

5. Evaluate J e lx ^ 2x ^ dx where [x] is the integral part 


of x and n is a positive integer. 

100 ;r 

6 . Evaluate J Vl-cos2xdx. 
sin(l/x) 


o 

2 Ik 

7. Evaluate 

1 he 

3 

8 . Evaluate 


-dx. 


xdx 


x +1 + 5x +1 


9. Show that 


nt 4 

J: 


dx 


2 2 ,7.2-2 

cos x + b sin x 


(fl>0,h>0) is 


equal to —Tan 1 ( — 
ab \a 


10. Show that dx = ^lo g 2. 


o 


1 + x 


8 


Hint: Put x = tan 0. 

29 


r ^/(x-2) 2 
11. Evaluate — v . = dx. 

1 3 + ^- 2 )* 


o, , fsm2Ax , „ 

12. Show that - dx = 0, it K is an integer. 

J sinx 

o 

71 7Cll 

13. Prove that J/(sinx) = 2 J /(sinx)dx. 


14. Show that 


71 7t 

J x/(sinx)dx = — J /(sinx) dx. 


o 

ff /8 

15. Evaluate J x 8 sin 9 xdx. 


-irlS 
7l 2 / 4 


16. Compute J sin^dx. 

o 

Hint: Put t = -Jx. 

17. If/ "(x) is continuous on [ a , fe], then show that 

b 

J xf"(x)dx = [bf\b) - a f\a )] + [ f(a ) - /(h)] 

a 

18. Let / be an odd function in the interval [-772, 772] 

X 

where Tis a period of/. Prove that J f(t)dt is also a 

a 

periodic function with the same period. 

Hint: * 

F{x) = \f(t)dt 

a 

772 x+T 

=$ F(x + T) = F(x)+ J f(t)dt+ J f(t)dt 

x 772 
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19. If n is a positive integer and C denotes the Binomial 


coefficient "C K , then show that 


„ Ci C 2 C 3 

c n -- + —-- + ■•■ + 

3 5 7 


(-1 TC n _ 2-4-6-(2 n) 


2n + l 1-3-5-••(2n + l) 


x 

Hint: Compute J (1 - x 2 )" dx using Binomial expan- 
o 

sion and also using the substitution x = sin 9. 

20. On the interval [-1,1] find the greatest and least val¬ 
ues of the function 


F W = j 


2f + l 
t 2 —2t+ 2 


dt 


Hint: F is greatest at x = 1 and least atx = -1/2. 

dx n 

i .: 

log, 2 

dx 


X 

21. Solve the equation J 


22. Show that J 

o 
16 


Je x -1 6 

( i+2^i^ 


x\jx 2 + 5x + l 


= log e 


23. Show that J Tan 1 dx = — n- 2\f3. 

l 

nil 

24. Show that J 


dx 


= ^=Tan~ 1 f-C 


o 


3 + 2 cos x 


x 

25. If/is an odd function, then show that J f(t ) dt is an 
even function. Will J/(f) dt be odd, if /is even? 

a 

Hint: For the latter part, consider / (x) = cos x and 
a ^ 0, so that the conclusion is not true. If a = 0, the 
conclusion is true. 


„. , f dx 1 8 

26. Show that -- = — log e —. 

J v -t- r 2 5 


X+ X 


27. Show that 

28. Prove that 
dx 


9 

f -^TT dx = — . 

J (1 + x 5 ) 3 45 


1 


2/7-3 


dx 


(1 + x 2 )" 2(/z-l)(l + x 2 )" -1 2(/j-l)J (1 + x 2 ) 

dx 


2 \ti-l 


and hence compute J 


(1+x 2 ) 4 


29. Show that 


1 /V 3 

1 

0 

-log, 2 


dx 


= Tan 1 1 -I. 


(2 x 2 +1 )Vx 2 + 1 


30. Showthat f \ll-e 2x dx = — + log e (2-V3). 

^ 2 


o 


-7rl 4 3 

31. Evaluate f ^LJLdx . 

J yjsinx 

-7c! 2 


32. 


e-1 

Compute i log e (l+x) 


dx. 


33. Show that 


i dx = 6 — 2e. 


34 


35. 


J (log, *) 3 

l 

l 

. Showthat f x log(l + x 2 )dx = log c 2—. 

J 2 


o 

k!\ 


Evaluate J (cos2x) 3/2 cos xdx. 


o 


Hint: Put y/2 sin x = sin 0. 


u 

36. If [- 

J v«. 


x" +(16 —x)' 
h = 14 and n is a natural number. 

fSin _1 x , n, 

37. Show that - dx = — log e 2. 

J x 2 

o 


38. Evaluate j l0gg ^t^ dx. 


— dx = 6, then prove that a = 2, 


l + x z 


39. Let 


/W=j- 


dx. Show that 


Q (1 + x) (1 + x ) 


o, . f xtanx , n, 

40. Show that - dx = —{k — 2). 

J f- - -- ° 


0 


secx + tanx 2 


tt/2 

41. Evaluate J sm8Uog(coU) ^ 


0 


cos2x 


42. Evaluate 


xSin l x 


_i 4i~- 


dx. 
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43. Show that J 

-2 


3x 5 + 4x 3 + 2x 1 + x + 20 
x 2 + 4 


dx = 3n + 8 . 


54. Show that 


lim 


n + 1 n + 2 n + 3 
- + - 


n 2 +l 2 77 2 +2 2 /7 2 +3 2 


+ ■■• + — 


n , 1, r, 

= — + —log. 2 
4 2 Be 


44. Prove that 


I 


dx n 


1 + x 4 2V2' 


1 1 

55. Show that lim I — 


»-»~V 77 


45. The value of 


1 _ _ 

J (V 1 + x + x 2 - Vl-x + x 2 ) dx is . 


is an even 


46. Show that F(x) = J log c (f + y/l + t 2 ) dt is 
function. 0 

Hint: Observe that log(7 + \ll +t 2 ) is an odd func¬ 
tion. 


3/2 

47. Show that J |xsin/rx|dx = 


3k +1 


K 


48. If /(x) = |2' v -1 + \x - 1|, then show that 

2 


J f(x)d. 


’x = 5+- 


-2 


41og e 2 


49. Show that 

71 

[ja 


x - n 

(a 2 cos 2 x + b 2 sin 2 x) 2 4 


2 ( 2 7 2 

' + b 


3.3 

y a b j 


where a>0,b>0. 


log, 5 


^ , f e x yje x -1 , 
50. Evaluate - dx. 


0 


e x +3 


r COS X 

51. IfS=J - dx, then show that 


0 


0+2 y 


7u! 2 


cosxsinx If 2 


(x +1) 4 ^ 2 + ;r 


- + 1-25 


7T/2 . ttI 2 . 

Hint: Take /= = i ^Zr. Use 

J (f+1) 2J .v+1 

0 v ' 0 


integration by parts. 

■Jx 


52. If F(x) = J sin {t 2 )dt, then find F (1). 


llx 


53 . 


1 2 n ^ 

Evaluate lim — > , 

n —^00 n / 2 


n in 2 +r 2 


56. Show that 


lim 


i+4 v 

77 “ 




•)2 \ 


V « J 


* < n 2 ^ 

1+ ~ 

v n J 


2 n 


Hint: Assume that the limit is / and take logarithm. 
57. Show that 


lim 


1 4 r 

+-t + "- + 


1+ 77 3 8 + 77 3 


3 3 

r + 77 


1 

+ ••• + — 


= bog,2. 


58. Show that 
lim 


1 77 z 

-h - 


(77+ 1) 3 (n + 2) 


-l-1- 

3 8/7 


3 

8 


59. Show that lim | —-— + —-— + ••• + — I = log 2. 

n + 1 77 + 2 2n 6 


71-1 


60. Show that lim 


1 ;r 


^ O2 2 2 ’ 

•=0 V77 -r z 

61. Prove that the area common to the parabolas y = 2x 2 
and y = x 2 + 4 is 32/3. 

62. Show that the area included between the parabolas 

8 \[ab(a + b) 2 ’ 12 

y 2 = 4n(x + n) and y 2 = 4b(x - b) is --■ 

63. Compute the area bounded by the curves y = x — 1 
and (y - l) 2 = 4(x + 1). 

64. Find the area enclosed by the curves 3x 2 + 5y = 32 
and y = | jc — 2 |. 

65. Compute the area of the figure bounded by the pa¬ 
rabola (y - 2) 2 = x - 1, the tangent to it at the point 
with ordinate 3, and the x-axis. 

66 . Find the area of the figure which lies in the first 
quadrant inside the circle x 2 + y 2 = 3a 2 and bounded 
by the parabolas x 2 = 2ay and y 2 = 2ax(a > 0). 

67. Compute the area given by x + y = 6, x 2 + y 2 < 6y and 
y 2 < 8x. 

68. A curve y = / (x) passes through the point P( 1, 
1). The normal to the curve at P is a(y - 1) + x — 
1= 0. If the slope of the tangent at any point on the 
curve is proportional to the ordinate of the point. 
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determine the equations of the curve. Also obtain 
the area bounded by the y-axis, the curve and the 
normal to the curve at P. 

(IIT-JEE 1996) 

69. Find the area of the region bounded by the curve C: 
y = tan x, the tangent drawn to C at a = x/4 and the 
v-axis. 

70. Compute the area enclosed between the parabolas 
x = y 2 ,3y 2 = 4(x - 1). 

71. Find the area of the figure bounded by the curve 
y[x + *Jy = 1 and the line x + y = 1. 

72. Compute the area of the figure enclosed by the curve 
y 2 = x 2 ( 1-x 2 ). 

73. Compute the area of the loop of the curve y 2 = x 2 
(! + *)■ 

74. Find the area of the figure contained between the 

g 

parabola x 2 = 4y and the curve y = —= -. 

x +4 


75. Compute the area of the figure bounded by the 
curve y = log e x , the y-axis and the straight lines 
y = log e a and y = log e b . 


76. Solve (y 2 - 3x 2 )dy +2 xy dx = 0, given y = 1 when x = 0. 


x = 0. 


77. Solve yl — I +2x — — y = 0, given y = V5 when 


dx 


dy 


dx 


dy 

86 . Solve —+ 


dx 11 - x 2 


, = x 4y. 


dy 


87. Solve xy—— — ye 
dx 




88 . Solve x 2 y-x 3 — = y 4 cosx, given that y = n when 
dx 

x= n. 


89. Solve (l-x 2 ) — + 2xy = x\ll-x 2 . 

dx 

90. The gradient of a curve which passes through the 
point (4,0) is defined by the equation 

dy y t 5 a =q 
dx x (a + 2)(a-3) 

Find the equation of the curve and also the value of 
y when x = 5. 

91. Solve — + (y-l)cosx = e“ sin ' : (cot 2 A). 

dx 


92. Find the equation of the curve through the origin 
which satisfies the differential equation 


dy 

dx 


(x-y ) 2 


93. Solve —~xy 2 = 4 V. 

dx \ x ) 


78. Find the curve such that the length of the polar ra¬ 
dius of any point M equals the distance between the 
point of intersection of the tangent at the point M, 
the y-axis, and the origin. 


94. Solve 


x + y 

T. 


dy 

dx 


Hint: Put y = vx. 


COS A + 


1 

y ’ 


r/y 1 
79. Solve — = 


dx 2x - y 2 


95. Solve —-Atan(y-x) = 1. 
dx 


80. Solve (3y 2 + 3xy + x 2 )dx = (a 2 + 2xy)dy . 

81. Solve ^ = £ + y 

dx y x 

82. Solve (2y)dx + (y 2 -6x)dy = 0. 


96. Solve — + 
dx 


r+y + 1 

X^ + X + 1 


= 0. 


97. Solve a 2 y — 
dx 


(a + l)sec y. 


dy 


1 


83. Solve — = — — . 

dx x 2 x 

84. Solve — + 2ytanA = sin a . 

dx 


98. Form the differential equation representing of all 
parabolas having latus rectum 4 a and whose axes 
are parallel to A-axis. 

99. Form the differential equation representing all cir¬ 
cles in the Ay-plane with fixed radius r. 


_ , dy suiacos 2 a 

85. Solve — -ytanA =- - -. 

dx y l 


100. Solve Jx 2 y 2 +x 2 +y 2 +1 +(Ay)— = 0. 

dx 
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ANSWERS 


1. 4(V2-1) 

3. f{x) = e x - 

5. — (e — 1) 

2 v 

6 . 200V2 

7. 1 

8 . 14/15 

2 


e 2 -1 


68 . 

69. 

70. 

71. 

72. 

73. 

74. 


1 p~ a 

Curve: y = Area= 1 -+- 

2 a a 


K log2 4 

8/3 

1/3 

4/3 

8/15 


| (3^r 2) 


15. 0 

16. 2 

21 . x = 21og c 2 

11 5;r 

28. — + — 

48 64 

31. -0.083 

32. 1 

3 n 

35. 


16V2 

38. ■^■log e 2 

41. 0 

42. 2 
45. 0 
50. 4 -n 

3 

52. — sinl 
2 

53. V5-1 

63. 64/3 

64. 33/2 

65. 9 


66 . ar 


V2 3 _jl 
— + —Sin - 
3 2 3 


67. 


21 n-2 
12 


75. 

76. 

77. 

78. 

79. 


b - a 

3 2 2 

y =y -X 

y 2 = 5 + 2\/5x 

x 2 = 2cy + c 2 or x 2 = 2cy 


■ - no 2 y. 


1 1 


x = ce ■ + — y + — y + - 
2 2 4 


-X 

2 - 


80. (x + y) -cx e 


81. 

82. 

83. 

84. 

85. 

86 . 

87. 

88 . 

89. 

90. 

91. 

92. 


y = ±x^2log\ cx | 

2 o 3 

y -2x = cy 

2xe~ y = 1 + 2cx 2 
2 

y = cosx + ccos x 


3 3 

y cos x-c- 


cos 6 x 


Vy = 


x 2 -1 


+ c(l-x 2 ) 1/4 


e x = y 2 (2x - c) 
y 3 (l + 3sinx) = x 3 

y = Vl-x 2 + c(l - x 2 ) 


y = xlog e 


^ x + 2 A 
6(x - 3) 


, y = 5 log — 


(y - l)e smx = - cot x - x + c 


log e 


1 + x-y 
1-x+yJ 


= 2x 




















Answers 


93. log e 


*y 

1 + xy 


= x + c 


94. log e y- —= sinx + c 


y 


jdt 2 


95 . sin (y-x) = ce 


2x + 1 -i 2^+1 
96. Tan —^ + Tan —^ = c 


97. ysiny + cosy = log e x-+ c 

x 


,8. 2„^ + f^f = 0 

dx~ 


, dx . 


99. r z 


d 2 y 

ydx 2 J 


V f/x ) 


n 3 


V3 


V3 


100 . V 1 + x 2 +^jl + y 2 +-log e 


Vl + x 2 -1 


Vl + x~ +1 




















Index 


A 

Absolute maximum, 55,243 
Absolute minimum, 55,243 
Acceleration, 230 
angular, 230 
Addition (+) 

associative property of, 4 
closure property of, 4 
commutative property of, 4 
existence of additive identity for, 4 
existence of additive inverse for, 4 
Addition theorem, 458 
Additive identity, 4 
Additive inverse, 4 
Angle of intersection of curves, 225 
Angular acceleration, 230 
Angular velocity, 230 
Antiderivative, 350,460 
Archimedes’ principle, 7 
Areas, 475-478 

Associative law for composition of 
function, 16 

Associative property of addition (+), 4 
Average change, 229 


B 

Bernoulli’s equation, 490 
Bijection, 17-18 

differentiability theorem, 152 
Binomial differential, 402-403 
Bounded below, 6 
Bounded intervals, 10 
Bounded set, 6 
Bounded subset, 54 


c 

Caratheodory theorem, 150 
Cartesian product, 14 
Cauchy sequence, 62 
Cauchy’s theorems 

first theorem on limits, 65 
general principle of convergence, 
59, 62 

for series, 71 

mean value theorem, 248-249 
root test, 73 

second theorem on limits, 67 
Chain rule, 149-150 
Closed interval, 10 
Closure property of addition (+), 4 


Codomain, 14 

Commutative property of addition (+), 4 
Comparison test, 72 
for sequences, 66 
Complement, 3 

Completeness property of R, 7 
Composite function, 15,52 
Composite theorem, 468 
Concave function, 246 
Concavity, 246 
Congruence function, 20 
Constant function, 15 
Constant of integration, 351 
Continuity 

of composite function, 52 
function, 45 
at a point, 45 

properties of continuous function, 
54-55,69 

of sum, product and quotient of 
continuous functions, 50-52 
Convergence 

Cauchy’s general principle of, 62 
comparison test for, 63 
of a monotonic sequence, 63 
subsequence of a convergent 
sequence, 63 
Convex function, 246 
Convexity, 246 
Cosine hyperbolic, 158 
Critical point, 240-241 
Curve (s) 

angle of intersection of, 225 
normal to, 225 
tangent to a, 224 


D 


DAlembert’s test, 73 
Darboux theorem, 243 
Decreasing sequence, 62 
Decreasing sequences, 62-63 
Definite integral, 454-455 

geometrical interpretation of, 
456-460 

as a limit of a sum, 473-474 
of a non-negative function, 456 
properties of, 461-462 
Degree of differential equation, 481 
De Morgan’s laws, 3-4 
Density property of Q, 9,68 
Derivative, 146 

differentiable function for a local 
extremum with first, 240 
geometric meaning to, 224-225 


left, 146 
right, 146 
second, 169 

signs of, when passing critical point, 
240 

test for convexity, 246 
theorem, 148 
third, 169 

use in velocity problems, 229 
Derived function, 146 
Differential equations, 480-481 
degree, 481 

general solution of, 481 
homogenous, 485 
linear, 487 
order, 481 

particular solution of, 481 
solution of, 481 
Differentiation 

of implicit function, 167 
logarithmic, 166 
parametric, 167 
by substitution, 150 
substitution method of, 165 
Direct integration using standard 
integrals, 353-360 
Discontinuity, 45 
Discontinuous function, 45,458 
Disjoint sets, 2 
Diverge, 64 
Divergence 

of a sequence, 64 
of series, comparison test for, 72 
Domain, 14 


E 

Empty set, 2 

Equal functions, 14 

Equation of the normal, 227 

Equation of the tangent, 227 

Euclid’s algorithm, 20 

Euler’s substitutions, 403-404 

Even functions, 18 

Even integer, 9 

Even part of function, 19 

Extended form of linear equation, 490 

Extremum value, 244 


F 

Finite limit, 59 
Finite set, 19 
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Index 


First derivative test, 239 
Fixed point, 57 
Fractional part, 8 
Function (s), 14 

classes of integrable, 396-405 
composite, 15-16 
congruence, 19 
constant, 15,147 
decreasing or monotonically 
decreasing, 153 
equal, 13 
even, 18 

fundamental classes of integrable, 
396-405 
graph of, 9 
graph of a, 21 

greatest and least values of, 244 
homogenous, 484 
identity, 16 

increasing or monotonically 
increasing, 153 

integration of trigonometric, 404 

limit of, 26-27 

non-empty subset, 13 

odd, 18 

one-one, 16 

onto, 17 

periodic, 18-19 

polynomial, 233 

real-valued, 14-15,26,36 

restriction of, 17 

step, 19 

symbol of, 14 

Fundamental classes of integrable 
functions, 396-405 
Fundamental theorem of integral 
calculus, 459 
second form, 461 


G 

Geometric interpretation 
of the derivative, 224-225 
Lagrange’s mean value theorem, 
234-235 

Rolle’s theorem, 232-233 
Graph of a function, 21 
construction of, 23-26 
Greastest value of a function, 244 
Greatest element, 244 
Greatest lower bound, 6 


H 

Flalf closed interval, 10 
Flalf open interval, 10 
Flomogeneous differential equation, 485 
Flomogeneous function, 484 


I 

Identity function, 16 
Image, 14 

Implicit function, 168 

Implicit function, differentiation of, 167 

Increasing sequence, 62 

Increasing sequences, 62-63 

Indefinite integral, 351,461 

Indefinite integration, 349 

Indeterminate form, 248 

Indexed family of sets, 2 

Inductive set, 5 

Inequality theorems, 40-45 

Infimum, 7 

Infinite limits, 58 

Infinite series, 69-70 

Integral part, 7 

Integrand, 351,454 

Integrating factor (I. F.), 487 

Integration 

of linear fractions, 402 
by parts, 352,383-386,468 
rule of selection, 384 
by substitution, 360-361 
of trigonometric functions, 404 
Interior point, 26 

Intermediate value theorem, 56-57 
for the derivative, 243 
Intersection, 2 
Intervals, 9-10 
bounded, 10 
closed, 10 
half closed, 10 
half open, 10 
length of, 10 
open, 10 
unbounded, 10 
Inverse of a function, 17 
bijective, 16-17 
Irrational number, 9 


L 

Lagrange’s mean value theorem, 
233-234 

geometric interpretation of, 234-235 
Least element, 244 
Least upper bound, 6 
Least value of a function, 244 
Left continuous at a point, 45 
Left derivative, 146 
Left limit, 27 
Left 5-neighbourhood, 26 
Leibnitz rule, 469-470 
Length 

of interval, 10 
of normal, 226 
of sub-normal, 226 


of sub-tangent, 226 
of tangent, 226 
L’Hospital’s rule, 248-251 
Limit 

Cauchy’s first theorem on, 65 
finite, 59 
of a funtion, 26 
infinite, 58 
left, 27 
right, 26 
of a squence, 60 
of a sum, 473-474 
theorems, 30-37 
Linear equation 

Bernoulli’s equation, 490 
differential, 487 
extended form of, 490 
of first degree, 487 
Local extremum value, 238 
Local maximum value, 238 
Local minimum value, 238 
Logarithmic differentiation, 166 
Lower bound, 6 


M 

Maxima, 237 
Mean value theorem, 231 
Cauchy’s, 248-249 
for integrals, 459 
Lagrange’s, 234 
Method of substitution, 352 
Minima, 237 

Monotonic decreasing, 63 
Monotonic function, 458 
integrability of, 458 
theorem relating to, 236-237 
Monotonic increasing, 62 
Monotonic sequence, 62-63 
subsequence of, 64 
Monotonic subsequence, 68 
Multiplication (•) 

associativity property of, 4 
closure property of, 4 
commutative property of, 4 
distributive law, 4 

existence of multiplicative identity, 4 
existence of multiplicative inverse, 4 

N 

Neighbourhood, 10,26,146 
concept of strictly increasing 
(decreasing), 237 
infinity at, 58 

Newton-Leibnitz theorem, 459 
Non-empty subset as function, 13,18 
Normal, 224-225 



parametric form of, 227 
Normal, length of, 226 
Normal to the curve, 225 
nth term of the sequence, 60 
Null set, 2 


o 

Odd functions, 18 
Odd part of function, 19 
One-one function, 16 
Onto, 17 

Open interval, 10 

Order of differential equation, 481 

Ordinary differential equation, 480 


P 

Parametric differentiation, 167 
Parametric form of the tangent, 227 
Periodic functions, 18-19 
Period of a function, 19 
Point of extremum, 240 
Point of inflection, 246-247 
Point of local extremum, 238 
Point of local maximum, 238 
Point of local minimum, 238 
Power set, 3 
Preimage, 14 
Primitive, 350 

of/on an interval /, 351 
Product of sequences, 61 
Product Rule, 148 
Product theorem, 468 
Proper subset, 2 


Q 

Quotient of sequences, 61 
Quotient Rule, 148 


R 

Range, 14 
Rate measure, 229 
Rate of change, 229 
Rational number, 9 
Ratio test for sequences, 66-67 
Real number system, 4 
absolute value, 11 
modulus vlaues, 11 
symmetric set and, 18 
Reciprocal of a function, 151 
Reduction, 405 


Index 
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Restriction of a function, 17 
Riemann integrability criterion, 458 
Riemann integrable, 454 
Riemann intermediate sum, 454 
Riemann upper sum of /over [a, b\, 455 
Right continuous at a point, 45 
Right derivative, 146 
Right limit, 26 
Right 8-neighbourhood, 26 
Rolle’s theorem, 231-232,249 

geometric interpretation of, 232-233 
for polynomial functions, 233 
Root test, Cauchy’s, 73 


s 

Sandwich theorem, 36-37 
Second derivative test, 241 
Sequences, 59-60 
Cauchy, 62 
divergence of, 64 
divergence of a, 64 
limit of, 60 

monotonic decreasing, 63 
monotonic increasing, 62 
of non-negative real numbers, 66 
of non-zero real numbers, 67 
nth term of, 60 
of partial sums, 70 
of positive terms, 67 
product of, 61 
quotient of, 61 
of rational numbers, 68 
ratio test for, 66-67 
strictly decreasing, 62 
strictly increasing, 62 
sum of, 61 
unbounded, 61 
Series, 13,59-60 

Cauchy’s general principle of 
convergence, 71 

comparison test for the convergence 
or divergence of, 72-73 
infinite, 69-70 
of non-negative terms, 72 
of positive terms, 72 
Set difference, 3 
Sets, 2-3 

Sine hyperbolic, 158 
Ssqueezing theorem, 36-37 
Standard integrals, 351 

direct integration using, 353-360 
Step function, 20 
Strictly decreasing, 63 
locally, 237 
Strictly increasing, 62 
locally, 237 

Sub-normal, length of, 226 
Subsequence, 63 


Subset, 2 

Substitution, differentiation by, 150 
Substitution method, 165 
Substitution theorem, 461 
Sub-tangent, length of, 226 
Successive derivatives of a function, 169 
Sum of sequences, 61 
Supremum property, 7 
Symmetric set, 18 


T 

Tangent (s) 

to a curve, 224 
equation of, 227 
length of, 226 
parametric form of, 227 
Theorem (s) 
addition, 458 
Caratheodory, 150 
Cauchy’s first theorem on limits, 65 
Cauchy’s mean value, 248 
Cauchy’s second theorem on limits, 
67 

composite, 468 
Darboux theorem, 243 
definite integral, 454^160 
fundamental theorem of integral 
calculus, 459 
indefinite integral, 461 
inequalities, 40-45 
intermediate value, 56 
Lagrange’s mean value, 233-234 
limit, 30-37 
mean value, 231 

monotonic nature of a function, 
236-237 

Newton-Leibnitz, 459 
for polynomial functions, 233 
product, 468 
Rolle’s, 231-232 
sandwich, 36-37 
ssqueezing, 36-37 
substitution, 461 
transforming, 23-24 
Transforming theorem, 23-24 
construction of y = k f (x) from 
y=f(x), 25 

transformation of x-coordinate, 25 
transformation of y-coordinate, 24 
Trigonometric functions, integration of, 
404 


u 

Unbounded above, 7 
Unbounded below, 7 
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Unbounded intervals, 10 
Unbounded set, 7 
Union, 2 

Uniqueness of the limit, 30, 60 
Unique part of function, 19 
Universal set, 3 

V 

Value, 14 


Variables separable/separation of 
variables, 483 
Velocity, 230 

Velocity of a particle, 230 
angular, 230 

w 

Wallis formula, 472 
Well ordering principle, 7 


X 

V-coordinatc transformation, 25 
YY-plane, 21 

Y 

Y-coordinate transformation, 24 
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